
BLOWUP FOR THE EULER EQUATIONS WITH SMOOTH FORCING

Abstract. We construct a finite-time singularity for the incompressible Euler equations on R3

with a force smooth in space and time up to and including the blowup time. The initial velocity and
force are axisymmetric and supported in one fixed solid torus about a circle of arbitrarily prescribed
radius and height. The initial velocity is smooth, with nonzero swirl and zero meridional component.
Circulation (angular momentum) and meridional velocity remain bounded, whereas the L∞ norms
of the circulation gradient and full vorticity tend to infinity. The time integral of the vorticity
L∞ norm also diverges. On every closed time interval before blowup, the solution is smooth and
unique in a three-dimensional finite-energy, locally space-time Lipschitz class with bounded spatial
gradients; competitors need not be axisymmetric. The construction continues the program of Diego
Córdoba and Luis Mart́ınez-Zoroa on singularity formation through the interaction of successively
finer scales. We introduce localized circulation and velocity oscillations transported by the exact
nonlinear flow of the preceding fields. Each addition amplifies a small circulation seed and returns
its principal azimuthal-vorticity amplitude at its material center to zero, preparing the next addition.
Higher-order corrections make the physical force increments summable together with all mixed
space-time derivatives.
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1. The Euler theorem and the amplification mechanism

This paper is part of the program of Diego Córdoba and Luis Mart́ınez-Zoroa on singularity
formation through interacting layers at successively smaller scales [6, 7, 5]. The preceding layers
generate the flow that amplifies a new localized perturbation, while cancellations and corrections
control the force needed to sustain this evolution. Here we carry out this construction for axisym-
metric Euler with swirl, starting from smooth data and keeping the force smooth in every mixed
space-time derivative through blowup.

1.1. The equations and the main result. The forced incompressible Euler equations are

(1.1) ∂tu+ (u · ∇)u+∇p = f, div u = 0 on R3 × [0, T∗).
1
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In cylindrical coordinates write u = urer + uϕeϕ + uzez. Axisymmetry means that the three
components are independent of ϕ. Set Γ = ruϕ, ω = curlu, and ω = ω · eϕ. For r0 > 0, z0 ∈ R,
and 0 < R < r0/2, put

TR = {(r, ϕ, z) : (z − z0)2 + (r − r0)2 < R2}.
Smoothness on a closed time interval includes compatible one-sided derivatives at both endpoints.
The uniqueness class below allows non-axisymmetric competitors and a distributional pressure.

Theorem 1.1. For every r0 > 0 and z0 ∈ R there exist T∗ > 0, 0 < R < r0/2, a divergence-
free axisymmetric field u0 ∈ C∞c (TR;R3) with nonzero swirl and zero meridional velocity, and an
axisymmetric force

f ∈ C∞(R3 × [0, T∗];R3), supp f(·, t) ⊂ TR,
such that (1.1) has a solution (u, p) ∈ C∞(R3 × [0, T∗)) with u(·, 0) = u0. For every τ < T∗,

u ∈ L∞([0, τ ];L2(R3)), ∇u ∈ L∞(R3 × [0, τ ]).

The solution is unique among divergence-free, locally space-time Lipschitz solutions with the same
data and force, solving (1.1) almost everywhere for some distributional pressure, and satisfying both
of these bounds. The competing solution need not be axisymmetric. Moreover,

supp(Γ, ω)(·, t) ⊂ TR, sup
t<T∗

(
‖Γ(t)‖∞ + ‖ur(t)‖∞ + ‖uz(t)‖∞

)
<∞,(1.2)

lim
t↑T∗
‖∇Γ(t)‖∞ =∞, lim

t↑T∗
‖ω(t)‖∞ =∞,(1.3) ∫ T∗

0
‖ω(t)‖∞ dt =∞.(1.4)

1.2. The amplification mechanism. The circulation transports the swirl. Its square generates
azimuthal vorticity through the fixed axial derivative, and the resulting meridional velocity can am-
plify the circulation gradient. The construction repeats this amplification with localized oscillations,
returning the principal azimuthal-vorticity amplitude to zero before the next oscillation grows. The
amplitudes themselves can be small while their spatial derivatives increase. Corrections to the two
equations make the complete physical force summable in every mixed derivative.

The companion Boussinesq construction of Alpöge and Buckmaster [1] develops this mechanism
with smooth space-time forcing. Its local two-field wave calculation [1, Lemma 2.1] takes place
on an affine background with a constant elliptic symbol. For Euler the symbol and the buoyancy
coefficient vary across the support. The amplitudes below therefore depend on the material position,
and the transporting velocity includes all preceding corrections.

1.3. Related work. The Beale–Kato–Majda criterion [2] places vorticity growth at the center of
the continuation problem for smooth Euler flow. The time-integrated vorticity conclusion in (1.4) is
proved directly here, separately from the norm limits in (1.3). For unforced Euler on R3, Elgindi
[10] constructed finite-time singularities in the C1,α class for small positive α; Elgindi, Ghoul and
Masmoudi [11] obtained finite-energy examples through stability and localization. Elgindi and
Pasqualotto [12] developed related whole-space blowup mechanisms for Boussinesq and axisymmetric
Euler with swirl, again with C1,α rather than everywhere-smooth initial data. In a setting with a
solid boundary, Luo and Hou [13] provided numerical evidence for singularity formation in smooth
axisymmetric Euler flow. Chen and Hou [3, 4] proved smooth-data, finite-energy blowup in a domain
with boundary by a computer-assisted argument.

The layered approach also produces non-self-similar singularities. Córdoba, Mart́ınez-Zoroa and
Zheng [9] constructed finite-energy, unforced Euler solutions that are C1,α, smooth away from
the origin, and axisymmetric without swirl. For forced Euler, Córdoba and Mart́ınez-Zoroa [6]

constructed finite-time singularities with a force uniformly bounded in the spatial space C1,1/2−ε∩L2.
Their stated preterminal velocity regularity is C3,1/2 ∩ L2. A related construction of Córdoba,
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Mart́ınez-Zoroa and Zheng [8] gives blowup for hypodissipative Navier–Stokes with a sufficiently

small fractional dissipation exponent and force in L1
tC

1,ε
x ∩ L∞t L2

x.
For the two-dimensional incompressible porous media equation, Córdoba and Mart́ınez-Zoroa

[7] constructed singularities of smooth solutions with a source uniformly smooth in the spatial
variables. Their theorem controls every spatial order; regularity of all time derivatives is a separate
issue. For the Boussinesq system on the plane, Córdoba, Láın-Sanclemente and Mart́ınez-Zoroa [5]

introduced a multi-layer degenerate-pendulum construction with momentum force in C0
t C

1,α
x ∩C0

t L
2
x,

where 0 < α <
√

4/3 − 1. The momentum force in that construction is noncompact, although
its curl and the scalar force are compactly supported. These Euler, IPM and Boussinesq works
supply the successive-layer amplification underlying the present construction. The smooth-forcing
companion [1] and the Euler argument below require summability of every mixed derivative with
one common choice of scales. In Theorem 1.1, the resulting physical force also retains one fixed
compact support. The proof treats the Euler-specific radial coefficients, nonlinear transport and
both residual equations.

2. Axisymmetric coordinates and compact fields

The volume coordinate removes the radial weight from transport and puts the remaining radial
coefficients explicitly in the vorticity equation. Write

(2.1) y = (z, r2/2), r = (2y2)1/2, v = (uz, rur), J(a1, a2) = (−a2, a1), ξ = ω/r, Θ = Γ2.

Thus dy = r dz dr and ∂y2 = r−1∂r. All two-dimensional derivatives below refer to y unless another
variable is indicated. The radial formulas are used on y2 > 0; fields supported away from its
boundary are extended by zero. Set

(2.2) A(y) =

(
(2y2)−1 0

0 1

)
, L = divy(A∇y) = ∂2

y2 + (2y2)−1∂2
y1 , W (y) = (2y2)−2.

Choose concentric open balls D0 b D about y∗ = (z0, r
2
0/2) whose closures lie in the volume-

coordinate image of the meridional disk defining TR. This is possible for every prescribed r0, z0.
Constants depending on these fixed balls and on r0, R are allowed throughout.

Lemma 2.1 (Coordinate and force identities). Let I be a compact time interval and let Γ,Ψ be
smooth on R2 × I, with support in D0 at every time. Define v = J∇yΨ and ξ = LΨ. Their physical
velocity is

(2.3) uz = −Ψy2 , ur = Ψy1/r, uϕ = Γ/r.

It extends by zero to a smooth divergence-free axisymmetric field on R3 × I. With Dv = ∂t + v · ∇y,
put

(2.4) FΓ = DvΓ, Eξ = Dv(LΨ)−W∂y1(Γ2).

Then
∫
Eξ dy = 0. There is a fixed linear operator Ry for which

(2.5) (fz, f r/r) = RyEξ, fϕ = FΓ/r, curlyRyEξ = Eξ,

and all three force components have support in the lift of D. For each k, this recovery has a finite Ck

bound, including mixed time derivatives, depending only on k and the fixed geometry. The resulting
fields solve Euler with a smooth pressure on I.

Proof. The divergence identity is ∂zu
z + r−1∂r(ru

r) = divy v = 0. Direct differentiation gives
r−1(∂zu

r − ∂ruz) = LΨ. The cylindrical circulation and reduced-vorticity equations are

(2.6) DvΓ = rfϕ, DvΘ = 2Γrfϕ, Dvξ = W∂y1Θ + (∂zf
r − ∂rfz)/r.

The terms ∂tLΨ, divy(vLΨ) and W (y2)∂y1Γ2 each have integral zero.
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Use the divergence operator B of [1, Lemma 5.2], translated and rescaled so its fixed smooth
bump has integral one and lies in D. The asserted divergence identity and derivative bounds hold
for every smooth input; the parity clause is unnecessary here. With Ry = JB, zero integral gives

curlyRyEξ = Eξ. Its support is contained in the convex hull of the input and the fixed bump, hence

in D. Finally,

∂y1(f r/r)− ∂y2fz = (∂zf
r − ∂rfz)/r.

The alternate cylindrical prescription is (fz, f r) = Rz,r(rEξ), since
∫
rEξ dz dr =

∫
Eξ dy.

Let h = f − ∂tu− (u · ∇)u. Its azimuthal component vanishes by the circulation equation. The
reduced-vorticity equation gives ∂zh

r − ∂rhz = 0. The meridional half-plane is simply connected,
so hr dr + hz dz has a smooth potential. It is constant near the axis, where u and f vanish, and
therefore lifts to a smooth axisymmetric pressure. Multiplication by r±1 and the coordinate change
have bounded derivatives on the fixed support. �

A compact rotating base identifies the angular control. Choose smooth cutoffs χ0, χ1 supported
in D0, with χ1 = 1 on suppχ0 and both equal to one near y∗. Let H be smooth and compactly
supported in D0, equal to |y − y∗|2/2 on a smaller neighborhood. For Γ0, A0, N0 > 0, a unit vector

e0, and a smooth angle ϑ with ϑ(0) = ϑ̇(0) = 0, put

(2.7)

e(t) = exp(ϑ(t)J)e0, Ψb = ϑ̇H,

Γb(y, t) = Γ0χ1(y)− A0

N0
F
(
N0e(t) · (y − y∗)

)
χ0(y).

The periodic profile F is defined below. At t = 0 this gives nonzero swirl and zero meridional velocity.
Near y∗, v

b = ϑ̇J(y−y∗) and ξb = ϑ̇(1+(2y2)−1); the reduced vorticity is therefore spatially variable

even there. On a return interval a real trial parameter µ will index angular velocities αµ = ϑ̇µ.
Their admissible range, dependence on the complete fields, and sufficient bounds for opposite return
signs are established in Section 7. Uniform realization of those bounds is proved in Proposition 4.2.
For the complete increments (γj , ψj) constructed in Section 5, write

(2.8) vj = J∇yψj , (Γ<m,Ψ<m) = (Γb,Ψb) +
∑

1≤j<m
(γj , ψj).

Positivity of older circulation is required only on regions containing new oscillations. The coefficient
there is always 2WΓ<m.

2.1. Normalization of the ring and the construction scale. The physical radius can be fixed
before constructing the increments. The following reduction preserves the entire uniqueness class
and the time-integrated vorticity conclusion.

Lemma 2.2 (Reduction to the unit ring). If all conclusions of Theorem 1.1 hold for r0 = 1, z0 = 0,
they hold for every prescribed r0 > 0, z0 ∈ R.

Proof. For a solution with unit ring radius write x̂ = (x− z0ez)/r0, and set

u(x, t) = r0û(x̂, t), p(x, t) = r2
0p̂(x̂, t), f(x, t) = r0f̂(x̂, t).

Time is unchanged. Every term of the momentum equation is r0 times its original value, and

divergence is unchanged. The torus of meridional radius R̂ < 1/2 maps to the prescribed torus of

radius R = r0R̂ < r0/2. Axisymmetry, compact containment of the initial datum, nonzero swirl
and zero initial meridional velocity are preserved. Direct differentiation gives

(2.9) Γ = r2
0Γ̂, ∇Γ = r0∇Γ̂, ω = ω̂, ∇u = ∇û, ‖u‖2 = r

5/2
0 ‖û‖2 ,
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with composition by x̂ understood. These formulas preserve the support and boundedness conclusions,
both full norm limits, and exactly the integral of the full vorticity norm. For each space multi-index
γ and time order b,

∂bt∂
γ
xf = r

1−|γ|
0 (∂bt∂

γ
x̂ f̂)(x̂, t).

Thus force smoothness through the terminal time is preserved, without asserting a terminal state
or pressure. Finally the inverse scaling is a bijection on the divergence-free, locally space-time
Lipschitz competitors in Theorem 1.1, preserving their preterminal L2 and gradient bounds. The
a.e. momentum equation and its distributional pressure transform by the same affine change. Hence
uniqueness in that class transfers, without requiring axisymmetry of the competitor. �

For the construction it therefore suffices to use y∗ = (0, 1/2). The finite identities for arbitrary
fixed geometry remain valid, but the estimates for the actual sequence will be taken in these
normalized units. The final physical dilation is performed only after constructing the solution. In
the original volume coordinates it sends the round quadratic base to

α

2

[
r0(z − z0)2 + r−1

0 (y2 − r2
0/2)2

]
.

Indeed y = (z0, 0) + Sŷ, with S = diag(r0, r
2
0), and the streamfunction scales as Ψ = r3

0Ψ̂. The
resulting linear velocity matrix is S(αJ)S−1. No round-base assertion in unscaled volume coordinates
is needed.

Choose one fixed geometric length εgeom > 0. Primes in the following lemma designate magnified
coordinates and fields; they do not denote time derivatives. Put

(2.10) y = y∗ + εgeomx
′, Γ(y, t) = εgeomΓ′(x′, t), Ψ(y, t) = ε2

geomΨ′(x′, t).

This is a change of variables in the reduced equations, not a symmetry that leaves their coefficient
functions unchanged. Define

cgeom(x′) = 1 + 2εgeomx
′
2, A′ = diag(c−1

geom, 1), L′ = ∂2
x′2

+ c−1
geom∂

2
x′1
, W ′ = εgeomc

−2
geom.

The scalar cgeom is distinct from the principal coupling cm in (3.4).

Lemma 2.3 (Magnified equations and support). Let Γ,Ψ be the smooth compact field pairs of
Lemma 2.1, with y∗ = (0, 1/2). Under (2.10), with v′ = J∇′Ψ′ and D′ = ∂t + v′ · ∇′, the exact
reduced residuals satisfy

(2.11) D′Γ′ = FΓ′ , D′L′Ψ′ −W ′∂x′1(Γ′2) = Eξ
′
, FΓ = εgeomF

Γ′ , Eξ = Eξ
′
.

Moreover ξ = L′Ψ′ and ∇yΓ = ∇′Γ′.
Let R′ be a fixed compact curl inverse in the primed coordinates. Suppose Γ′, L′Ψ′, FΓ′, and

R′Eξ′ have support in BLF for their respective time intervals, and the initial datum, expressed in
primed coordinates, has compact support there. If 0 < εgeom ≤ (16LF )−1, their physical supports are
contained in the torus of meridional radius R = 4εgeomLF ≤ 1/4 about the unit ring. Their images
lie inside the smaller torus of meridional radius R/2.

The normalized choice Γ0 = 1/2 corresponds to Γ′0 = (2εgeom)−1. At the initial ring,

A′(0) = Id, 2W ′(0)Γ′0 = 1.

If |Γ′ − Γ′0| ≤ BΓ on a tube and 2εgeomBΓ ≤ 1/2, then on that tube

(2.12) 2W ′Γ′ ∈ [ 1
2c
−2
geom,

3
2c
−2
geom ].

On BLF , assuming 2εgeomLF ≤ 1/2, the full metric satisfies

(2.13)
∥∥A′ − Id

∥∥ ≤ 4εgeomLF , |∂kx′2c
−1
geom| ≤ 2k!(4εgeom)k.
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Proof. One has ∇y = ε−1
geom∇′, v = εgeomv

′, and LΨ = L′Ψ′. Transport is unchanged, while

W∂y1Γ2 = c−2
geomε

−1
geom∂x′1(ε2

geomΓ′2) = W ′∂x′1Γ′2.

This proves (2.11). The zero integral of each reduced-vorticity residual is preserved, since dy =
ε2

geomdx
′. If R′ is a fixed compact curl inverse in the primed ball, its corresponding physical force

pair is

(fz, f r/r)(y, t) = εgeomR′Eξ
′
(x′, t), fϕ = εgeomF

Γ′/r.

Its y-curl is Eξ, so the force and pressure argument of Lemma 2.1 applies. The force inverse is fixed
once for all increments.

On the indicated ball, z = εgeomx
′
1 and r =

√
1 + 2εgeomx′2. Hence

|r − 1| = 2εgeom|x′2|√
1 + 2εgeomx′2 + 1

≤ 2εgeom|x′2|, z2 + (r − 1)2 ≤ 4ε2
geom|x′|2.

