The Topology of Being: An Exhaustive
Analysis of Knot Theory, Louis H.
Kauffman's Self-Knotting Universe, and
its Synthesis with Homotopy Type
Theory

Over the last century, knot theory has evolved from an obscure branch of topology into a
central interdisciplinary framework linking the fundamental structures of fluid dynamics,
molecular biology, quantum field theory, and the philosophy of perception. At the heart of this
scientific evolution lies the work of Louis H. Kauffman, whose 1987 discovery of the bracket
polynomial bridged the gap between the abstract manipulation of knot diagrams and the
statistical mechanics of physical systems.' The concept of the "Self-Knotting Universe"
represents a profound shift in our understanding of reality, where objects are no longer seen
as independent entities but as stable "eigenforms" emerging from recursive processes of
distinction and self-reference.® Furthermore, the recent intersection of knot theory with
Homotopy Type Theory (HoTT) provides a new foundational language, allowing these
topological structures to be formalized as fundamental types within a synthetic mathematical
framework. This exploration offers a deep dive into the mathematical architecture of knots,
Kauffman'’s revolutionary contributions, and the far-reaching implications of a universe that
literally knots itself into existence.

Geometric and Topological Foundations of Knots
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A mathematical knot is formally defined as an embedding of a circle into

3 3
three-dimensional Euclidean space or the three-sphere .° Unlike everyday knots
with loose ends, a mathematical knot is a closed loop without self-intersections.® Two knots
are considered topologically equivalent if one can be transformed into the other via an
ambient isotopy—a continuous deformation of the surrounding space that preserves the
loop's integrity without cutting it or passing it through itself.’

The study of knots primarily occurs through knot diagrams, which are 2D projections of the
knot onto a plane.® In such diagrams, crossings are represented by breaks in the lower strand
to maintain 3D structure.® A crucial distinction is made between "tame" and "wild" knots; a
knot is tame if it is isotopic to a polygonal knot consisting of a finite number of line segments.
Mathematical research focuses almost exclusively on tame knots to avoid pathological



phenomena like infinite knotting at microscopic scales.’

Reidemeister Moves and the Regularization of Isotopy

In 1926, Kurt Reidemeister (and independently Alexander and Briggs) proved that two knot
diagrams represent the same knot if and only if they can be related by a sequence of three
fundamental moves on the diagram, along with planar isotopies."

Move Type Diagrammatic Action Topological Effect

Type | (R1) Adding or removing a Changes the "writhe" of
single twist (loop) in a the knot; essential for
strand. ambient isotopy."?

Type Il (R2) Sliding two strands over or Preserves regular isotopy;
under each other to critical for defining the
create/remove two bracket polynomial.™
crossings.

Type lIl (R3) Sliding a strand across an Preserves regular isotopy
existing crossing of two and the braid group
other strands. structure.?°

The Type | move is unique because it alters the "writhe"—the sum of signs of all crossings in
an oriented diagram.” Invariants unchanged by all three moves are invariants of ambient
isotopy, while those surviving only Type Il and Ill are invariants of regular isotopy." Kauffman
masterfully utilized this distinction in constructing his bracket polynomial.

Historical Motivation: The Vortex Atom Theory

While knot theory is now a pure mathematical discipline, its original motivation lay in
19th-century physics. Lord Kelvin hypothesized that atoms were actually knotted vortices in
the "ether," a medium then thought to fill all space.® This vision led to the first serious
attempts to tabulate knots by pioneers like Peter Guthrie Tait. This early connection between
topology and matter serves as a direct historical precursor to Kauffman’s modern integration
of knots with quantum physics.

The Kauffman Bracket and State Physics

The discovery of the Jones polynomial in 1984 marked a revolution, but its original definition
via operator algebras was initially inaccessible to many topologists." Louis Kauffman provided



an elegant alternative by introducing the bracket polynomial (Kauffman bracket), which
reformulates the Jones polynomial as a purely combinatoric sum over states of a knot
diagram.’

Recursive Rules of the Bracket

The bracket polynomial <K> is a Laurent polynomial in variable A assigned to an
unoriented link diagram based on three axioms ":

1. <O> =1 (The unknot with no crossings).
(KUO)=d(K) ,__d=—A%— A"?

2. , Where (The disjoint circle factor).

. (crossing) = A(A-smoothing) + A~'(B-smoothing)

By applying this "skein relation" recursively to all n crossings, the knot is reduced to a set of
2n

sum:

states, each consisting of disjoint circles in the plane.?® The total bracket is the weighted
(K) =3 A1) g5
S

where Z(S) and J (S) are the number of A and B smoothings, and ’S| is the number of

circles in state 8.15 Normalizing the bracket by the writhe ’LU(K) and substituting

t=A"*

yields the Jones polynomial.™

Virtual Knot Theory and Higher Genus Surfaces

In 1996, Kauffman introduced virtual knot theory as a radical generalization.” While classical
knots live in standard 3-space, virtual knots can be viewed as embeddings in thickened
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surfaces of arbitrary genus (9 ), modulo stabilization (the addition/removal of empty
handles)."™

Virtual diagrams introduce a new "virtual crossing," represented as a point with a small circle."
These are not physical crossings in space but artifacts of projecting non-planar structures



onto a plane." Virtual knots provide a natural topological interpretation for all possible Gauss
codes, including those that cannot be realized as planar diagrams in classical theory."