The closed ball therefore maps inside radius R/2. This proves the support statement for the state as
well as the force; force support alone would not imply the later support of the state. The coupling
formula follows by multiplying

2W ′Γ′ = c−2
geom[1 + 2εgeom(Γ′ − Γ′0)].

Finally cgeom ≥ 1/2 and direct differentiation of its reciprocal gives (2.13). �

The same fixed scale relates the finite increments in the two charts. We use here the profile
notation of Section 5. With primed material labels a′, let

a = εgeoma
′, Nm = N ′m/εgeom, `m = εgeom`

′
m.

The phase Nmpm · a = N ′mpm · a′ is unchanged. The material maps obey Xm(a, t) = y∗ +
εgeomX

′
m(a′, t), and thus Mm = M ′m, Hm = H ′m, ζm = ζ ′m, and κm = κ′m, with composition

in labels understood. Take corresponding principal data Tm = εgeomT
′
m, Ω̂m = εgeomΩ̂′m at insertion,

and corresponding envelopes and activations gm(a) = g′m(a′), wm = w′m. In the suppressed-index
notation of (5.2),

(2.14)
C = C ′, l = ε−1

geoml′, h = h′,

q = εgeomq
′, b = b′, $ = ε−1

geom$
′.

The normalized pair and stream profiles transform as

(2.15) (Vm,n, W̃m,n) = εgeom(V ′m,n, W̃
′
m,n), Um,n = ε2

geomU
′
m,n.

The central Ωm, the parameters σm−1, the fibre matrix Bm and its propagator are unchanged:
dm = d′m and cm = 2(W ′Γ′<m) ◦X ′m. Substitution in the phase inverse and in the finite equations
proves (2.15) successively in the correction level. Indeed (2.14) and the displayed label and carrier
scalings give, in (5.11),

Wn = W ′n, Zn = Z ′n, SΓ
n = εgeomS

Γ′
n , Sξn = Sξ

′
n .

Thus both components of the normalized pair forcing scale by εgeom, as does its insertion data. The
phase mean and mean-zero primitive commute with this fixed change. The explicit label-vector
primitives satisfy

QΓ
n = ε2

geomQ
Γ′
n , Qξn = εgeomQ

ξ′
n .

Their label divergences have the required residual scalings. Both terminal composite levels are
retained.

Every primed estimate is converted back with this one fixed scale. A label derivative of order k
costs ε−kgeom; time orders do not change. On the fixed off-axis support, physical-coordinate derivatives
also have fixed geometry-dependent bounds. These factors preserve every proved mixed-norm
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summability estimate without changing its carrier exponents or allowing a different scale for each
order. The construction must still establish those estimates for the complete primed fields.

3. A wave and its amplification

We first describe the principal cancellation; localization and lower order terms will be treated
in Section 5. Let m ≥ 1 index an increment with frequency Nm > 0 and material radius `m > 0.
Suppose the smooth older fields Γ<m,Ψ<m have already been prescribed on a finite interval, and
set v<m = J∇Ψ<m. For a starting time τm, let

(3.1) ∂tXm(a, t) = v<m(Xm(a, t), t), Xm(a, τm) = Z(τm) + a, Am(·, t) = Xm(·, t)−1.

Here Z is the point carried by the full constructed velocity, as specified in Section 4. Fix pm ∈ R2

with |pm| = 1, and write

(3.2) sm = Nmpm ·Am(y, t), Hm = (DaXm)−1, ζm = HT
mpm, κm = ζTmA(Xm)ζm.

The last three quantities are functions of (a, t). Let F be a smooth odd 2π-periodic function, with
F (s) = s near zero, and let P be its mean-zero periodic primitive. For a smooth envelope gm
supported in |a| < `m, equal to one near zero, consider

(3.3) γm,0 = (wmTmFgm)\, ψm,0 = (wmBmPgm)\, Ωm = N2
mκmBm.

The superscript \ substitutes (sm, Am(y, t), t) into a profile. The smooth activation wm(t) is zero
before τm and eventually one. The amplitudes Tm, Bm depend on (a, t).

Let dm = (Jζm) · (∇yΓ<m) ◦Xm, cm = 2(WΓ<m) ◦Xm, and choose a positive constant σm−1 on

this increment. Define Ω̂m = σm−1Ωm/Nm. The principal amplitude law is

(3.4) ∂t

(
Tm

Ω̂m

)
= Bm(a, t)

(
Tm

Ω̂m

)
, Bm =

(
0 −dm/(σm−1κm)

σm−1cmζm,1 0

)
.

Indeed, the leading circulation coefficient is ∂tTm +NmBmdm, and the leading vorticity coefficient
is ∂tΩm −Nmcmζm,1Tm. Both vanish by (3.4). Derivatives of the envelope, material amplitudes
and metric remain in the residual. On a time interval where the two off-diagonal entries are fixed
and positive, the growing eigenvalue is the square root of their product. This is the elementary
amplification in [1, Lemma 2.1], with the physical Euler coefficient retained.

Write Rm = (Tm, Ω̂m) and let Pm(a; t, t′) be the propagator of (3.4). For nonzero growing initial
data define the central weight wm(t) = |Rm(0, t)|/|Rm(0, τm)|.

3.1. An estimate for a family of amplitude equations. Fix one increment and suppress its

index, with σ = σm−1 and R = (T, Ω̂). All derivative orders below are total orders in the indicated
variables. The following assumptions concern supplied older fields on a compact interval. Write
I = [τ, t1], B = {|a| ≤ `}, λ = `−1 and Π ≥ max(1, λ). A time derivative is taken at fixed label. Let
B(a, t) be the matrix in (3.4), let P(a; t, s) be its propagator, and put R(a, t) = P(a; t, τ)Rin(a).
Assume Rin(0) 6= 0. Its central solution never vanishes, by uniqueness for the linear equation. Put

Y∗ = sup
I
|R(0, t)|, ρ(t) = |R(0, t)|/Y∗ ∈ (0, 1].

The ratio ρ(t)/ρ(s) equals the ratio of the previously defined weights wm(t)/wm(s).
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Here are precise supplied assumptions through an integer order r ≥ 1. The positive constants
CR, cb, cα,b, eα are specified before applying the assertion; increase them to at least one.

(3.5)

‖P(0; t, s)‖ ≤ CRρ(t)/ρ(s), ‖∂btB(0, t)‖ ≤ cbΠb+1, b < r,

`|α|‖∂αaB(·, t)‖∞ ≤ cα,0m(t), c∗ :=

∫
I
m, 1 ≤ |α| ≤ r,

`|α|‖∂αa ∂btB‖∞ ≤ cα,bΠb+1n, 1 ≤ |α|, |α|+ b ≤ r, 0 ≤ n ≤ 1,

`|α|‖∂αaRin‖∞ ≤ eαcdat|Rin(0)|, 1 ≤ |α| ≤ r,

c∗ + cdat ≤
log 2

6C2
R

.

At first label order use the norm of the full differential, and normalize c1,0 = e1 = 1 by putting these
factors in m, cdat. The same first-order normalization is understood in the remaining coefficient
bounds. No integral-only bound for a time derivative is assumed.

Lemma 3.1 (Weighted material amplitude estimates). Under (3.5), for s ≤ t in I,

(3.6)

‖P(a; t, s)‖ ≤ 2CRρ(t)/ρ(s),

‖P(a; t, s)− P(0; t, s)‖ ≤ 2C2
Rc∗ρ(t)/ρ(s),

|R(a, t)−R(0, t)| ≤ q∗|R(0, t)|, q∗ = 3C2
R(c∗ + cdat) <

1
2 ,∣∣∣∣log

|R(a, t)|
|R(0, t)|

∣∣∣∣ ≤ 6C2
R(c∗ + cdat).

There are explicitly recursive order constants such that, for |α|+ b ≤ r,

(3.7)
‖∂αa ∂btP(a; t, s)‖ ≤ Cα,bλ|α|Πb(c∗ + 1b>0n)min(1,|α|)ρ(t)/ρ(s),

|∂αa ∂btR(a, t)| ≤ Eα,bλ|α|Πb(c∗ + 1b>0n + cdat)
min(1,|α|)|R(a, t)|.

The constants depend only on the displayed order constants, CR and the requested orders, not on
N, σ, `,Π, |I| separately.

Proof. The mean-value formula gives ‖B(a, t)− B(0, t)‖ ≤ m(t). Variation of constants around the
central equation gives

P(a; t, s) = P(0; t, s) +

∫ t

s
P(0; t, u)[B(a, u)− B(0, u)]P(a;u, s) du.

After division by ρ(t)/ρ(s), its supremum z on [s, t] satisfies z ≤ CR + CRc∗z, so z ≤ CR/(1 −
CRc∗) ≤ 2CR. Inserting this once more gives the second estimate. The initial-data difference is
at most cdat|Rin(0)|, and its size is at most (1 + cdat)|Rin(0)|. Splitting the difference of the two
propagated data therefore gives its relative bound 2C2

Rc∗(1 + cdat) + CRcdat ≤ q∗. Since q∗ < 1/2,
| log(1 + x)| ≤ 2|x| on |x| ≤ 1/2 proves the last estimate, including nonvanishing of every label
solution.

For clarity, all derivative constants can be generated as follows. Put C0,0 = 2CR and for α 6= 0 set

Cα,0 = 2CR
∑

0<β≤α

(
α

β

)
cβ,0Cα−β,0.

Indeed, Gα = ∂αaP has zero initial data and source
∑

0<β≤α
(
α
β

)
(∂βaB)Gα−β . The weighted Duhamel

formula integrates m exactly once; all additional factors c∗ ≤ 1 may be discarded. This proves the
first line of (3.7) when b = 0.

For time derivatives define noncommutative matrix polynomials P0 = Id, Pb+1 = ∂tPb+PbB. Their

words
∏j
i=1 ∂

hi
t B satisfy

∑
i(hi+ 1) = b, and their coefficient sum is at most b!. Consequently ∂btP =
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PbP . The mean-value bound and the pointwise label hypothesis give ‖∂ht B(a, t)‖ ≤ (ch + c1,h)Πh+1.
Let Au,v be the maximum of these constants and of cγ,j with 1 ≤ |γ| ≤ u, j ≤ v. Then an admissible
bound for these polynomials is

Lb,0 = b!Ab0,b−1, Lb,u = b! max(1, b)uAbu,b−1 (u > 0),

with L0,0 = 1, L0,u = 0 for u > 0. Every differentiated word with a label derivative contains a factor

n; its label multinomial sum is at most b|α|. Leibniz in PbP thus gives

Cα,b =
∑
β≤α

(
α

β

)
Lb,|β|Cα−β,0.

The differentiated factor either is in the propagator, contributing c∗, or is in these polynomials,
contributing n. This proves the claimed separate small factors. Finally differentiate P(a; t, τ)Rin(a)
and apply the datum bounds. Division by |R(a, t)| ≥ |R(0, t)|/2 gives, for example,

Eα,b = 4
∑
β≤α

(
α

β

)
Cα−β,b max(1, eβ), e0 = 1.

For α = 0 the sharper pointwise polynomial estimate applies directly to R(a, t), so no initial-weight
lower bound is needed. �

The central weighted hypothesis has a concrete sufficient condition. Partition I, in this order,

into growth, transition, holding and the entire remaining interval. The central entries â, b̂ are

positive C1 functions on growth. Put γ =
√
âb̂, re =

√
â/b̂ and εe = ṙe/(2re). Assume the nonzero

initial vector satisfies R2(0, τ) =

√
b̂(τ)/â(τ)R1(0, τ), and that r0 = sup max(re, r

−1
e ) < ∞ and

2γρ∗ > |εe|(1 + ρ2
∗) for some 0 < ρ∗ < 1. On holding assume b̂ = 0 and R2(0, t) = 0. If

E =

∫
growth

|εe|, S =

∫
transition

‖B(0, t)‖, H0 =

∫
holding

|â|, D0 =

∫
remaining

(|â|+ |̂b|),

then one can take

CR = r2
0

√
1 + ρ2

∗(1 +H0) exp((1 + ρ∗)E + 2S + 2D0).

These are exactly the hypotheses and conclusion of [1, Lemma 2.13], applied only to the central

two-dimensional ODE. Its proof uses the invariant cone for u± = r
−1/2
e R1 ± r1/2

e R2, followed by
forward and backward estimates on the remaining three intervals. The physical Euler coefficient is
still the coefficient in (3.4).

Positive initial entries â(a), b̂(a) give the growing datum Rin(a) = θ(1,

√
b̂/â) for a fixed θ 6= 0.

The datum hypothesis follows by differentiating this expression, provided the entries have positive
lower bounds and the resulting relative derivatives meet its stated smallness condition. It is not
a consequence of positivity alone. On an activation interval, if |R(0, t)| ≤ Yact and |R2(0, t)| ≤
Bact|R1(0, t)|, put Aact =

√
1 +B2

act. If Aactq∗ < 1, then

|R1(a, t)| ≥ (1−Aactq∗)|R1(0, t)|, |R2(a, t)|
|R1(a, t)|

≤ Bact +Aactq∗
1−Aactq∗

.

These assertions follow componentwise from (3.6). The same derivative estimates apply on this
interval with Yact in place of Y∗.

For later use, all profile suprema are on S1 × B` × I, with smooth data on a containing collar.
Define the weighted profile norm

(3.8) [Q]r = max
i+|α|+b≤r

sup
s,a,t

ρ(t)−1λ−|α|Π−b|∂is∂αa ∂btQ|.
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For coefficients the same norm without s and without ρ−1 is denoted [c]cr. The weight is not
differentiated in this definition. Leibniz gives [PQ]r ≤ 2r[P ]r[Q]r, since ρ2 ≤ ρ. Coefficient
multiplication has the same rule, while ∂s,∇a, ∂t cost respectively 1, λ,Π and one order. The phase
operators of Section 5 have the same bounds in this norm.

Lemma 3.2 (Inhomogeneous amplitude estimate). Put T = max(|I|,Π−1). If yt = By + f with
zero initial data, then

[y]r ≤ DrT [f ]r.

One admissible finite recursion for Dr is the following. Write c]u,j = max|α|=u cα,j for u > 0,

c]0,j = cj + c1,j, and set

d0,u = 2CR

[
1 +

u∑
v=1

(
u

v

)
c]v,0d0,u−v

]
, d0,0 = 2CR,

where the first formula is used for u ≥ 1, and

db+1,u = 1 +

b∑
j=0

u∑
v=0

(
b

j

)(
u

v

)
c]v,jdb−j,u−v, Dr = max

b+u≤r
db,u.

Proof. Differentiate first only in phase and label. The differentiated equation contains ∂is∂
α
a f and

the label-Leibniz terms (∂βaB)∂is∂
α−β
a y. Their weighted integrals cost respectively |I| ≤ T and∫

m = c∗ ≤ 1, giving the recursion for d0,u. For positive time order differentiate the equation

itself. The source term costs Π−1 ≤ T , and each matrix derivative costs c]v,jΠ
j+1λv. The displayed

time recursion follows by the full mixed Leibniz formula. There is no loss of an additional source
derivative and no factor exponential in Π|I|. �

Lemma 3.3 (Material dependence of the amplitudes). For the selected sequence constructed in
Proposition 12.3, take Rm(a, τm) on the growing eigenline at each label, with controlled relative label
variation and positive off-diagonal coefficients at insertion. The amplitudes satisfy (3.6) and (3.7)
on their material balls at the admitted orders returned by Proposition 11.1, uniformly over finite
restrictions of their preterminal lifetimes. The estimates cost one factor `−1

m per material derivative
and compare |Rm(a, t)| with |Rm(0, t)|. Propagator bounds use the weight wm(t)/wm(t′). For each
fixed layer, boundedness at every fixed order is the separate conclusion of Proposition 11.1, with
constants depending on the layer and the order.

Proof. Proposition 12.3 constructs one infinite selected history satisfying the scalar conditions of
Proposition 11.1. The latter returns (3.5), including the central weighted history and relative
growing data, on every finite history satisfying its scalar conditions. Lemma 3.1 then gives the
admitted relative estimates on each finite restriction, with the same lifetime upper integrals. Their
bounds persist on the union. For each fixed layer, all-order finiteness follows from the separate
fixed-layer argument in Section 10, whose clock-moment and eventual-admission hypotheses are
verified in Proposition 12.3. �

4. Material coordinates and lifetime bounds

The full older flow is needed because material-dependent amplitudes produce nonlinear older
velocities. Its linear deformation at one point is useful for estimates, but the oscillations are defined
by the full inverse map. Set Ym(t) = Xm(0, t) and Mm = DaXm(0, t). Then

(4.1) Ẏm = v<m(Ym, t), Ṁm = DmMm, Dm = ∇yv<m(Ym, t), detMm = 1.

There is a uniquely defined nonlinear remainder Ξm such that

Xm(a, t) = Ym(t) +Mm(t)(a+ Ξm(a, t)), Ξm(0, t) = 0, DaΞm(0, t) = 0.
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The determinant identity follows from divy v<m = 0 and Mm(τm) = Id.
On each finite continuation let

(4.2) Ż(t) = v(Z(t), t), Z(0) = y∗, v = vb +
∑
j

vj ,

where the sum runs over the finitely many activated complete increments defined in (2.8). Its
axisymmetric lift is the moving circle used to evaluate the gradient. The starting rule (3.1) gives
Ym(τm) = Z(τm). For all subsequent times on a finite continuation,

(4.3)
d

dt
Am(Z(t), t) = DyAm(Z(t), t)

∑
j≥m

vj(Z(t), t).

This follows by subtracting the transport equation for Am from the derivative along Z. The bound
needed for nesting concerns this displacement and the phase Nmpm ·Am(Z(t), t).

The central velocity gradient also distinguishes the elliptic symbol from the Euclidean phase
length. For any streamfunction profile U , its pure phase contribution is

(4.4) N2
mUssJζm ⊗ ζm =

|ζm|2

κm
(N2

mκmUss)Jem ⊗ em, em = ζm/|ζm|.

This identity is evaluated at the same (s, a, t), and gives the indicated contribution at y = Xm(a, t)
after s = Nmpm · a. Material derivatives of U and derivatives of the inverse map give the other
Hessian terms. All these terms enter the complete center equations.

4.1. Bounds for the nonlinear material map. We give sufficient estimates on a containing
region rather than on an unknown image. Suppress the index m. On I suppose the central path Y
and matrix M solve (4.1). On Y (t) +M(t)B2` define

ṽ(a′, t) = M−1{v<(Y +Ma′, t)− v<(Y, t)−DMa′}.
Assume this region lies in the fixed off-axis domain of the supplied older fields. In particular
ṽ(0, t) = Da′ ṽ(0, t) = 0. Let rF ≥ 2. Bounds below use Fréchet spatial derivative norms; coordinate
derivative norms satisfy them after fixed dimensional factors. Take C0 = 1 by enlarging the size
letters if needed. Throughout this subsection K ≥ 1, 0 < ζ− ≤ ζ+, and all size and rate letters are
nonnegative; any reciprocal size has a strictly positive lower window. Assume for b+ n ≤ rF

(4.5)

‖∂btM±1‖ ≤ CbKΠb, ‖∂btD‖ ≤ CbΠb+1, |∂bt Ẏ | ≤ CbVcΠb,

|∂bt (M−T p)| ≤ Cbζ+Πb, ζ− ≤ |M−T p| ≤ ζ+,

‖Dn
a′ ṽ(·, t)‖ ≤ Cnl

0,nηd(t)`1−n, 0 ≤ d ≤ Π,

∫
I
d ≤ 1,

‖∂btDn
a′ ṽ‖ ≤ Cnl

b,nηΠb+1`1−n (b ≥ 1), ηmax(Cnl
0,0, C

nl
0,1, 1) ≤ 1

8 .

The bounds for M,D, Ẏ are needed only through the derivative orders appearing in the formulas

below; assuming them through rF is harmless. Let η(t) = η
∫ t
τ d.

Lemma 4.1 (Small nonlinear deformation). There are finite constants xb,n, defined by the partition
recursion in the proof, such that the exact older flow exists for every label in B` throughout I, and

(4.6)

|Dn
aΞ(a, t)| ≤ x0,nη(t)`1−n,

|∂tDn
aΞ(a, t)| ≤ x1,nηd(t)`1−n,

|∂btDn
aΞ| ≤ xb,nηΠb`1−n (b ≥ 1), b+ n ≤ rF .

Moreover |a+ Ξ| ≤ 9`/8, ‖DaΞ‖ < 1/4, and

(4.7) DaX = M(Id +DaΞ), H = (Id +J(DaΞ)TJT )M−1.
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Thus ∂btD
n
a (DaX)±1 is bounded by cb,nKΠb`−n for b+ n ≤ rF − 1; after subtraction of M±1 it has

an additional factor η. At b = 0 this factor is η(t).

Proof. Differentiating X = Y +M(a+ Ξ) gives Ξt = ṽ(a+ Ξ, t) and zero initial data. Until exit from
B2`, |Ξ| ≤ Cnl

0,0η(t)` ≤ `/8, excluding exit. The Jacobian G = Da(a+ Ξ) solves Gt = Da′ ṽ(a+ Ξ, t)G,

so ‖G − Id ‖ ≤ eC
nl
0,1η(t) − 1 < 1/4. This proves the low-order claims without replacing an integral by

a lifetime supremum. Smooth ODE dependence then permits differentiation.
Here is a fully finite definition of the constants. Scale a by ` and time by Π−1, so the differentiated

vector field has bounds Cnl
b,nη; at time order zero retain the integrable factor d/Π. Put x0,0 = Cnl

0,0,

x0,1 = e1/8Cnl
0,1. For n ≥ 2, let Part∗(n) be the partitions of {1, . . . , n} other than the one-block

partition, and set

x0,n = e1/8
∑

π∈Part∗(n)

Cnl
0,|π|

∏
B∈π

a|B|, a1 = 5/4, aj = x0,j (j ≥ 2).

All j on the right are smaller than n. The excluded term is Da′ ṽ D
n
aΞ, treated by its integrating

factor; all others integrate one factor ηd. Induction and η ≤ 1 give the first estimate with its
time-resolved factor.

For mixed derivatives use distinguishable differentiation positions. If a set S contains n label
differentiation positions and b−1 time differentiation positions, the mixed chain rule for ṽ(G(a, t), t),
with G = a+ Ξ, is

(4.8) ∂S(ṽ(G, t)) =
∑
T⊂St

∑
π∈Part(S\T )

(∂
|T |
t D|π|ṽ)(G, t)[∂B1G, . . . , ∂B|π|G].

Set a0,1 = 5/4 and ah,j = xh,j for every other nonempty block type. Define

xb,n =
∑
T⊂St

∑
π∈Part(S\T )

Cnl
|T |,|π|

∏
B∈π

ab(B),n(B) (b ≥ 1).

The empty product is one. Every block has total order at most b + n − 1, so this is a recursion,
not an implicit bound. For b = 1 all differentiation positions are spatial, and the common factor is
ηd(t); for b > 1 the common factor is bounded by ηΠb. Products of further η factors are at most
one. The powers of ` and Π telescope in each term, proving (4.6). Formula (4.8) itself follows by
adding one derivative: it either differentiates the explicit time variable of ṽ, creates a new singleton
block, or enlarges one block.

Both DaX and M have determinant one because v< is divergence free. Hence det(Id +DaΞ) = 1,
and its inverse is its two-dimensional adjugate, namely Id +J(DaΞ)TJT . This proves (4.7). Leibniz

gives, for example, cb,n = Cb1n=0 +
∑b

j=0

(
b
j

)
Cjxb−j,n+1, with enlargement for the direct matrix.

Every term of either matrix difference contains a derivative of Ξ, proving the final assertion. �

For a coefficient write c ∈ C(S,Λ; r) when

(4.9) |∂btDn
a c| ≤ Scb,nΠbΛmin(1,n)`−(n−1)+ , b+ n ≤ r.

The finite list (cb,n) is part of its bound. The class retains the first-label variation instead of
bounding every derivative `−1. The closure rules below use elementary input rates satisfying Λ` ≤ 1.
Output rates may be fixed finite sums of these rates, with their multiplicities absorbed in the order-
dependent constants. Products add first-label rates and multiply sizes, with the binomial convolution
of constants. This follows by Leibniz: if both factors are differentiated in label, Λ1Λ2` ≤ Λ1 + Λ2

when Λi` ≤ 1. If c ≥ S− > 0, its inverse has size S−1
− and the same rate. For a set S of b time and

n label differentiation positions its constants are

(4.10) cinv
b,n =

∑
π∈Part(S)

|π|!(S/S−)|π|
∏
B∈π

cb(B),n(B).
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This is the chain rule for x−1. Exponentials of a bounded scalar use the same partition formula
without |π|!, with the appropriate powers of their fixed exponent. These proofs are the product and
composition arguments in [1, Lemma 4.2], with label differentiation positions added.

If Λ` ≤ 1 and h(a′, t) ∈ C(S,Λ; rF ) on B2`, then h(a+ Ξ, t) has the same size and rate through
rF − 1, with constants given by (4.8) and the just defined ab,n. For a term with q ≥ 1 blocks, its
label scale is Λ`1−q`q−n = Λ`1−n if n > 0. If n = 0, its extra factor Λ` is at most one. This proves
the assertion and makes its constants explicit. At time order zero one may keep time-dependent
first-label rates pointwise, including η(t) from Lemma 4.1; no time supremum is needed.

For the following coefficients use the suppressed-index definitions

q = Γ< ◦X, b = ξ< ◦X, $ = W ◦X, h = He1, C = HA(X)HT ,

l = divaC, c = 2$q, d = Jp · ∇aq.

They are also collected in (5.2). To apply this calculus assume the following older scalar bounds in
the rigid coordinates Y +Ma′. For φ = Γ<, ξ< let hφ = Da′ [φ(Y +Ma′, t)]. Suppose

hΓ ∈ C(G0, µΓ; rF − 1), hξ ∈ C(X0, µξ; rF − 1), µφ` ≤ 1.

Assume Γ− ≤ Γ<(Y + Ma′, t) ≤ Γ+, with Γ− > 0, G0` ≤ Γ−, and central time derivatives
|∂btΓ<(Y, t)| ≤ CbΓ+Πb. For u(a′, t) = log(2(Y + Ma′)2) assume all positive-order bounds of
C(1,Λmet; rF ), where Λmet` ≤ 1, and the metric window a− Id ≤ A(Y + Ma′) ≤ a+ Id, where
0 < a− ≤ a+. These are conditions on the supplied older fields on a known region.

Put x∗ = 1 + maxb+n≤rF xb,n and require ηx∗ ≤ 1/4 and Kηx∗ ≤ ζ−/2. Let

ΛΞ = x∗ηλ, Λζ = KΛΞ/ζ−, ΛΓ = G0/Γ−, Λκ = 2Λζ + Λmet.

The following table gives bounds through order rF − 2; its constants are exactly those produced by
the displayed product, partition and reciprocal rules. In the row for q the central value and the
integral of its rigid gradient supply the pure-time bounds.

(4.11)

coefficient size first-label rate
H, h K ΛΞ

ζ ζ+ Λζ
A(X), A(X)−1 a+, a

−1
− Λmet

$, $−1 W+, W
−1
− 2Λmet

C K2a+ 2ΛΞ + Λmet

l = divaC K2a+(2ΛΞ + Λmet) λ
κ, κ−1 κ+, κ

−1
− Λκ

∇aq, d G0 µΓ + ΛΞ

∇ab X0 µξ + ΛΞ

q Γ+ ΛΓ

c = 2$q 2W+Γ+ 2Λmet + ΛΓ

Here W− = inf W and W+ = supW on the containing region, and κ− = a−ζ
2
−/4, κ+ = 9a+ζ

2
+/4 are

valid windows. Indeed ζ = M−T p+M−TJ(DaΞ)JT p, whose error has size at most Kx∗η ≤ ζ−/2.
The same decomposition gives its time and first-label bounds; it is important that the central
covector has its own ζ+ bound. The gradient of a pulled-back scalar is (Id +DaΞ)Thφ(a + Ξ, t),
which proves the gradient rows. The remaining rows follow by the indicated products; the reciprocal
row uses its positive lower bound. The divergence row requires one further label derivative of H,
and therefore two derivatives of Ξ.

For this metric the divergence has the sharper identity

(4.12) li =
∑
j,k

Ajj(X)Hkj∂akHij .
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Indeed, in ∂akCki the derivatives of the first H vanish by Piola, and the metric contribution
is
∑

kHkj∂ak [Ajj(X)] = ∂yjAjj = 0. Its size is therefore bounded by a finite constant times

a+K
2ΛΞ, with subsequent label derivatives at rate λ. At time order zero this refinement retains the

time-resolved factor η(t).
There is also a bound for the physical time differentiation coefficient. Set v = H(v< ◦X), so the

vector ν of (5.31) is −v ◦A. Writing S = Id +DaΞ and E = M−1DM gives the exact identity

v = S−1M−1Ẏ + S−1E(a+ Ξ) + S−1Ξt.

The calculus therefore bounds v through rF − 1 with size VX = KVc + K2Π` + ηΠ`, first-label
rate λ, and the displayed finite input constants. In particular the center drift is retained. Spatial
differentiation of an inverse-map coefficient is HT∇a, and its material derivative is ∂t at fixed label.
Iterating these rules gives all spatial and material derivatives of DyA; ordinary time derivatives use
∂t − v · ∇a. Thus these bounds concern the full inverse map, not only M−1.

These are orders of the specified rigid gradients, not of the primitive circulation or streamfunction.
A conservative way to supply all of them is to bound the mixed Eulerian derivatives of Γ< through
rF +1 and of Ψ< through rF +3, on the containing region, together with the displayed central matrix
and trajectory derivatives. The extra derivatives come from ∇yΓ<, v< = J∇yΨ<, D = ∇yv<(Y, t)
and ∇yξ< = ∇yLΨ<. The chain rule for composition with Y +Ma′ gives the stated rigid bounds
with finite constants; their required small sizes remain separate hypotheses.

The coefficient table also provides explicit amplitude variation inputs. At time order zero
replace η by η(t) in ΛΞ,Λζ and use pointwise supplied rates µΓ(t),Λmet(t),ΛΓ(t) if available. Let

ζc,1 = (M−T p)1 and c+ = 2W+Γ+. For a finite constant Cvar generated by the same rules, one
common majorant for all 1 ≤ |α| ≤ rF − 2 is

(4.13) m(t) = Cvar`

[
G0

σκ−
(µΓ(t) + ΛΞ(t) + Λκ(t)) + σc+ {|ζc,1(t)|(2Λmet(t) + ΛΓ(t)) +KΛΞ(t)}

]
.

The proof for the lower entry writes cζ1 = cζc,1 +c(ζ1−ζc,1). The second term has absolute variation
O(c+KΛΞ); there is no division by the possibly vanishing ζc,1. The upper entry uses the gradient
row and the reciprocal rule. For mixed derivatives with a positive time order, replace all pointwise
rates by their fixed bounds and |ζc,1| by ζ+. Divide the resulting expression by Π to obtain an
admissible n, increasing Cvar through the requested order. The inequalities

∫
I m+ cdat ≤ log 2/(6C2

R)
and n ≤ 1 are explicit supplied scalar tests. They are not consequences of the metric window alone.

Proposition 4.2 (Quantitative control of the amplifying sequence). For the selected sequence
constructed in Proposition 12.3, every generic index m ≥ 2 satisfies the common-family quantitative
conditions of Proposition 7.7, including its entry data, complete older-field bounds and entire return
parameter interval. At index one it satisfies the separate first-return conditions of Lemma 7.5 and
Proposition 7.6. At every index, a return time tbm is selected from its family after growth such that
Ωm(0, tbm) = ζm,1(0, tbm) = 0. The component ζm,1(0, t) is held at zero while the selected continuation

uses α = Fm, as in Lemma 7.4; the central pair (Tm(0, t), Ω̂m(0, t)) then stays constant by (3.4).
This does not assert vanishing of the corrections. The selected continuation preserves the amplified
complete circulation gradient on this holding interval by the complete-gradient estimates returned
in Proposition 11.1; the sufficient bound (7.11) is given below. The next insertion is τm+1 = tbm.
The family continues while its coefficient bounds, positive older circulation and interior support
conditions hold.

Proof. At m ≥ 2, Proposition 11.1 returns the coefficient and entry bounds in (7.18)–(7.19), all-trial
support and denominator margins, complete-gradient holding and quantitative older-field estimates
for the same finite family under its explicit scalar conditions. It also returns the principal clock
and the next growing datum. At m = 1, its separate (11.14) gives the opposite signs of Lemma 7.5
and the return and holding conclusions of Proposition 7.6. Proposition 12.3 realizes these scalar
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conditions on one sequence and applies the least return selection to the same successive histories.
This gives the asserted continuation and complete-gradient holding at every index. �

Proposition 4.3 (Corrected fields over their full lifetimes). Under the finite scalar comparisons
of Proposition 11.1, one joint induction bounds the older corrected fields, their nonlinear maps,
and their amplitude coefficients at the admitted finite orders and on the domains specified there.
Their transported supports remain inside D0, the point Z(t) remains inside the required material
regions, and older circulation stays positive on those regions. On the infinite selected history of
Proposition 12.3, each fixed increment has bounded mixed force derivatives of every fixed order up to
T∗; these bounds may depend on the layer and the order.

Proof. Sections 9–11 prove the joint induction and return (3.5), (4.5), (4.11), (6.3) and the finite
control bounds under the displayed scalar conditions. Proposition 11.1 separately proves fixed-layer
all-order finiteness on an infinite selected history satisfying these conditions and eventual admission
of every order. Proposition 12.3 constructs this history, verifies all clock moments, and bounds every
fixed force increment at every mixed order. The finite admitted estimates and fixed-layer finiteness
retain their stated quantifiers. �

5. The finite correction equations

We construct one finite circulation increment on a supplied smooth older state. The correction
equations cancel nonzero phase modes successively; the phase averages of the residuals remain in
the force. All statements in this section concern a fixed compact time interval.

5.1. The supplied fields and the lifted equations. Suppress the index m except in the depth
Jm. Let I = [τ, t1], and let Γ<,Ψ< be smooth, supported in D0 on I, with v< = J∇yΨ< and
ξ< = LΨ<. Smoothness on a closed interval means smooth extendibility to a neighborhood. Use
their exact older flow X in (3.1), starting from a prescribed point Y (τ), and its inverse A. Fix balls
B` b B`′ in label space such that

(5.1)
⋃
t∈I

X(B`′ , t) b D0.

This containment is a hypothesis for the present finite construction. The older force is the force of
this same pair recovered by Lemma 2.1. Fix N, σ > 0, a unit vector p, an integer Jm ≥ 0, a smooth
envelope g ∈ C∞c (B`), and a smooth activation w flat at τ and zero before τ . The carrier F and its
mean-zero primitive P are those of Section 3. Initial amplitude data may be any smooth pair on a
neighborhood of B`′ .

Write

(5.2)

H = (DaX)−1, ζ = HT p, h = He1, C = HA(X)HT , κ = pTCp,

q = Γ< ◦X, b = ξ< ◦X, $ = W ◦X, c = 2$q, ∂⊥ = Jp · ∇a, d = ∂⊥q,

li =
∑
j

∂ajCji = (LAi) ◦X, l = (l1, l2).

Here Ai is the ith component of the inverse map. All these coefficients depend on (a, t) and are
independent of the phase s. In particular d = (Jζ) · (∇yΓ<) ◦X, and p · h = ζ1. Compactness and
ellipticity give minB`′×I

κ > 0.