The Self-Knotting Universe: Logic and Eigenforms

The "Self-Knotting Universe" framework is the culmination of Kauffman’s exploration of the
intersections between math, cybernetics, and epistemology, heavily influenced by George
Spencer-Brown’s Laws of Form.”

Laws of Form and the Mark of Distinction

In Laws of Form, the fundamental operation is the "Mark of Distinction," a boundary drawn in
a void.” This mark simultaneously creates an "inside" and "outside," an observer and an
observed.? Kauffman argues that a knot is a complex form of distinction that loops back on
itself in 3D.% The concept of "re-entry"—where an expression contains itself—leads to

oscillations analogous to the imaginary unit t V. 1 , Which Kauffman identifies as the
source of time and stability.

Eigenforms and Stability
Drawing on Heinz von Foerster’s cybernetics, Kauffman posits that the objects of our

experience are "eigenforms".* An eigenform is a fixed point of a transformational process:

O(A) o A where is an operation of observation and is the resulting form.? In
this view, we are not separate from the universe; we are the knots the universe ties in itself to
observe its own structure.’

Knots and the Quantum World: Majorana and Braiding

The link between knots and physics is explicit in Kauffman’s work on the Dirac equation and
Majorana fermions.?* Majorana fermions are particles that are their own anti-particles, and
their operators form a Clifford algebra directly related to the braid group.?*

Kauffman shows that moving Majorana particles around each other in 2D space is
mathematically equivalent to creating a braid in spacetime.? This forms the basis for
Topological Quantum Computing (TQC), where information is stored in the global topology
of particle worldlines, making it inherently resistant to local noise and decoherence.

Biological Topology: The Architecture of Life

In molecular biology, knot theory is essential for studying DNA, which must be twisted and



Lk =Tw -+ Wr

knotted to function.” White’s Relation (

Lk) to the twist (Tw) and writhe (WT ) of circular DNA."® Enzymes called
topoisomerases act as "topological surgeons," cutting and resealing DNA strands to manage
tangles that would otherwise prevent replication.?

) links the linking number (

Synthesis with Homotopy Type Theory (HoTT)

The recent emergence of Homotopy Type Theory (HoTT) and Univalent Foundations offers a

new lens through which to view Kauffman’s work and knot theory as a whole. While classical

knot theory relies on set-theoretic foundations (ZFC), HoTT takes the more general notion of
"homotopy type" or "space" as a primitive object.

Knots as Fundamental Types

1 3
In HOTT, a knot can be defined synthetically as a map equipped with specific
properties. Leading researchers such as Michael Shulman and Urs Schreiber have explored
defining knots within "Cohesive HoTT," a framework designed to handle both topological and
smooth structures internally. This allows for the formalization of "smooth manifold" types and
embeddings, where paths between embeddings are interpreted directly as smooth isotopies.

Categorification and Khovanov Homology

One of the most significant bridges between Kauffman’s work and modern homotopy theory
is the categorification of knot invariants. Kauffman himself has explored how simplicial
methods and the Dold-Kan construction can convert link homology theories, like Khovanov
homology, into actual homotopy theories.

e Cohesive Khovanov HoTT: Researchers like Eric Donkor and Andrew Pirich have
proposed using Cohesive HoTT to clarify quantum algorithms for computing Khovanov
homology.

e Topological Quantum Programming: This synthesis extends to programming; "Linear
Homotopy Type Theory" (LHoTT) is being developed as a certification language for
topological quantum gates, using anyon braiding as a native data structure.

The Univalent View of the Self-Knotting Universe

The "Self-Knotting Universe" finds a natural home in the univalent perspective. In HoTT, the
Univalence Axiom ($ (A \simeq B) \simeq (A = B) $) asserts that equivalent structures can be
identified. This mirrors Kauffman'’s view of "topological equivalence" as a form of identity
where a knot in different poses remains the same "being." The recursive nature of Kauffman's
eigenforms aligns with the self-referential and higher-inductive types of HoTT, where spaces



are built from their own identification paths.

Recommended Visual and Bibliographic Resources

Companion Videos and Lectures

1. "Physical Knots" (Aspen Center for Physics): A broad overview of knots in natural
science, from DNA to water vortices.?

2. "The Dirac Equation and the Majorana Dirac Equation™: A lecture explicitly linking
knotted structures to fundamental physics.?’

3. "9-Day Special Lecture Series" (Hiroshima University): A comprehensive course
building knot theory from the ground up.?®

4. "Introduction to Virtual Knot Theory": A detailed exploration of non-planar knot
structures."

Fundamental Publications

e Formal Knot Theory (1983/2006): Formalizes the diagrammatic approach.?
On Knots (1987): Introduces the bracket polynomial and connects it to the braid
group.’

e Knots and Physics (4th Ed., 2012): The definitive text on the interaction between
topology and theoretical physics.

e "Simplicial Homotopy Theory, Link Homology and Khovanov Homology" (2017):
Kauffman’s bridge between knot homology and homotopy types.

Conclusion: The Unity of Form and Process

The journey through Louis Kauffman'’s knot theory and its synthesis with Homotopy Type
Theory reveals a universe that is fundamentally interconnected and self-organizing. From the
smallest oscillations of Majorana fermions to the majestic supercoiling of DNA and the
synthetic proofs of univalent foundations, the same topological laws dictate reality. Through
this lens, stability is not a static property of matter but a process of persistent patterns. Knot
theory and HoTT provide the grammar for this cosmic language—a language where the form
of being and the logic of observation are one and the same.
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