For periodic profiles put

∇N = Np∂s +∇a, Js(U, V ) = Us∂⊥V − Vs∂⊥U, {U, V }a = J∇aU · ∇aV.
The notation Q\(y, t) means Q(Np ·A(y, t), A(y, t), t), extended by zero when the profile has compact
material support. Define

D1U = 2(Cp) · ∇aUs + (p · l)Us, D2U = C : ∇2
aU + l · ∇aU.
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The following identities include both first-order coefficient terms:
(5.3)

(∂t + v< · ∇y)Q\ = (Qt)
\, ∇yQ\ = (HT∇NQ)\,

J∇yU \ · ∇yQ\ = (NJs(U,Q) + {U,Q}a)\,

∂y1Q
\ = (Nζ1Qs + h · ∇aQ)\,

LQ\ = (LNQ)\, LNQ = ∇N · (C∇NQ) = N2κQss +ND1Q+D2Q.

To prove them, the flow equation gives transport of A and detDaX = 1. The determinant identity

det(HTu,HT v) = det(u, v)

gives the bracket formula. The Piola identity

diva
(
H(G ◦X)

)
= (divy G) ◦X

gives the elliptic formula and, on applying it to G = A∇yAi, the formula for li. Applying it to
G = e1 and to G = We1 also proves

(5.4) diva h = 0, h · ∇a$ = 0, diva($h) = 0.

The matrix DaX(a, t) in these identities is the full nonlinear flow derivative. Its value M = DaX(0, t)
is only the central matrix in (4.1).

Lemma 5.1 (Finite residual differences). For smooth compact increments γ, ψ, put v′ = J∇yψ and
ξ′ = Lψ. Subtracting the residuals of the older pair from those of (Γ< + γ,Ψ< + ψ) gives

(5.5)
FΓ
m = (∂t + v< · ∇y)γ + v′ · ∇yΓ< + v′ · ∇yγ,

Eξm = (∂t + v< · ∇y)ξ′ + v′ · ∇yξ< + v′ · ∇yξ′ −W∂y1(2Γ<γ + γ2).

For γ = V \, ψ = U \, these are EΓ(V,U)\ and Eξ(V,U)\, where

(5.6)

EΓ(V,U) = Vt +NdUs + {U, q}a +NJs(U, V ) + {U, V }a,
Eξ(V,U) = ∂t(LNU) +NUs∂⊥b+ {U, b}a +NJs(U,LNU) + {U,LNU}a

−Ncζ1Vs − ch · ∇aV − 2$V h · ∇aq −N$ζ1∂s(V
2)−$h · ∇a(V 2).

Proof. Linearity of L and (Γ< + γ)2 − Γ2
< = 2Γ<γ + γ2 give (5.5). Substitution of (5.3) and the

product rule give every term in (5.6). In particular, the terms containing b are present even when
the older streamfunction is locally quadratic. �

Every outer time derivative below acts on coefficients and profiles. For example,

(5.7)
∂t(ND1U) = N

[
2(Ctp) · ∇aUs + (p · lt)Us + 2(Cp) · ∇aUst + (p · l)Ust

]
,

∂t(D2U) = Ct : ∇2
aU + lt · ∇aU + C : ∇2

aUt + l · ∇aUt.

Higher time derivatives use the full Leibniz sums of these expressions.

5.2. Phase inversion and the finite recursion. For a mean-zero periodic Q, define its mean-zero
primitive by

(5.8) (∂−1
s Q)(s, a, t) =

1

2π

∫ 2π

0
(π − v)Q(s− v, a, t) dv.

Integration by parts gives ∂s∂
−1
s Q = Q, and its phase average is zero. It commutes with label

and time derivatives and has operator norm at most π/2 in each maximum derivative norm. Put
P 6=0Q = Q− 〈Q〉s.
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Let (T, Ω̂) solve (3.4) with the supplied initial data, that is, with

B(a, t) =

(
0 −d/(σκ)

σcζ1 0

)
, Ω = (N/σ)Ω̂, B = Ω/(N2κ).

Define V0 = wTFg and W̃0 = wΩ̂Fg. For each level the streamfunction is recovered from the
normalized first phase derivative:

(5.9) Wn = (N/σ)W̃n, Un = (N2κ)−1∂−1
s Wn, W̃n = Nσκ∂sUn.

Thus U0 = wBPg and N2κ∂2
sUn = ∂sWn. One phase primitive in (5.9) inverts the displayed first

derivative; it is not an inverse of N2κ∂2
s on the input Wn.

Here is an explicit assignment of grades. A principal term containing level n has grade n. The
slow older-circulation term has grade i + 1; the fast and slow older-vorticity terms have grades
i+ 1 and i+ 2. The two lower elliptic terms from Ui have grades i+ 1 and i+ 2. Both slow linear
circulation terms have grade i+ 1. A fast quadratic term involving levels i, j has grade i+ j + 1,
and a slow one has grade i+ j + 2.

Use zero for negative profile indices. After depth Jm is constructed, set Vi = Ui = Wi = W̃i = 0
for i > Jm, but define for every j ≥ 0

(5.10) Zj = ∂sWj +ND1Uj−1 +D2Uj−2, Z[j = ND1Uj−1 +D2Uj−2.

In particular, ZJm+1 = ND1UJm + D2UJm−1, ZJm+2 = D2UJm , and Zj = 0 only for j > Jm + 2.

These definitions give LN
∑Jm

i=0 Ui =
∑Jm+2

j=0 Zj .
For n ≥ 1 the complete sources are

(5.11)

SΓ
n = {Un−1, q}a +N

∑
i+j=n−1

Js(Ui, Vj) +
∑

i+j=n−2

{Ui, Vj}a,

Sξn = ∂tZ
[
n +N∂sUn−1∂⊥b+ {Un−2, b}a − ch · ∇aVn−1 − 2$Vn−1h · ∇aq

+N
∑

i+j=n−1

Js(Ui, Zj) +
∑

i+j=n−2

{Ui, Zj}a

−N$ζ1∂s
∑

i+j=n−1

ViVj −$h · ∇a
∑

i+j=n−2

ViVj .

Every sum uses nonnegative indices with the stated sum; the first index of a bracket and both
circulation indices are at most Jm, while a composite index is at most Jm + 2. Empty sums are
zero. During the construction of level n ≤ Jm, the formulas use only levels below n, since every
contributing Zj has j ≤ n− 1. All derivatives in these sources apply to the full profiles, including g,
the label-dependent amplitudes, and κ−1.

For 1 ≤ n ≤ Jm solve

∂t

(
Vn

W̃n

)
= B(a, t)

(
Vn

W̃n

)
+

( −P 6=0S
Γ
n

− σ
N
∂−1
s P6=0S

ξ
n

)
,

(Vn, W̃n)|t=τ = (0, 0).

(5.12)

For the propagator P(a; t, t′) of B, its solution is the pointwise integral

(5.13)

(
Vn

W̃n

)
(s, a, t) =

∫ t

τ
P(a; t, t′)

( −P6=0S
Γ
n

− σ
N
∂−1
s P 6=0S

ξ
n

)
(s, a, t′) dt′.

This is the phase/Duhamel construction of [1, equation (5.8)] at each label. The sources are the full
expressions (5.11), whose variable coefficients and additional terms have been computed here.
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Proposition 5.2 (Exact finite corrections). For the supplied smooth data above, the recursion has a

unique smooth solution to every finite depth. All Vn,Wn, W̃n, Un have zero phase mean, are supported
in supp g in the label variable, and are flat at activation. Put V =

∑Jm
n=0 Vn and U =

∑Jm
n=0 Un.

Their exact residuals are

(5.14)

EΓ(V,U) = ẇTFg +

Jm∑
n=1

〈SΓ
n 〉s +

2Jm+2∑
n=Jm+1

SΓ
n ,

Eξ(V,U) = ẇΩF ′g +

Jm∑
n=1

〈Sξn〉s +

2Jm+4∑
n=Jm+1

Sξn.

The fields γ = V \ and ψ = U \ are smooth compact physical increments with zero initial traces of
every order. If q ≥ Γ− > 0 on B`′ × I, the explicit additional condition

(5.15)

Jm∑
n=0

sup
S1×B`′×I

|Vn| ≤ ηΓ− (0 ≤ η < 1)

ensures Γ< + γ ≥ (1− η)Γ− on that transported tube. Positivity is not needed for the finite recursion
or recovery.

Proof. The coefficients of B are smooth and bounded on the fixed compact domain. A linear ODE
with these coefficients has a smooth propagator throughout I. Inductively the source at level n is
smooth and is already determined. Formula (5.13) proves existence and uniqueness. Phase averaging
its equation gives a homogeneous ODE with zero data, so both unknowns have zero mean. The
same holds at level zero because F has zero mean. The normalized primitive gives zero mean for
Un. Outside supp g, all earlier levels and their derivatives vanish; the sources therefore vanish there,
and the pointwise ODE preserves this vanishing. Flatness at τ follows first from w at level zero and
then by differentiating the inhomogeneous ODE: every time derivative of its source vanishes at τ .

The two principal expressions at level n ≥ 1 are

Vn,t +NdUn,s = ∂tVn +
d

σκ
W̃n,

∂t(∂sWn)−Ncζ1∂sVn =
N

σ
∂s(∂tW̃n − σcζ1Vn).

They equal −P6=0S
Γ
n and −P6=0S

ξ
n by (5.12). The normalization has already included the derivative

of κ in the second identity. At level zero the same calculation leaves precisely ẇTFg and ẇΩF ′g.
Expanding (5.6) with (5.10) assigns every other term once to (5.11). The largest scalar grade is
Jm + Jm + 2 = 2Jm + 2, and the largest vorticity grade is Jm + (Jm + 2) + 2 = 2Jm + 4. Summing
proves (5.14), including when Jm = 0. The collar in (5.1) justifies smooth zero extension in physical
space. Finally the triangle inequality proves the positivity conclusion under (5.15). The physical
scalar is prescribed in circulation, so no square-root inversion occurs. �

Lemma 5.3 (Phase parity). At every constructed level,

Vn(−s, a, t) = (−1)n+1Vn(s, a, t), Wn(−s, a, t) = (−1)n+1Wn(s, a, t),

Un(−s, a, t) = (−1)nUn(s, a, t).

Also Zj and Z[j have parity (−1)j. Consequently 〈SΓ
n 〉s = 0 for even n and 〈Sξn〉s = 0 for odd n.

Proof. The base parity follows from oddness of F and evenness of its mean-zero primitive. A phase
derivative or its mean-zero inverse reverses parity; a label derivative preserves it. These rules applied
to (5.10) give the asserted parity of Zj . In (5.11) a fast bracket contributes one phase derivative and
a slow bracket contributes none. Its index sums then give parity (−1)n+1 for every scalar source and
(−1)n for every vorticity source. The two older-vorticity terms have these same parities with their



BLOWUP FOR THE EULER EQUATIONS WITH SMOOTH FORCING 19

respective shifts by one and two; both quadratic circulation terms do as well. Projection removes
only an even constant. The ODE and its uniqueness therefore give the induction. �

These identities keep the label a fixed. They give no spatial reflection symmetry, and the
corrections can be nonzero where g = 1. For example, N∂sU0∂⊥b and −N$ζ1∂s(V

2
0 ) occur already

at grade one on that region.

Lemma 5.4 (The squared circulation). The squared-circulation increment is the polynomial expres-
sion

(5.16) Θnew −Θ< = (2qV + V 2)\, 2qV + V 2 =

2Jm+1∑
n=0

Σn, Σn = 2qVn +
∑

i+j=n−1

ViVj .

Here circulation indices outside 0, . . . , Jm are zero and sums have nonnegative indices. The parity
of Σn is (−1)n+1 and 〈Σn〉s =

∑
i+j=n−1〈ViVj〉s. On a fixed phase interval where F (s) = s, the

profiles Vn,Wn are polynomials in s of degree at most n+ 1, Un has degree at most n+ 2, and Σn

has degree at most n+ 1. Their coefficients are smooth functions of (a, t).

Proof. The identity for the squared increment and its grades follows by expanding the square and
assigning each ordered product once, to n = i+ j + 1. Phase parity and the mean formula follow
from Lemma 5.3. On the stated phase interval, P (s) = P (0) + s2/2, which proves the initial degree
bounds. Label and time derivatives preserve degree; phase differentiation lowers it, phase projection
subtracts a constant, and the normalized primitive raises the local degree by at most one. If the
bounds hold below n, (5.10) has degree at most j at composite index j. Each scalar source in (5.11)
then has degree at most n+ 1 and each vorticity source has degree at most n. This follows for the
quadratic terms by adding the two input degrees, subtracting one for a fast derivative, and using
their displayed index sums. The linear terms have the same bounds. The phase-independent ODE
preserves these polynomial spaces, giving the induction and the asserted bound for Σn. Global
periodic averages enter as smooth coefficients. �

This polynomial observation is local in the independent phase variable; it gives no estimate for
the label-dependent coefficients. The complete squared residual difference retains the older force.
With FΘ = DvΘ for each total state,

(5.17) FΘ
new − FΘ

< =
[
2(q + V )EΓ(V,U) + 2V (FΓ

< ◦X)
]\
.

Indeed FΘ = 2ΓFΓ at each of the two total states, so subtraction proves the formula. The reduced-
vorticity residual is unchanged because its scalar source is the derivative of the same square in
(5.16).

5.3. The phase averages and their primitives. For periodic A1, A2, integration by parts in
phase gives

(5.18) 〈Js(A1, A2)〉s = ∂⊥〈(A1)sA2〉s, 〈{A1, A2}a〉s = diva〈A2J∇aA1〉s.

All linear terms in the sources have zero phase mean. This includes ∂tZ
[
n, since coefficients are

independent of s; it also includes both older-vorticity terms and both linear circulation terms. The
fast quadratic circulation mean vanishes as an exact phase derivative. Define the compact label
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vector fields

(5.19)

QΓ
n = NJp

∑
i+j=n−1

〈Ui,sVj〉s +
∑

i+j=n−2

〈VjJ∇aUi〉s,

Qξn = NJp
∑

i+j=n−1

〈Ui,sZ[j〉s +
∑

i+j=n−2

〈Z[jJ∇aUi〉s

− 1

2N2
〈
∑

i+j=n−2

WiWj〉sJ∇a(κ−1)−$h〈
∑

i+j=n−2

ViVj〉s.

Then, with the same index conventions as before,

(5.20) 〈SΓ
n 〉s = divaQ

Γ
n, 〈Sξn〉s = divaQ

ξ
n.

In particular, the last two terms of Qξn retain the variable-symbol and quadratic-circulation slow
means.

Here is the calculation for the carrier vorticity terms. The symmetric fast sum vanishes pointwise
in label:

(5.21)
∑
i+j=k

〈Ui,s∂sWj〉s =
1

2N2κ
〈∂s

∑
i+j=k

WiWj〉s = 0.

Set K = κ−1 and Qi = ∂−1
s Wi temporarily. For the slow sum, the product rule gives∑

i+j=k

〈{Ui, ∂sWj}a〉s =
K

N2

∑
i+j=k

〈J∇aQi · ∇a∂sWj〉s +
J∇aK
N2

·
∑
i+j=k

〈Qi∇a∂sWj〉s.

Phase integration by parts converts the first sum into −
∑
〈J∇aWi · ∇aWj〉s = 0 by interchange of

i, j. It converts the vector in the second sum into −1
2∇a〈

∑
WiWj〉s. Thus

(5.22)
∑
i+j=k

〈{Ui, ∂sWj}a〉s = −diva

 1

2N2
〈
∑
i+j=k

WiWj〉sJ∇a(κ−1)

 .

This calculation applies to the full symmetric index set, including its zero terms. Combining it with
(5.18) and (5.4) proves (5.20). Label differentiation in these formulas differentiates κ−1, $, h, and
every amplitude, including on the region where g = 1.

If Q(a, t) is a compact label vector field, Piola also gives the physical primitive

(5.23) (divaQ) ◦A = divy
[
(DaX Q) ◦A

]
,

∫
(divaQ) ◦Ady = 0.

These are formulas for phase-independent means. Phase averaging before evaluation is not spatial

integration of an oscillatory profile; in particular zero phase mean of Un does not assert
∫
U \n dy = 0.

5.4. Physical force and pressure. The same fixed compact inverse curl as in Lemma 2.1 recovers
the entire residual. Indeed, direct integration of (5.5) gives

(5.24)

∫
R2

Eξm dy = 0,

∫
rEξm dz dr = 0.

The first term has zero integral because
∫
ξ′ dy =

∫
Lψ dy = 0 and v< is divergence free. Each

transport term involving v′ is the divergence of the corresponding scalar times v′. The final term
integrates to zero because ∂y1W = 0. The second equality is the change of measure dy = r dz dr.

Set

(5.25) fϕm = FΓ
m/r, (fzm, f

r
m/r) = RyEξm.

The ordered pair in the second formula is in the y chart:

curly(f
z
m, f

r
m/r) = ∂y1(f rm/r)− ∂y2fzm = (∂zf

r
m − ∂rfzm)/r = Eξm.
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Let φ0 denote the fixed unit-integral bump defining Ry, supported in D. Its support conclusion is

conv(suppEξm ∪ suppφ0) ⊂ D. No parity hypothesis is needed for this curl identity. The divergence
identity, support and derivative bounds in [1, Lemma 5.2] are precisely the properties used in
Lemma 2.1.

Write the physically evaluated vorticity residual in (5.14) as Eact +Emean +Erem. Each summand
of Emean has zero spatial integral by (5.23). Their complement Eact + Erem has zero integral by
(5.24). Thus every force term is assigned by

(5.26)

(fzm, f
r
m/r) = Ry(Eact + Erem) +

Jm∑
n=1

Ry[(〈Sξn〉s)\],

fϕm = r−1

(ẇTFg +

2Jm+2∑
n=Jm+1

SΓ
n

)\
+

Jm∑
n=1

(〈SΓ
n 〉s)\

 .
Linearity gives exactly (5.25). An isolated activation term need not have zero spatial integral; it is
grouped with the terminal remainder for this reason.

For every integer k ≥ 0, Lemma 2.1 gives

(5.27) ‖fm‖Ckx,t(I) ≤ Ck,D
(
‖FΓ

m‖Cky,t(I) + ‖Eξm‖Cky,t(I)
)
<∞.

Here x ∈ R3, the norms take the maximum over all mixed derivatives of total order at most k, and
the fixed geometry includes the distance from the axis. This bound follows because the recovery
operator commutes with time derivatives and has no spatial derivative loss; the radial multipliers,
chart change and cylindrical basis have bounded derivatives on the support.

Adding (5.25) to the older recovered force gives exactly the recovered force of the new total
state, since the residual differences in Lemma 5.1 telescope and the same linear operator and radial
multipliers are used at every step. Lemma 2.1 then gives a smooth pressure: the momentum residual
has zero azimuthal component and a curl-free meridional component on the simply connected
half-plane. Its potential is constant near the axis and extends smoothly to three dimensions.

5.5. The complete values at the two centers. The following formulas retain every term used
in a center evaluation. Let Ki(a, t) = (∇2

yAi)(X(a, t), t) and, for a profile Q, put q∗s = HT∇aQs. At
y = X(a, t), with s = Np · a,

(5.28)

∇yQ\ = NζQs +HT∇aQ,

∇2
yQ

\ = N2Qssζ ⊗ ζ +N(ζ ⊗ q∗s + q∗s ⊗ ζ) +HT (∇2
aQ)H

+
2∑
i=1

(Qai +NpiQs)Ki.

The chain rule applied twice proves these formulas. They apply to the full finite sums Q = V and
Q = U . Add the corresponding older derivatives to obtain the total circulation gradient and total
streamfunction Hessian, and multiply the latter on the left by J to obtain the complete velocity
gradient.

At the older-flow center Y (t) = X(0, t) these expressions use (s, a) = (0, 0) and H(0, t) = M(t)−1.
For example, at phase zero the principal stream profile has

∇aU0 = wP (0)∇a(Bg), ∇2
aU0 = wP (0)∇2

a(Bg).

These slow terms remain even in the principal Hessian. At the full-flow point Z(t) they instead use

a∗(t) = A(Z(t), t), s∗(t) = Np · a∗(t), ȧ∗ = H(a∗, t)v
′(Z(t), t)
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for the present single increment, with the sum of all new velocities in place of v′ on a longer finite
continuation. The zero-extended physical formulas remain meaningful if the point is outside the
tube. In the pure-phase part of the velocity gradient set e = ζ/|ζ|. Exactly,

(5.29) N2UssJζ ⊗ ζ =
|ζ|2

κ
(N2κUss)Je⊗ e.

The metric ratio is evaluated at the same label and time as the other terms in (5.28). For instance,
along the full flow, the total gradient obeys the exact equation

d

dt
∇yΓ(Z(t), t) = ∇yFΓ(Z(t), t)− (∇yv(Z(t), t))T∇yΓ(Z(t), t).

Along Y , the right side has the additional term −v′ · ∇y(∇yΓ), evaluated at Y . These identities do
not supply estimates for the displacement or the correction derivatives.

5.6. Finite derivative dependence. For D = (∇yv<)◦X and ȦX = ((v< ·∇y)A)◦X, the material
time derivatives of the coefficients satisfy

(5.30)

Ht = −HD, ζt = −DT ζ, ht = −HDe1,

Ct = H
(
ȦX −DA(X)− A(X)DT

)
HT , κt = pTCtp,

qt = FΓ
< ◦X, bt = ch · ∇aq + Eξ< ◦X,

where FΓ
<, E

ξ
< are the older total residuals. These formulas follow by differentiating the flow and

using (2.4); the older scalars need not be constant along that flow.
We record the data needed when differentiating these formulas. For a profile define

|Q|k = max
j+|α|+b≤k

sup
S1×B`′×I

|∂js∂αa ∂btQ|,

and use the same norm without phase derivatives for coefficients. The coefficient list in the lifted
equations and recursion is

C, l, κ±1, ζ, h, $, q, ∇aq, b, ∇ab, c, d, B.
Its derivatives include derivatives of the older circulation and of ξ< = LΨ<, all composed with the
same X. Stream recovery also uses derivatives of κ−1, explicitly

∇aUn =
κ−1

N2
∂−1
s ∇aWn − Un∇a log κ,

and repeated Leibniz derivatives of this identity. The two lower elliptic operators use C, l and their
full outer time derivatives as in (5.7). Nonlinear sources use products, one fast or slow bracket, and
the exact composite Zj ; mean primitives additionally use ∇a(κ−1) and $h.

The remaining operations are phase projection and the literal primitive, solution of the finite
linear ODE, evaluation on the phase and inverse map, differentiation of the moving points, compact

force recovery, and the radial lift. For physical differentiation, set Ĥ = DyA and ν = ∂tA = −Ĥv<.
The exact rules are

(5.31)

∂yiQ
\ =

∑
j

Hji(Npj∂s + ∂aj )Q

\

,

∂tQ
\ = (Qt)

\ +
∑
j

νj
(
NpjQs +Qaj

)\
.

Thus every further derivative differentiates H, ν, or a profile; the center formulas additionally use
Ki, the trajectories and the complete older derivatives. These map quantities are determined by
the supplied smooth older flow. Their relevant derivatives are finite on the compact collar. The
radial lift uses derivatives of r±1, the fixed chart and the cylindrical basis on D.
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For each fixed k and Jm, induction in n proves finiteness of all the displayed seminorms: at
a level one uses finitely many derivatives of earlier levels, the Leibniz rule, the bounded phase
operators, and the differentiated finite linear ODE. The derivative inventory is therefore finite at
every prescribed depth and output order. The resulting constants may depend on Jm, N, σ, I, the
geometry and the finitely many smooth-input seminorms actually differentiated, as well as the
positive minimum of κ. No uniform bound over different older states or longer intervals follows
from this finite argument. Sharp order allocations, frequency gains and lifetime bounds remain the
estimates required in Section 6.

6. Mixed derivative estimates for the forces

All estimates concern the physical force. For a scalar or vector field h on the volume chart and
an interval I, write

‖h‖Cky,t(I) = max
|α|+b≤k

sup
y∈R2, t∈I

|∂αy ∂bth(y, t)|.

The recovery in Lemma 2.1 gives, for the lift to R3, a fixed constant Ck,D such that

(6.1) ‖fm‖Ckx,t(I) ≤ Ck,D
(∥∥FΓ

m

∥∥
Cky,t(I)

+
∥∥∥Eξm∥∥∥

Cky,t(I)

)
.

Here x ∈ R3. This estimate also includes differentiation of the cylindrical basis vectors, which is
bounded on the fixed off-axis support. Oscillation may improve particular estimates, but it does not
remove the phase-independent contributions to either residual.

6.1. A quantitative finite estimate. We give all scale conditions without fixing an eventual
frequency sequence. Fix k ≥ 0 and depth Jm, and set

(6.2) r∗ = k + 4Jm + 9, rX = r∗ + 2, rF = r∗ + 4.

Assume (3.5) through r∗, (4.5) through rF , and the rigid-scalar, metric and small-deformation
hypotheses preceding (4.11) through their stated orders for this rF . The containing region has a
transported collar satisfying (5.1). Their constants and sizes are part of the input. Use the profile
norm (3.8) and T = max(|I|,Π−1) from Lemma 3.2. All quantities below refer to this one layer.

Let χ,C0, L0, G0, B0, c0, h0, $∗, z0 respectively be positive size bounds for

κ−1, C, l, ∇aq, ∇ab, c, h, $, ζ1.

They may be the corresponding sizes in (4.11). Let C∗ ≥ 1 bound all their normalized derivative
constants through rX after replacing their first-label rates by λ and absorbing any fixed number of
rate summands. Let it also bound the corresponding constants for DaX,H, v through rX and the
relative amplitude data through r∗. These constants are calculated from the preceding finite rules,
rather than inferred from smoothness. Define

Hr∗ = 216(r∗+1)(1 + C∗)
8, z∗1 = (2C0λ+ L0)χ/N, z∗2 = (C0λ

2 + L0λ)χ/N2.

The factor Hr∗ bounds the at most five-factor Leibniz products, two-dimensional component sums
and bounded phase operations in each source row. It also bounds one extra derivative in the mean
formulas.
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Choose 0 < δ ≤ 1. Require that each quotient in the following table is at most one. The column
headed “shift” is its grade shift; the matrix equation, not an estimate, determines these shifts.

(6.3)

term shift required quotient

Z[ first piece, normalized 1 z∗1/δ

Z[ second piece, normalized 2 z∗2/δ
2

{U, q}a 1 T χλG0/(Nσδ)
∂t(ND1U), ∂tD2U 1, 2 T Πz∗1/δ, T Πz∗2/δ

2

NUs∂⊥b, {U, b}a 1, 2 T χB0/(Nδ), T χλB0/(N
2δ2)

ch · ∇aV 1 T σc0h0λ/(Nδ)
2$V h · ∇aq 1 2T σ$∗h0G0/(Nδ)

fast transport products 1 T χλY∗/(σδ)
slow transport products 2 T χλ2Y∗/(Nσδ

2)
N$ζ1∂s(V

2) 1 T σ$∗z0Y∗/δ
$h · ∇a(V 2) 2 T σ$∗h0λY∗/(Nδ

2)

Every vorticity row in this table includes its factor σ/N . The first row denotes the normalized
first lower-elliptic contribution (σ/N)ND1U , not an additional factor of N . In particular the
fast circulation-square row has an amplitude-smallness condition; it is not assigned a nonexistent
inverse-frequency gain.

For explicit profile constants put

Ar∗ = max
|α|+b≤r∗

max(1, Eα,b),

wr∗ = max
b≤r∗+1

Π−b‖∂btw‖∞,

gr∗ = max
|α|≤r∗+1

`|α|‖∂αa g‖∞, Fr∗ = ‖F‖Cr∗+1 ,

Er∗ = 23r∗+3Ar∗ max(1, wr∗) max(1, gr∗) max(1, Fr∗).

Leibniz and Lemma 3.1 give [V0]r∗ , [W̃0]r∗ ≤ Er∗Y∗. Take a0 = Er∗ . At each 1 ≤ n ≤ Jm, first form
bj for 0 ≤ j < n from the known aj , and then define sn and an by
(6.4)

bj = aj +Hr∗(aj−1 + aj−2),

sn = Hr∗

6an−1 + 3an−2 + 3
∑

i+j=n−1

ai(aj + bj) + 3
∑

i+j=n−2

ai(aj + bj)

 , an = 4Dr∗sn.

Use zero for negative indices. Every ai, aj , bj used to form sn has index less than n. After construction
put aj = 0 for j > Jm, keep the formula for bj through Jm + 2, and use the formula for sn through
2Jm + 4. The Dr∗ is the explicit constant of Lemma 3.2; all numbers in this recursion are fixed
before testing the scale inequalities.

Proposition 6.1 (Finite correction estimates). Under these hypotheses and (6.3), the actual finite
construction in Section 5 satisfies

(6.5) [Vn]r, [W̃n]r ≤ anY∗δn, [Un]r ≤ Hr∗
χ

Nσ
anY∗δ

n, r + 2n ≤ r∗.

For every retained composite and source,

(6.6)
[ σ
N
Zj

]
r
≤ bjY∗δj , r + 2j + 1 ≤ r∗, [SΓ

g ]r,
[ σ
N
Sξg

]
r
≤ sgY∗δg/T , r + 2g ≤ r∗.

The source bound includes all terminal grades, with the stated zero convention.
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Proof. The level-zero estimate follows from the definition of Er∗ . Stream recovery is

Un = (Nσ)−1κ−1∂−1
s W̃n.

In particular,

N∂sUn = (σκ)−1W̃n,
σ

N
Z[j = σD1Uj−1 +

σ

N
D2Uj−2.

Since NUn,s = (σκ)−1W̃n, the first expression is

1

N

[
2Cp · ∇a(κ−1W̃j−1) + (p · l)κ−1W̃j−1

]
.

It has size at most Hr∗z
∗
1aj−1Y∗δ

j−1 and uses the preceding pair at one additional order. This
differentiates κ−1 as well as the pair. The second has size at most Hr∗z

∗
2aj−2Y∗δ

j−2 and uses two
additional orders. The first two scalar tests give the composite bound, with the one extra phase
derivative on its principal part.

For completeness, the calculation of each source scale is as follows. A slow derivative of Ui costs
χλ/(Nσ) times the pair size. Against the older gradient this gives the third row of (6.3). The
full outer time derivative of either lower-elliptic expression costs Π, including differentiation of C, l
and κ−1. This gives the fourth row. Fast and slow multiplication by ∇ab give respectively χB0/N
and χλB0/N

2 after vorticity normalization. The two linear circulation terms give the next two
rows directly. The fast brackets have scale χλ/σ times two pair sizes, and the slow brackets have

scale χλ2/(Nσ). For their vorticity versions write (σ/N)Zj = ∂sW̃j + (σ/N)Z[j and use the already
proved composite bound. Finally, the normalized fast and slow derivatives of ViVj have scales σ$∗z0

and σ$∗h0λ/N . This accounts for all the displayed terms in (5.11). Dividing by Y∗δ
g/T gives

exactly the table. The source contains five first-shift linear terms, two second-shift linear terms, and
the stated transport and square products; the larger integer coefficients in (6.4) cover their sums.
The projected two-component forcing has Euclidean norm at most four times this source majorant,
since projection costs two and the mean-zero phase primitive costs π/2. Lemma 3.2 proves the next
pair estimate.

Here is the derivative count behind that induction. Stream inversion does not increase the
required pair order. The first lower-elliptic piece uses one label derivative of level j − 1 and the
second uses two of level j − 2. Their outer time derivatives use respectively two and three total
derivatives of those levels. A fast bracket with principal vorticity uses up to two derivatives of
its second pair; a slow bracket does so as well. For a lower-elliptic second argument these counts
are at most three at level j − 1 and four at level j − 2. With i + j = g − 1 or g − 2, these all fit
the allowance r + 2g. Every other row uses at most one extra derivative of level g − 1 or g − 2.
Differentiating a coefficient rather than a pair requires the same total order and cannot increase the
largest needed order. The Duhamel estimate requires no extra order. This proves the induction,
including the composite indices Jm + 1, Jm + 2 and the terminal sources through 2Jm + 4. The
largest source requirement at output order k is k + 2(2Jm + 4) = r∗ − 1. The additional order in r∗
also covers phase differentiation in activation and mean-primitive differentiation. �

We now give a finite expression for the physical force. This also records which means are retained.
Put Ai = aiY∗δ

i for 0 ≤ i ≤ Jm and zero otherwise, and

B[j = Hr∗(z
∗
1Aj−1 + z∗2Aj−2) (0 ≤ j ≤ Jm + 2).
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Let ΛK be the first-label rate of κ−1 from (4.11). Define

(6.7)

MΓ
n = Hr∗

χ
σ

∑
i+j=n−1

AiAj +
λχ

Nσ

∑
i+j=n−2

AiAj

 ,
M ξ
n = Hr∗

Nχ
σ2

∑
i+j=n−1

AiB
[
j +

λχ

σ2

∑
i+j=n−2

AiB
[
j

+

(
χΛK
2σ2

+$∗h0

) ∑
i+j=n−2

AiAj

 .
Then [QΓ

n]k+1 ≤MΓ
n and [Qξn]k+1 ≤M ξ

n. Indeed these are, in order, the absolute values of the terms

in (5.19), using [Wi] = (N/σ)[W̃i] and the normalized lower-elliptic bound. The reciprocal-symbol
term retains ΛK and the circulation-square term retains $∗h0. Neither is omitted when the envelope

is constant. Thus [〈SΓ
n 〉s]k ≤ 2λMΓ

n and [〈Sξn〉s]k ≤ 2λM ξ
n. The required profile orders in these

formulas lie below r∗: for n ≤ Jm their largest pair index is at most n− 1, and the primitive plus
divergence uses at most four additional derivatives.

Let CX ≥ 1 bound through order k the normalized coefficient constants of H, v and their sizes
divided by K,VX . Define

Λph = 1 + Π + (N + λ)(K + VX), Λslow = 1 + Π + λ(K + VX), Cev
k = k! [16(1 + CX)]2k+2.

Repeated physical differentiation in (5.31) gives

(6.8) ‖Q\‖Cky,t ≤ C
ev
k Λkph[Q]k.

For a phase-independent profile replace Λph by Λslow. To see the count, each derivative is HT (Np∂s+
∇a) or ∂t−v·(Np∂s+∇a). At the next application it differentiates either an existing coefficient or the
profile. At most k! distributions occur after enlarging by the four coordinate choices per derivative.
Coefficient derivatives cost λ or Π, and are bounded by the supplied normalized constants; these are
absorbed by Λph or Λslow and the displayed constant. Spatial derivatives of a phase-independent
mean introduce no factor N .

The same calculation through order k + 2 bounds the complete gradients and Hessians in (5.28),
including inverse-map curvature. Here use the coefficient maximum CX through order k+2, available
from C∗ through rX ; the pair orders suffice since k + 2 + 2i ≤ r∗ for i ≤ Jm. Their values at
either Y (t) or a supplied curve Z(t) are bounded by these domainwise estimates. At Y , evaluation
corresponds to a = 0, s = 0; differentiation along that curve is at fixed label. Along Z, a profile is
differentiated by

∂t +
[
H(Ż − v< ◦X)

]
· (Np∂s +∇a) at a = A(Z, t).

Given derivatives of Ż through the requested order, Leibniz expansion of this operator and of the
spatial operators proves the corresponding mixed curve estimates, with constants also depending on
those supplied derivatives. This statement preserves (4.4); it does not identify the two centers.

Let Iact ⊂ I be a closed interval containing the supports of all positive derivatives of w, and
suppose supIact |R(0, t)| ≤ Yact as in Section 3. Take Eact

k+1 = Er∗ . On this activation interval, the two

normalized activation profiles are then bounded through k by Eact
k+1ΠYact. Put Srem =

∑2Jm+4
g=Jm+1 sgδ

g.
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Proposition 6.2 (Physical force estimate). Under the hypotheses of Proposition 6.1, the stated
activation bound and the fixed support condition (5.1), the physical force satisfies

‖fm‖Ckx,t(I) ≤ Ck,DC
ev
k

[
Λkph(1 +N/σ)

(
Eact
k+1ΠYact +

Y∗
T
Srem

)
+ 2λΛkslow

Jm∑
n=1

(MΓ
n +M ξ

n)

]
.

(6.9)

The constant Ck,D depends only on k, the fixed off-axis chart and the fixed compact inverse. All
other dependencies occur in the displayed numbers. The bound is uniform for supplied fields with
these same numerical inputs.

Proof. Equations (5.14), (5.26), the mean estimates and (6.8) bound the complete circulation and
reduced-vorticity residuals. The factor N/σ undoes the normalization of the vorticity source.

The inverse curl is applied to activation plus remainder together and to each mean separately,
exactly as in (5.26). Their compatibility was proved in Section 5; the triangle inequality does not
assert compatibility of either isolated oscillatory piece. The fixed inverse commutes with time
derivatives. Its no-loss spatial estimate, the radial factors and the cylindrical basis give Ck,D. This
proves the physical mixed bound. �

The right-hand side defines the finite expression Fm,k. An application seeking a bound εk requires
the displayed right-hand side to be at most εk, in addition to (6.3). This is a finite scalar test on
inputs, not an assumed estimate on the unknown force. The terminal sum contains powers δg with
g ≥ Jm + 1; its depth-dependent constants and full finite sum must also be bounded. Activation is
controlled by its small datum and the phase-independent terms by (6.7).

The derivative allocation and dependence are as follows:

quantity orders supplied or used scales retained
rigid gradients and non-affinity rF = r∗ + 4 K,Π, Vc, η(t), d, G0, B0, µφ,Λmet

composed coefficients and reciprocals rX = r∗ + 2 κ−1
− ,K, ζ±,Γ±,W±,first-label rates

amplitude family and profiles r∗ = k + 4Jm + 9 CR, c∗, n, cdat, Y∗, Yact,Π, λ
pair at level n r + 2n ≤ r∗ Y∗δ

n, (Nσ)−1 for Un
composite Zj , j ≤ Jm + 2 r + 2j + 1 ≤ r∗ N/σ

terminal sources g ≤ 2Jm + 4 r + 2g ≤ r∗ Y∗δ
g/T

mean primitive and divergence k + 1 then k MΓ
n ,M

ξ
n, λ, Λkslow

physical evaluation and force k Λkph, N/σ, Ck,D

The implication proved here requires the actual older fields to supply: the central weighted
and activation hypotheses; the integrated and instantaneous amplitude variation tests and datum
variation; the central deformation, speed, non-affinity, scalar and metric bounds on the full containing
regions; the transported support condition and positive older circulation when positivity is requested;
and the displayed scalar scale tests. Proposition 11.1 returns these inputs for the same finite corrected
family under its closed scalar conditions; its activation specialization retains the prescribed seed
and short ramp. Section 7 supplies the local family used there. Proposition 12.3 realizes all the
scalar conditions on one infinite selected history.

7. Finite controlled families

The angular velocity must be constructed together with the older corrected fields: those fields
determine the angular velocity, and every material map subsequently uses it. At a fixed number of
increments this dependence has an integral form in time. We first prove existence of that family,
and then give sufficient quantitative conditions for a return.

Choose an open ball P b D0 about y∗ on which H = |y − y∗|2/2 and both base cutoffs equal one.
All material supports considered in this section have containing collars transported into P. The
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fixed coefficients are still

A(y) = diag((2y2)−1, 1), W (y) = (2y2)−2, y∗ = (z0, r
2
0/2).

No change of the physical coordinates is made.
Fix a finite collection of frequencies Nj , radii, depths Jj , positive constants σj−1, envelopes and

activation functions. At the beginning t0 of the interval under consideration, all existing profiles
and maps have smooth data on collars of their material supports. The maps are restrictions of the
global older flows. At a new insertion, Xj(a, t0) = Z(t0) + a and the higher levels have zero data.

The amplitude datum may be any smooth pair; when a growing datum is required, write âj , b̂j for
the two off-diagonal coefficients of (3.4). They must be strictly positive on its whole collar, and the
datum is

−εj
(

1,

√
b̂j/âj

)
, εj > 0.

The square root is evaluated at insertion. Its relative derivatives are separate quantitative require-
ments when weighted estimates are used.

The state consists of ϑ, all the Xj , the amplitude pairs, all pairs (Vj,n, W̃j,n) for 1 ≤ n ≤ Jj , and
the full-flow point Z. The physical increments are the complete sums

γj =

 Jj∑
n=0

Vj,n

\

, ψj =

 Jj∑
n=0

Uj,n

\

, vj = J∇ψj .

Write α = ϑ̇. The base streamfunction Ψb = αH and vorticity ξb = αLH are recovered from the
current rate and are not integrated state variables. In particular a central zero of Ωj leaves all these
definitions in force. During a stage ending with increment m, Z is read only at the next insertion.
The centers Yj = Xj(0, t), which enter the current control, are distinct from Z.

7.1. The control and its finite derivative requirements. At a center lying in P, write

(7.1) Dj = αJ + Ej , Ej =
∑
i<j

∇vi(Yj , t), Fj = −
(ETj ζj)1

ζj,2
, F0 = 0,

where in center expressions ζj = M−Tj pj and α = ϑ̇. The open domain of a control requires |ζj,2| > 0
for every feedback that it uses, positive symbols, and the stated interior support conditions. The
following control branches are smooth functions of spatial state values on this domain:

(7.2) α = Fm−1, α = (1− ηb)Fm−1 + ηbFm, α = Fm −
żµ(t)

ζm,2
, α = Fm.

The first branch keeps the parent’s first covector component fixed (and is α = 0 when m = 1). The
next three branches interpolate to the current feedback, prescribe the current first component, and
keep that component fixed after return, respectively; see Lemma 7.4. Here ηb is a prescribed smooth
transition and zµ is a prescribed covector component with its entry value frozen. The parameter µ
is fixed during a trial. In particular żµ is prescribed data, not the time derivative of an evolving
state evaluation.

The identity Dj − αJ = Ej in (7.1) is an identity of the actual fields. Although ξb = αLH enters
the level sources instantaneously, it is absent from the feedback except through the integrated
profiles. This distinction is essential below.

Lemma 7.1 (Finite derivative allocation). For fixed m,J1, . . . , Jm and requested spatial output
order k, a finite backward allocation of spatial derivatives supplies all the maps, coefficients, profiles,
level rates, physical evaluations and feedbacks through order k, including locally Lipschitz dependence
on a continuous trial rate. The allocation is obtained by the rules below; it is independent of any
derivative of the trial rate. For requested time order b, a further finite allocation supplies the state
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through order b+ 1 from the trial rate through order b. For an integer k ≥ 3, one sufficient spatial
allocation is

(7.3) rloc
m = k + 4, rloc

j−1 = rloc
j + 4Jj + 12 (j = m, . . . , 1).

Initial data and fixed base profiles through rloc
0 suffice. For smaller requested orders use k = 3. These

local orders are distinct from the derivative orders admitted in the infinite construction.

Proof. We give a finite algorithm, so that an asserted output order specifies its actual input
derivatives. Count phase and label derivatives together. Start with all desired spatial outputs,
including the two derivatives of each stream profile used in Ej . Enlarge the requested order by
one when comparing evaluations at different moving points. Generate the following finite list of
expressions in increasing layer order. For a layer generate X,H,C, κ, q, b, the other coefficients in
(5.2), the principal pair and its rate, and then each level, its rate and its recovered stream profile in
increasing level order. Generate the full-flow point last.

Before assigning orders, expand each outer derivative in (5.7). In a lower profile derivative use

(Un)t = (Nσ)−1
{

(κ−1)t∂
−1
s W̃n + κ−1∂−1

s (W̃n)t

}
.

Replace (W̃n)t by its already generated level equation, and use the principal equation when n = 0,
including ẇ. Use lt = divaCt and (5.30) for Ct, κt. No derivative of b in time is required in (5.11).
In particular one must use b = (αLH +

∑
i<j Lψi) ◦Xj directly, rather than differentiating an older

residual to compute it. Every substituted time derivative reduces either the level index, or the layer
index when an older physical field is involved. The procedure terminates. Its resulting expressions
contain α(t), but no α̇(t).

On this finite expression list propagate derivative requests backward. A sum, product or smooth
scalar function on a compact range requests the same order of every argument. A spatial derivative
of order d requests k+ d to produce order k. Phase average and the literal primitive request order k.
A composition f ◦ g, including a physical oscillatory evaluation, requests order k + 1 of both factors
for an order-k Lipschitz estimate. An inverse map through order k requests the map through order
k + 1 and a bound for its inverse Jacobian. A flow through order k requests the driving velocity
through order k+ 1; a pointwise linear equation through order k requests its coefficients, source and
data through order k. Whenever a request reaches a previously listed expression, increase its order
to the maximum of all requests there and continue backward. The finite acyclic list makes this a
terminating recursion in integers.

For completeness, the rules have explicit analytic justifications. For a derivative with position set
S, the chain rule is

DS(f ◦ g) =
∑

π∈Part(S)

(D|π|f) ◦ g [DB1g, . . . , DB|π|g].

Subtract two such expressions and telescope their factors. A mean-value estimate of D|π|f at two
arguments costs one extra derivative. Differentiating X ◦A = Id first gives DA = (DX ◦A)−1. For
k ≥ 2, it expresses DkA as −(DX ◦ A)−1 times a sum involving derivatives of X through k and
lower derivatives of A. The same subtraction proves its Lipschitz rule. Differentiating the flow or
the linear equation produces a linear equation for the highest derivative, with a finite sum of lower
derivatives as source. Integrating it proves the indicated rule by induction in the derivative order.
The inverse Jacobian bound comes from its own linear equation; globally the flow is one-to-one by
uniqueness of characteristics.

These rules count the actual sources. For example, a slow bracket with Zj requests one derivative
of Zj , whose lower elliptic part requests two of Uj−2. An outer derivative of that part requests two
derivatives of the substituted lower rate. The older-vorticity terms request three spatial derivatives
of an older streamfunction. Derivatives of κ−1, the nonlinear inverse map, and the material metric
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are included as expressions, not treated as constants. Thus this allocation includes the extra Euler
terms.

To check (7.3), at layer j allocate the level n pair and its substituted rate through rloc
j +4(Jj−n)+4.

Allocate map differences through rloc
j + 4Jj + 8, with one further uniform map derivative. The

four-derivative difference between successive level orders covers the three derivatives in a bracket
containing a composite and the two derivatives of a substituted lower rate. At coefficient order a,
Ct, lt need older primitive streamfunctions through at most a+ 3, with one further derivative for
comparison; their map requirements are at most a+ 2. All these requests lie below the stated map
and older-field allocations. The flow comparison through the allocated map order, including its
uniform spare, needs older streamfunctions through at most rloc

j + 4Jj + 10, less than rloc
j−1. The

four extra profile orders at the last level cover physical evaluation and its comparison. This verifies
the numerical allocation by the same backward rules.

To request time derivatives, differentiate the expanded rate equations b times. Their right sides
involve the rate through b and the state through b; a term of highest state time order is obtained by
differentiating previously generated layers or levels. Generate these expressions in time order, then
layer order and level order, and apply the same spatial request rules. The expression for a time
derivative of a composition is the same partition formula with time positions included. This gives a
finite allocation for each b, without claiming one finite spatial order for all b. �

Proposition 7.2 (Local finite family). Suppose the smooth initial data belong to the open control
domain, with all initial transported collars compactly contained in P. Each branch of (7.2), and
each smooth finite interpolation of these branches, has a unique local solution of the actual finite
construction. The solution is smooth in space and time. It depends smoothly on a finite-dimensional
parameter in the smooth data and prescribed control profiles, on a common local interval for
parameters in a sufficiently small compact neighborhood. All intervals and constants here may
depend on the fixed finite data.

Proof. First prescribe any α ∈ C([t0, t0 + h]) with ‖α‖∞ ≤ A. Set ϑ(t) = ϑ(t0) +
∫ t
t0
α. Construct

layer 1, then layer 2, and so on. Its older velocity is continuous in time, smooth and compactly
supported in space, so its characteristic equation has a unique flow. The flow and its inverse are
smooth in space and continuously differentiable in time. Then solve the pointwise principal linear
equation and the successive linear level equations, using the substituted sources of Lemma 7.1.
Extend each compact profile by zero after physical evaluation. Its support stays away from the
boundary of its collar, so this is a smooth spatial extension. Finally solve the equation for Z with
the full velocity.

All spatial derivatives of the resulting state exist, and are continuously differentiable in time. For
any finite allocation they are bounded on a common sufficiently short interval. This follows in layer
and level order from the differentiated flow equations and linear equations; their coefficients are
bounded on the compact collars. The interval can first be made small enough to preserve the initial
support and denominator margins.

Let Y [α] denote the resulting state. With identical initial data, put Iα,α′(t) =
∫ t
t0
|α− α′| ds. The

same differentiated equations and the allocation just proved give

(7.4) ‖Y[α](t)− Y[α′](t)‖sp,k ≤ CkIα,α′(t),

for all requested spatial state quantities. Here the norm is the maximum of the finitely requested
Ck phase-label, map and point norms, with the allocated larger input orders understood. Indeed
differences of rates at one step are bounded by a constant times |α(t)−α′(t)|, earlier state differences
and the unknown difference at that step. Gronwall and then induction give (7.4). Differences of
instantaneous rates instead satisfy

(7.5) ‖∂tY[α](t)− ∂tY[α′](t)‖sp,k ≤ Ck
(
|α(t)− α′(t)|+ Iα,α′(t)

)
.
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This direct term is integrated when the rate is used at the next level.
Write the chosen right side of (7.2) as u(t,Y;µ). It reads spatial values, and (7.1) cancels its

instantaneous rigid rotation. Consequently

|u(t,Y[α];µ)− u(t,Y[α′];µ)| ≤ CIα,α′(t).
On the closed unit ball about the constant initial rate u(t0,Y(t0);µ), continuity and a smaller h
make the map α 7→ u(t,Y[α];µ) preserve the ball. Taking Ch < 1 makes it a contraction in the
supremum norm on continuous rates. This proves existence and uniqueness. Any two local solutions
can be compared on successive intervals of this length, which removes the restriction to that initial
ball.

The spatial state derivatives are C1 in time, hence the feedback gives α ∈ C1. The time allocation
in Lemma 7.1 then gives C2 state derivatives. Repeating yields smoothness of every requested
mixed derivative. For parameter derivatives the triangular integral equations can be differentiated:
the first derivative solves the corresponding linear variational equations, and the remainder quotient
tends to zero by the mean-value bounds above. Repetition gives every order, with a finite enlarged
spatial allocation at each order. The differentiated fixed-point equation has the form (Id−K)h = g,
‖K‖ < 1, so its inverse is

∑
n≥0K

n. The same argument proves smooth parameter dependence of
the fixed point, without applying a smooth inverse-map theorem on a single finite differentiability
space. Flat transition profiles give matching time jets at the junctions; inserted physical profiles
and their levels have zero jets there by the flat activation and their zero-data integral formulas. �

Proposition 7.3 (Finite continuation). Let a solution with a fixed finite number of increments
have maximal interval [t0, T ), T < ∞. Suppose its transported collars remain in a fixed compact
subset of P, the prescribed data and control profiles extend smoothly past T , α is bounded, and the
feedback denominators are uniformly separated from zero. Then the finite solution extends past
T . A positive circulation window used for an additional operation must also stay separated from
zero. These conditions can be imposed uniformly for a compact family of trials, giving a common
continuation interval.

Proof. At layer 1 the bounded rate bounds every spatial derivative of the base velocity and base
circulation on the fixed geometry. The differentiated flow equations bound its map and inverse
derivatives on the finite interval. Ellipticity and these inverse bounds bound κ−1. Its principal pair
is bounded by the exponential of an integral of bounded coefficients. Each successive level is a linear
equation with bounded coefficients and previously bounded source. Apply the backward allocation
for each prescribed output order. This bounds all spatial derivatives of layer 1 and its first rate.
Continue in layer order. Polynomial nonlinear sources in lower levels cause no differential inequality
in an unknown highest level. This gives bounds for every fixed spatial derivative of every layer and
for Z up to T .

The bounded spatial state and positive denominator margins bound ∂tα through the feedback
equation. The time allocation and induction give all higher mixed bounds. In each Ck norm the
first rate is bounded, so the state has a limit as t ↑ T ; taking all k gives smooth limiting spatial data.
The map and its inverse have limiting inverse Jacobians and remain inverse maps. The assumed
support and denominator margins place these data in the open domain. Proposition 7.2 restarts
the equations at T . The same bounds are uniform on a compact parameter set, giving the last
assertion. �
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7.2. Exact center and covector identities.

Lemma 7.4 (Center identities and prescribed covectors). For the finite solution, the center and
covector equations below hold for 1 ≤ j ≤ m. The older-center identity uses 1 ≤ i < j ≤ m, and the
full-point identity uses 1 ≤ i ≤ m:

(7.6)

Ẏj = αJ(Yj − y∗) +
∑
i<j

vi(Yj), Ṁj = (αJ + Ej)Mj ,

ζ̇j = αJζj − ETj ζj , Ż = αJ∇H(Z) +
∑
i≤m

vi(Z),

d

dt
Ai(Yj , t) = DyAi(Yj , t)

∑
i≤l<j

vl(Yj , t),
d

dt
Ai(Z, t) = DyAi(Z, t)

∑
i≤l≤m

vl(Z, t).

The older centers lie in P. The displayed equation for Z uses the global base velocity; it reduces to
the quadratic expression αJ(Z − y∗) only when Z ∈ P. Moreover detMj = 1 and

(7.7) ζ̇j,1 = (Fj − α)ζj,2.

Thus the third branch of (7.2) gives ζm,1 = zµ whenever their entry values agree. If the selected

endpoint satisfies zµ = Ω̂m(0, t) = 0, then under the fourth branch both remain zero and Tm(0, t) is
constant for as long as that branch exists.

Proof. The flow equations give the first line and the full-flow equation. Differentiating M−Tj pj gives

the covector equation. Its first component is −αζj,2 − (ETj ζj)1, proving (7.7). The determinant

satisfies (detMj)
′ = (trDj) detMj = 0. The equations for the older labels follow from (∂t + v<i ·

∇)Ai = 0 by subtracting velocities. Finally the central lower amplitude coefficient is σm−1cm(0, t)ζm,1.
With zµ = 0, the second amplitude is constant and hence zero; the first equation then has zero right
side. Uniqueness for these equations proves the claim. �

For clarity, the central coefficients are exactly

(7.8) âj = −(Jζj) · ∇Γ<j(Yj , t)

σj−1κj(0, t)
, b̂j = σj−1 2W (Yj)Γ<j(Yj , t)ζj,1, κj(0, t) =

ζ2
j,1

2Yj,2
+ ζ2

j,2.

Every older layer in these formulas is evaluated at (s, a) = (Nipi ·Ai(Yj , t), Ai(Yj , t)) using (5.28).
Its pure-phase strain has the factor |ζi|2/κi; mixed derivatives, label Hessians and inverse-map
Hessians contribute the rest. In particular the two covectors at their respective own centers do not
generally satisfy the same linear equation. If i < j and a∧ b denotes the determinant of two vectors,
then

(7.9)
d

dt
(ζi ∧ ζj) =

[
(Dj −Di)

T ζi
]
∧ ζj , Dj −Di = ∇v<i(Yj)−∇v<i(Yi) +

∑
i≤l<j

∇vl(Yj).

This follows by adding and subtracting −DT
j ζi; the trace-free common part cancels. The displacement

term remains.
The coefficient rates also retain the physical weights. Put Gj = ∇yΓ<j(Yj , t) and FΓ

<j =

(∂t + v<j · ∇y)Γ<j . With every right side evaluated at Yj , differentiation gives

(7.10)

Ġj = −DT
j Gj +∇yFΓ

<j ,

∂tdj(0, t) = (Jζj) · ∇yFΓ
<j ,

∂tcj(0, t) = 2WFΓ
<j + 2Γ<jv<j · ∇yW,

∂tκj(0, t) = ζTj
[
(v<j · ∇y)A−DjA− ADT

j

]
ζj .
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The first identity is the differentiated circulation equation. For the second, differentiate dj(0, t) =
(Jζj) · Gj and use JDT

j = −DjJ , which follows from trDj = 0; the two velocity-gradient terms

cancel. The last two identities are the product rule applied to 2W (Yj)Γ<j(Yj , t) and ζTj A(Yj)ζj . No
physical coefficient is replaced by a constant in these formulas.

The volume-coordinate gradient on the moving circle is

G(t) = ∇Γ(Z(t), t), Ġ = −(∇v(Z, t))TG+∇FΓ(Z, t).

For tb ≤ t set K(t) =
∫ t
tb
‖ sym∇v(Z(s), s)‖ ds. Differentiating the squared norm of a solution of

the homogeneous equation bounds its fundamental matrix and its inverse by eK(t), so variation of
constants gives the complete-gradient bound

(7.11) |G(t)| ≥ e−K(t)

(
|G(tb)| −

∫ t

tb

eK(s)|∇FΓ(Z(s), s)| ds
)
.

The physical gradient satisfies ∇z,rΓ = diag(1, r)∇yΓ; the fixed off-axis region gives uniform norm
equivalence. Thus quantitative bounds on the two displayed integrals preserve a positive fraction of
the complete endpoint gradient. Alternatively, when the inverse-map evaluations give

|∇Γ(Z, t)−NmTm(0, tb)ζm(t)| ≤ ε|NmTm(0, tb)ζm(t)|, ε < 1,

the gradient is at least (1− ε)|NmTm(0, tb)ζm(t)|. These are two sufficient quantitative conditions.
Neither follows from Bm(0, t) = 0: off-center principal amplitudes and all correction levels remain
in the complete formulas.

7.3. A return from quantitative bounds. The following comparison uses only a positive bounded
coupling, so its hypotheses do not require a unit physical metric. Fix a smooth nondecreasing step

η with its usual flat endpoints and η2 ∈ C∞c ((0, 1)), η2 ≥ 0,
∫ 1

0 η2 = 1. Let τ = γ(t− t1) for a fixed

γ > 0 and put τb = 1 + Λ−1
ret . The entry component ze > 0 and a positive pulse scale zp are frozen.

Prescribe

(7.12) zµ(t) =

{
ze(1− η(τ)), 0 ≤ τ ≤ 1,

−µzpΛretη2(Λret(τ − 1)), 1 ≤ τ ≤ τb,
0 ≤ µ ≤ cp.

After τb prescribe zero. This is the short negative pulse in [1, Lemma 2.7, Lemma 2.9], with its
entry covector fixed for the whole trial family. For the prescribed construction, write θin

m for the
fixed insertion angle, with

pm = (sin θin
m, cos θin

m), sin θin
m > 0.

Thus this angle is measured from the positive second coordinate toward the positive first coordinate;
the physical phase remains sm in (3.2). Use zp = |ζm(t1)| sin θin

m. The coefficient of the pulse profile
in zµ/|ζm(t1)| is then −µΛret sin θin

m. The bounded applications below have zp = ze.

For the central pair write Tτ = aΩ̂, Ω̂τ = bT , where a = âm/γ and b = σm−1cmzµ/γ. For a fixed
constant c0 > 0 put

(7.13) υ = c0Ω̂/T, k = a/c0, c(τ) = c0σm−1cm(0, t)zp/γ, cr(τ) = (ze/zp)c(τ).

Where T 6= 0, its exact equation is

(7.14) υ′ =

{
cr(τ)(1− η(τ))− k(τ)υ2, 0 ≤ τ ≤ 1,

−µc(τ)Λretη2(Λret(τ − 1))− k(τ)υ2, 1 ≤ τ ≤ τb.

The coefficient c may depend on both time and the trial. Its definition retains the actual 2WΓ<m.
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Lemma 7.5 (Positive amplitude and opposite endpoint signs). Assume on every existing initial
part of the interval that

(7.15) 0 < c− ≤ c ≤ c+, 0 ≤ cr ≤ cr,+, 0 < k− ≤ k ≤ k+, υ(0) ∈ [υ−, υ+], υ− > 0,

and T (0) < 0. Put

V+ = max(υ+,
√
cr,+/k−), V− =

υ−
1 + k+υ−

, B = 2(V+ + cpc+ + 1).

Choose cpc− > V+ and Λret so large that k+B
2/Λret ≤ min(1,V−/2). Then T remains negative and

|υ| ≤ B on every existing initial segment. For trials defined through τb, the endpoint signs are

(7.16) υ(τb; 0) > 0, υ(τb; cp) < 0.

Every zero member satisfies

V−
2c+
≤ µ ≤ V+

c−
, υ ≥ 0 on the negative pulse.

The logarithmic gain of −T is bounded in absolute value by k+B(1 + Λ−1
ret) on every trial; on a zero

member it is at least k−V−.

Proof. Before a possible zero of T , scalar comparison on the first part gives υ ≤ V+, since the right
side at V+ is nonpositive. While υ > 0, (1/υ)′ ≤ k+, giving υ ≥ υ−/(1+ k+υ−τ) ≥ V− and excluding
a first zero. On the negative pulse put y = Λret(τ − 1) and V(y) = υ(1 + y/Λret). The exact integral
identity is

(7.17) V(y) = υ(1)− µ
∫ y

0
c(1 + r/Λret)η2(r) dr − Λ−1

ret

∫ y

0
k(1 + r/Λret)V(r)2 dr.

It is nonincreasing. Under the temporary bound |V| ≤ B, its lower bound is −cpc+ − 1 > −B,
and its upper bound is V+ < B. Hence a first exit from that bound cannot occur. On either part,
(log(−T ))′ = kυ where T < 0, so

|T (τ)| ≥ |T (0)| exp[−k+B(1 + Λ−1
ret)].

This excludes a first zero of T and extends the ratio estimates over the whole existing interval. At
µ = 0, the pulse equation has the positive solution υ(τ) = υ(1)/(1 + υ(1)

∫ τ
1 k). At µ = cp, (7.17)

gives υ(τb) ≤ V+ − cpc− < 0. If the endpoint is zero, the same identity gives

µ

∫ 1

0
cη2 = υ(1)− Λ−1

ret

∫ 1

0
kV2 ∈ [V−/2,V+].

This proves the bounds on µ. Monotonicity gives V ≥ 0 for that member. Integrating kυ proves the
two gain statements. �

Proposition 7.6 (Return for one common finite family). Start every trial in (7.12) from the same
smooth corrected history at t1, with ζm,1 = ze and Tm < 0. Use the third control in (7.2), and
construct the local solutions by Proposition 7.2. Suppose the following bounds hold uniformly in
µ ∈ [0, cp] on every existing initial interval before tb = t1 + τb/γ: the transported collars lie in one
compact subset of P; all control denominators have a common positive lower bound; all the Ej used
by the control are bounded; every required older circulation has a common positive lower bound;
and (7.15) holds with the constants and strict inequalities of Lemma 7.5. Then the whole common
smooth family exists through tb and has a nonempty compact zero set

{µ ∈ (0, cp) : Ωm(0, tb;µ) = 0}.

It therefore has a least member. On each zero member ζm,1(tb) = Ωm(0, tb) = 0, and the central
holding conclusion of Lemma 7.4 applies. The selected root need not depend smoothly on the history.
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Proof. The local family is already supplied by a proved construction, not by a return assumption.
On every existing segment the feedback satisfies |α| ≤ C‖Em‖|ζm|+ C|żµ|, where the denominator
bound is included in C. The covector length obeys |(log |ζm|)′| ≤ ‖Em‖, since the skew rotation has
zero quadratic form. Hence the bounded Em and finite prescribed pulse bound α uniformly. The
assumed support and denominator margins, together with Proposition 7.3, exclude an endpoint
before tb for any trial. The same proof gives uniform finite spatial and mixed bounds for the compact
parameter set; local smooth dependence therefore patches along the full interval.

The amplitude lower bound in Lemma 7.5 makes the endpoint quotient continuous. It has
opposite endpoint signs, so the intermediate value theorem supplies a zero. The zero set is closed in
the compact trial interval and avoids both ends by the strict signs. Multiplication by the nonzero
Tm and fixed positive constants identifies its zeros with those of Ωm. The pulse vanishes near tb, so
the selected central pair is already constant there. The fourth branch continues its zero first covector
component. Smoothness of an individual trial does not assert transversality of the parameter zero;
this is why only existence of a least root is stated. �

Proposition 7.7 (The generic quantitative return conditions). For m ≥ 2, the preceding return
result applies to the prescribed generic pulse with γ = σm−1 sin θin

m, zp = ze sin θin
m, z = |ζm|, ze = z(t1)

and c0 = z−1
e , under the following sufficient conditions. They are conditions on the actual common

finite trial solutions, on every existing initial interval, in addition to the support, denominator,
complete Ej and circulation bounds of Proposition 7.6. Write W = Ωm−1(0, t)/σm−1. Suppose there
are continuous coefficients ci, di such that
(7.18)

z′ = c1W + d1, W ′ = c2G/z + d2, k = c5ze/z
2 + d4,

G = η + d3(1− η) (τ ≤ 1), G = 1 + µc3Λretzeη2(Λret(τ − 1)) (τ ≥ 1),

cr = c4/ze (τ ≤ 1), c = c6 (τ ≥ 1).

Assume |ci − 1| ≤ δ for 1 ≤ i ≤ 6 and |di| ≤ δ for 1 ≤ i ≤ 4 on their indicated intervals. Here c4, c6

may depend on time and on the trial. Assume also

(7.19)
|ze − 1| ≤ δ, |W(0)| ≤ δ, |υ(0)− 1| ≤ δ,

1
2 ≤ z/ze ≤ 2, −1 ≤ W ≤ 2 + cp, Λ−1

ret ≤ δ.

For fixed cp > ῡ > 3/2, sufficiently small δ > 0 gives strict recovery of these two geometric bounds,
a common return family and a least return root. With C depending only on cp, ῡ, each zero member
has

1
2 − Cδ ≤ µ ≤

ῡ

1− δ
, 1

3 − Cδ ≤ W(τb) ≤ 1 + ῡ + Cδ.

Its logarithmic gain satisfies

(1− Cδ)I0 ≤ log
−T (τb)

−T (0)
≤ (1 + Cδ)ῡ, I0 =

∫ 1

0

dτ

(1 + τ2/2)2(1 + τ)
.

Proof. These are the variables and geometric hypotheses of [1, Lemma 2.9]. The Euler changes in
the scalar equation are exactly the time-dependent c4 and the additional positive factor c6 on the
pulse; we check them explicitly. First the geometric equations, which do not read υ, give W ′ ≥ −Cδ
and z′ ≥ −Cδ on [0, 1]. Thus W ≥ −Cδ and z ≥ ze−Cδ. Inserting this lower bound in the equation
for W and then the equation for z gives

W ≤ τ + Cδ, 1− Cδ ≤ z/ze ≤ (1 + Cδ)(1 + τ2/2).

On the pulse, G ≥ 1 and the original box gives W ′ > 0 for small δ. The lower bound for z therefore
persists. Integrating the pulse term first in W and then in z, using its unit mass and length Λ−1

ret ≤ δ,
gives

−Cδ ≤ W ≤ 1 + cp + Cδ, 1− Cδ ≤ z/ze ≤ 3
2 + Cδ.
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These intervals lie strictly inside the initial geometric box. They imply k > 0, k ≤ 1 + Cδ on the
whole interval and k ≥ (1 − Cδ)(1 + τ2/2)−2 on its first part. In particular k ≥ 4/9 − Cδ on the
whole interval after decreasing δ once more.

On the first part the forcing is nonnegative and at most 1 + Cδ. The reciprocal comparison gives
υ ≥ (1− Cδ)/(1 + τ). At υ = ῡ, its derivative is at most 1− 4ῡ2/9 + Cδ(1 + ῡ2) < 0; thus υ < ῡ.
These bounds exclude a zero of T exactly as in Lemma 7.5. That lemma applies with c− = 1− δ,
c+ = 1 + δ, and the just obtained bounds for k, cr; choose δ small enough that cp(1− δ) > ῡ and its
short-length inequality holds. It supplies the global quotient bound and the two endpoint signs. Its
precise pulse identity now reads

υ(τb) = υ(1)− µ
∫ 1

0
c6(1 + y/Λret)η2(y) dy − Λ−1

ret

∫ 1

0
kV2 dy.

The last term is O(δ) uniformly in all trials. At a zero it gives µ ≥ 1/2 − Cδ and µ ≤ ῡ/(1 − δ).
This calculation is valid for time-dependent c6 and uses no derivative of that coefficient.

At a zero, the parent impulse in the second geometric equation is at least (2/3−Cδ)µ−Cδ, while
its upper bound is 1+µ+Cδ. These follow by bounding c2c3ze/z between 2/3−Cδ and 1+Cδ inside
the pulse integral; the non-pulse integral on that short interval is O(δ) and W(1) ∈ [−Cδ, 1 + Cδ].
The asserted endpoint bounds follow. On the first part, integrating kυ gives the lower bound
(1− Cδ)I0 and the upper bound (1 + Cδ)ῡ. On a zero member the pulse quotient is nonnegative
and bounded, so its contribution to that gain lies between zero and Cδ. This proves the gain
statement. The common continuation and zero selection now follow from Proposition 7.6. The
recovered geometric intervals exclude a first exit from their original box, so they need only be
supplied as temporary bounds on existing segments. �

For Euler, the identities in (7.18) must be derived from (7.6) with the complete older correction
and displaced-center terms. In particular c6 = cm(0, t) in the displayed normalization, and k is
the exact metric expression in (7.8), multiplied by ze/γ. The small bounds for the ci − 1, di are
additional sufficient conditions, not consequences of smoothness. This proposition supplies the same
quantitative return implication for the prescribed pulse. Proposition 11.1 supplies their actual-field
bounds under its explicit scalar conditions.

For an application of the return proposition the required quantitative inputs are precisely the
support margins, all active denominator margins, bounds for the complete Ej , positive older
circulation, the entry ratio bounds, and positive bounds for the two exact coefficients in (7.13).
A preceding amplification interval additionally requires a positive lower and upper bound for
d log(−Tm)/dt up to its chosen threshold, and the transition must return these entry conditions.
Suppose the finite solution continues from the beginning of growth through duration G/g−, with
bounds 0 < g− ≤ d log(−Tm)/dt ≤ g+. A prescribed logarithmic gain G > 0 is then reached
between durations G/g+ and G/g−: integration proves existence of the crossing, strict monotonicity
proves uniqueness, and the nonzero time derivative proves smooth dependence of that crossing.
Any complete-gradient conclusion on the following interval also requires either of the displayed
estimates after (7.11). The mixed amplitude, nonlinear map and force bounds of Sections 3, 4 and
6 have their own additional quantitative inputs. Proposition 11.1 obtains these bounds for every
older corrected layer on the finite histories satisfying its scalar tests. Their simultaneous infinite
realization is proved in Proposition 12.3.

7.4. Initialization and bounded applications.

Proposition 7.8 (A first and a second finite application). For every prescribed r0 > 0, z0, fixed
finite depths and frequencies, and fixed finite positive logarithmic gains, there are sufficiently small
positive angles, material radii and nonzero circulation seeds for which the construction initializes
with zero meridional velocity and completes a first return and a second return. All corrected fields,
their centers, compact forces and their derivatives of every fixed order exist on these finite intervals.
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The return roots in this bounded application are simple and can be chosen smoothly. The constants
and allowable seeds can depend on all this finite data.

Proof. Choose e0 = (0, 1) in (2.7). Increase Γ0 or decrease the base oscillation size so that Γb ≥ Γ0/2
on P, for every angle used below. Take ϑ = 0 before the first insertion. Then Ψb = 0 and all
inserted physical profiles are flat and zero initially, giving zero initial meridional velocity and nonzero
compact swirl.

For the first layer choose p1 = (sin s, cos s), s > 0 small. Its older center is exactly y∗, its older
map is rotation on the containing ball, and F1 = 0. Along that center

ζ1 = (sin(s− ϑ), cos(s− ϑ)), d1 = −A0 sin s, c∗b = 2Γ0/r
4
0,

κ(ϑ) = r−2
0 sin2(s− ϑ) + cos2(s− ϑ), κs = r−2

0 sin2 s+ cos2 s.

During growth α = 0; with the growing datum the central pair grows exactly at the rate

γgr
1 = sin s

√
A0c∗b/κs > 0.

It reaches the prescribed finite gain, and a constant transition adds any chosen finite duration. Both
statements are independent of the size of the nonzero seed.

For the first return use (7.12) with ze = sin s, γ = γgr
1 , zp = ze and fixed cp > 1 and

Λret ≥ 2cp‖η2‖∞.
These are the first-pulse conditions of [1, Lemma 2.7]. Increase Λret also to satisfy the short-length
inequality of Lemma 7.5 for coefficients in a sufficiently small fixed neighborhood of one. The
explicit angle is

ϑ = s− arcsin zµ, ζ1,2 =
√

1− z2
µ.

Choose s so small that cpΛret‖η2‖∞ sin s < 1/4. The denominator is at least
√

15/4 for every trial.
In (7.13) take c0 = A0 sin s/(σ0κsγ

gr
1 ). Then υ(0) = 1, c ≡ 1 and k = κs/κ(ϑ) exactly. As s ↓ 0, this

k tends to 1 uniformly together with its first derivative in µ, because

κ(ϑ) = 1 + (r−2
0 − 1)z2

µ.

Thus for sufficiently small s the bounds of Lemma 7.5 hold with strict room. The unperturbed
quotient has strictly negative parameter derivative

−
∫ 1

0
η2(y) exp

[
− 2

Λret

∫ 1

y
υ(1 + r/Λret;µ) dr

]
dy,

bounded away from zero uniformly in the compact trial interval. This is the differentiated scalar
equation proved in [1, Lemma 2.7]; its linear variational equation also shows that the derivative
remains negative for the displayed C1-small metric perturbation. Therefore the actual first root is
unique and simple. Its selected angle is s and its central second amplitude is zero near the endpoint.
This calculation retains the metric for arbitrary r0.

All first-layer profiles and their first rates are smooth functions of its seed ε1 on this compact
family. At ε1 = 0 every profile is zero: each source vanishes when all its own lower profiles vanish.
Consequently, for any fixed finite derivative order q, the complete physical increments satisfy

(7.20) ‖γ1‖Cq + ‖ψ1‖Cq ≤ Cqε1
on the finite interval under consideration, including any fixed smooth continuation of its angle. The
constant may depend on the fixed frequency, radius, depth and duration. These bounds follow by
the mean-value formula in the seed, using the parameter dependence proved above. In particular
the full point satisfies Z − y∗ = O(ε1); it is not set equal to the older center.

To prepare the second application, extend the first central pair divided by its seed to zero
seed. Its growth and return times and angle remain those just computed. Set ε1 = 0 only as this
reference family, keep the landed base angle s, and take p2 = (sin s2, cos s2) with s2 > 0 small.
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The older state is then the rotated base. Its central coefficients are d2 = −A0 sin(s+ s2), c∗b , and

κs2 = r−2
0 sin2 s2 + cos2 s2. The exact growth rate is

γgr
2 =

√
A0c∗b sin(s+ s2) sin s2/κs2 > 0.

Here F1 = F2 = 0 on growth and transition. During return the increment of the base angle is
s2 − arcsin zµ. With the corresponding growing-line normalization, the same quotient equation has

c = 1 and k = κs2/[1 + (r−2
0 − 1)z2

µ]. Taking s2 small gives a second compact family with strict
denominator and return margins and a simple root.

Choose the material collars so small that both reference families lie strictly inside the quadratic
base region and inside the linear part of the base carrier wherever that identity is used. The centers
of the reference families remain at y∗, and their maps are rotations, so these choices are possible.
The central growth coefficients are strictly positive; reducing the collars makes the fibre coefficients
positive as well. Their growing data are therefore smooth. Now restore ε1 > 0 sufficiently small and
continue its complete first-layer fields while constructing the second layer with the actual controls
in (7.2). On the reference family, compactness gives finitely many local existence neighborhoods
covering the two finite intervals and all trial parameters. Successively apply Proposition 7.2 in these
neighborhoods. The perturbed solution stays in them for small ε1 by the same Gronwall estimates
with the additional initial-data difference. Hence it exists on the common full interval and retains
all the strict coefficient, support and denominator margins. This argument also applies across the
transversal growth hitting time, using its nonzero time derivative.

The first layer is now nonzero and is evaluated at the displaced second center. Its entire finite
correction sum enters E2, d2, c2, and every level source. Smooth dependence preserves the two
endpoint signs and the simple second root; the scalar implicit function theorem applies only to this
simple root. Choose also ε2 > 0 small enough that the new full point and any positivity requirement
after its insertion retain their margins. The new physical fields are again nonzero and compact.
The finite force recovery of Lemma 2.1 supplies their smooth compatible force and pressure. Every
fixed mixed derivative is finite by the continuation and allocation results. If the complete endpoint
gradient is nonzero, continuity or (7.11) also gives a positive holding interval on which it retains a
fixed positive fraction of its size. For these small seeds it is nonzero since it is close to the nonzero
base gradient. �

The last proposition chooses seeds after fixing its finite gains and durations. Its constants provide
no bound as those gains, depths, or the number of increments increase. The quantitative lifetime
bounds at the prescribed amplifying sizes are established in Sections 9–12.

8. Low-order estimates on a finite continuation

The estimates below separate two matters: the exact cancellations in a complete finite layer, and
the quantitative bounds for the differentiated profiles that enter those cancellations. In particular, a
large velocity parallel to a layer’s phase curves need not produce a large displacement of its phase.
All intervals in this section are compact initial segments of the actual finite family of Section 7; no
solution on a later part of an interval is assumed.

8.1. Profile and inverse-map bounds. Fix a compact initial interval I = [t0, t1] of a finite trial
family. All bounds are uniform over its compact parameter interval. Choose a convex open ball
P b {y2 > 0} about y∗ = (z0, r

2
0/2) on which the base velocity is αJ(y − y∗) and its circulation is

affine. Write r− ≤
√

2y2 ≤ r+ on P. Every label segment used below lies in a specified older label
collar; the corresponding physical connecting segments lie in P. Fix a number 0 < ρcore

i < `i for
which gi = 1 on Bρcorei

. All phase-cell estimates below are on that label core.
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Put λi = `−1
i and Ui =

∑Ji
n=0 Ui,n, Vi =

∑Ji
n=0 Vi,n. For each layer suppose positive numerical

functions Ui,n,Vi,n and a rate Πi ≥ 1 satisfy

(8.1)
|∂bt∂usDv

aUi,n| ≤ Ui,nΠb
iλ
v
i , |∂bt∂usDv

aVi,n| ≤ Vi,nΠb
iλ
v
i ,

b ≤ 1, u+ v + b ≤ 4, 0 ≤ n ≤ Ji.

Spatial derivatives have their Euclidean multilinear operator norms; t is differentiated at fixed (s, a).
Bounds used outside a phase cell are assumed for all phases there. The inverse maps satisfy

(8.2) |DyAi|, |DaXi| ≤ Hi, |D2
yAi| ≤ Hi,2, |D3

yAi| ≤ Hi,3, Hi ≥ 1

on the stated physical regions and label collars. For the principal amplitudes assume

|wiBi| ≤ bi, |Dr
a(wiBi)| ≤ blab

i λri , |wiTi| ≤ ti, |Dr
a(wiTi)| ≤ tlab

i λri (1 ≤ r ≤ 3).

Their first-time versions, when used, are supplied in the same convention.
These are explicit analytic hypotheses, not scalar parameter conditions. For example, Proposi-

tion 6.1, under all its hypotheses and 4 + 2n ≤ r∗(i), supplies

(8.3) Vi,n = ai,nY∗,iδ
n
i , Ui,n =

Hr∗(i)χκ,i

Niσi−1
ai,nY∗,iδ

n
i .

Here χκ,i is the layer-i reciprocal-symbol size denoted by χ in Section 6; the level constants depend
on the specified order. Establishing these hypotheses with intrinsic first rates on all later intervals is
proved in Proposition 4.3. The calculations below give the finite numerical implications used there.

Retain the four complete sums

Ue
i =

∑
2≤n≤Ji
n even

Ui,n, Uo
i =

∑
1≤n≤Ji
n odd

Ui,n, Ve
i =

∑
2≤n≤Ji
n even

Vi,n, Vo
i =

∑
1≤n≤Ji
n odd

Vi,n.

No maximum over levels is taken before their scale factors are included. Choose a phase cell |s| ≤ sc
on which F (s) = s, with sc ≤ 1, and put Pc = |P (0)|+ s2

c/2. For 0 ≤ S ≤ sc define

(8.4)

U is(S) = biS + (Uo
i + SUe

i ),

U ia(S) = Pcb
lab
i λi + λi(Ue

i + SUo
i ),

U isa(S) = blab
i λiS + λi(Uo

i + SUe
i ),

U iaa(S) = Pcb
lab
i λ2

i + λ2
i (Ue

i + SUo
i ),

U i,corr
ss (S) = (Ue

i + SUo
i ),

V i,corr
s (S) = (Ve

i + SVo
i ),

V i,corr
a (S) = λi(Vo

i + SVe
i ).

All are nonnegative numerical functions. Phase parity and the fundamental theorem of calculus
prove these bounds. For instance, Ui,n is odd when n is odd, so its second phase derivative vanishes
at zero and has size at most SUi,n on this cell. When n is even its first phase derivative vanishes at
zero. Label differentiation preserves these statements. The opposite phase parity of Vi,n gives the
last two lines. This argument uses no spatial reflection property of the physical fields.

8.2. Complete gradients at displaced labels. For a fixed layer let a = Ai(y, t), s = Nipi ·a, and
suppress i. The material covector is ζ(a, t) = (DaX(a, t))−T p. In this subsection ζ means its value
at a = A(y, t), and ζ0 = ζ(0, t) is its own-label value. Assume |ζ(a, t)| ≤ z+ on the label segment
joining zero to a. Suppose also that

|Daζ| ≤ za, |a| ≤ D, |s| ≤ S.
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The number za can be supplied as HH2: indeed Daζ = (Dyζ)DaX and in two dimensions ‖DaX‖ =
‖DyA‖ when the determinant is one. Let e = ζ/|ζ|, and let

G0 = wNT (0, t)ζ0, S0 = wN2B(0, t)Jζ0 ⊗ ζ0.

The matrix S0 equals wΩ(0, t)|ζ0|2κ(0, t)−1Je0 ⊗ e0. It equals wΩJe0 ⊗ e0 only when the metric
ratio equals one; the exact difference is displayed below.

Lemma 8.1 (Complete displaced-center decomposition). The actual fields satisfy

∇γ = G0 + gale+ grem, ∇vi = S0 + xalJe⊗ e+Drem.

The following numerical bounds are valid:

(8.5)

|gal| ≤ Nz+

(
tlabλD + V corr

s (S)
)
,

|grem| ≤ NtzaD +H
(
Stlabλ+ V corr

a (S)
)
,

|xal| ≤ N2z2
+

(
blabλD + U corr

ss (S)
)
,

‖Drem‖ ≤ 2N2bz+zaD + 2Nz+HUsa(S) +H2Uaa(S) +H2

(
NUs(S) + Ua(S)

)
.

The identities and bounds hold separately at Yq and at Z, using their respective labels and phases.
They do not identify these points.

Proof. Use (5.28) and split the phase-gradient term NζVs into wNT (0)ζ0, Nζ[w(T (a) − T (0)) +∑
n≥1 Vn,s], and wNT (0)(ζ − ζ0). The second term is parallel to e; the third is bounded by NtzaD.

The remaining gradient term is HT [ws∇aT +
∑
∇aVn], and its bound is the second line.

For the Hessian split N2UssJζ ⊗ ζ in the same way, using U0,ss = wB. The tensor difference
satisfies

‖Jζ ⊗ ζ − Jζ0 ⊗ ζ0‖ ≤ 2z+|ζ − ζ0|.
The remaining terms in (5.28) have bounds 2Nz+HUsa, H2Uaa and H2(NUs + Ua). The last
estimate uses the vector-valued Hessian norm of A, so it includes both inverse-map components.
There is no vanishing assertion about ∇2

aB(0, t). �

For comparison with an orthonormal-direction system, the difference between S0 and wΩ(0, t)Je0⊗
e0 is exactly

wΩ(0, t)

(
|ζ0|2

κ(0, t)
− 1

)
Je0 ⊗ e0.

It is another aligned term. On a holding interval B(0, t) = 0; blab and the complete correction sums
in (8.5) need not vanish there.

For use on a containing region, third spatial derivatives can also be bounded explicitly. Define

(8.6)

Li1(S) = NiU
i
s(S) + U ia(S),

Li2(S) = N2
i

(
bi + (Ue

i + SUo
i )
)

+ 2NiU
i
sa(S) + U iaa(S),

Li3(S) = 3N2
i λib

lab
i + 3Niλ

2
iSb

lab
i + Pcλ

3
i b

lab
i

+N3
i (Uo

i + SUe
i ) + 3N2

i λi(Ue
i + SUo

i )

+ 3Niλ
2
i (Uo

i + SUe
i ) + λ3

i (Ue
i + SUo

i ),

V num
i,2 (S) = H3

iL
i
3(S) + 3HiHi,2Li2(S) +Hi,3Li1(S).

Then |∇2
yvi| ≤ V num

i,2 (S). To see this, first differentiate Ui(Nipi · a, a) three times in a. The principal

third pure-phase term vanishes because P ′′′ = 0 in the cell; its other terms are the three principal
terms of Li3. The parity estimates give the remaining four terms. Compose with Ai: the third
derivative has the partition types 1 + 1 + 1, 2 + 1 (three choices), and 3. This gives exactly the final
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line. Thus large third phase derivatives of the first correction are retained, while a nonexistent third
phase derivative of the principal polynomial is not introduced.

Suppose on Yq +MqB2`q that all old layers are in such cells and ‖M±1
q ‖ ≤ Kq(t). Put V2(t) =∑

i<q V
num
i,2 (Si); the base velocity has zero second spatial derivative on this region. Taylor’s formula

gives
|ṽ| ≤ 2K3

qV2`
2
q , |Da′ ṽ| ≤ 2K3

qV2`q, |D2
a′ ṽ| ≤ K3

qV2.

Consequently

(8.7) ηq = 4`q max

{∫ t1

t0

K3
qV2 dt, Π−1

q sup
I
K3
qV2

}
, ηq ≤ 1

8

is a sufficient scalar low-order non-affinity test. When ηq > 0, put d = 4`qK
3
qV2/ηq. Then

∫
I d ≤ 1

and d ≤ Πq. The first two Taylor estimates and the second-label estimate meet the corresponding
hypotheses in the proof of Lemma 4.1 with constants at most one. On the full interval beginning at
insertion, this proves its order-zero and first-label conclusions. If ηq = 0, the nonlinear remainder
vanishes on the region. Higher spatial or positive-time estimates still require their own inputs; none
follows from this low-order Taylor calculation.

8.3. Phase displacement and containment. Let Cq denote either Yq, moving with v<q, or Z,
moving with the full finite velocity. Let m be the largest active label, and write q = m+ 1 in the
latter case. For i < q put aqi = Ai(Cq, t) and xqi = pi · aqi . The exact identities are

(8.8)

(aqi )
′ = J

(
NipiUi,s +∇aUi

)
+Hi

∑
i<j<q

vj(Cq, t),

(xqi )
′ = pi · J∇aUi + ζi ·

∑
i<j<q

vj(Cq, t).

Here the first term is the complete own layer. The identity HiJH
T
i = J , a consequence of detHi = 1,

proves the formula. In particular the entire own phase velocity, including every correction, is absent
from the second equation.

Use scalar bounds V num
j for the full velocity of each younger layer at the relevant points. They

can, for example, be the following global bounds calculated from the prescribed profiles and (8.1):

V num
j = (Njz+,j +Hjλj)(Uj,0 + Ue

j + Uo
j ),

provided (8.1) holds on all phases and the entire relevant label collar, including the principal envelope.

When the point is known to lie in the smaller cell, the sharper value Njz+,jU
j
s (Sj) +HjU ja(Sj) is

available.
Choose proposed phase bounds 0 < Si ≤ sc/4. On an interval [t0, t] define, entirely in numbers,

(8.9)

pqi (t) = pqi (t0) +

∫ t

t0

U ia(Si) + z+,i

∑
i<j<q

V num
j

 ds,
oqi (t) = oqi (t0) +

∫ t

t0

N2
i bip

q
i (s) +Ni(Uo

i + SiUe
i ) + U ia(Si) +Hi

∑
i<j<q

V num
j

 ds.
The numerical functions on the right may vary with time but must have been specified from scalar
bounds, not defined as suprema of the unknown offsets.

Lemma 8.2 (Displacement without an exponential in the own shear). If initially |xqi | ≤ pqi (t0) and
|aqi | ≤ oqi (t0), and the existing segment stays in the prescribed collars with the temporary bounds
|Nix

q
i | ≤ Si and |aqi | ≤ ρcore

i /2, then

|xqi (t)| ≤ pqi (t), |aqi (t)| ≤ oqi (t).
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Consequently the scalar tests

(8.10) Nip
q
i (t) ≤ Si/2, oqi (t) ≤ ρ

core
i /4

strictly recover the corresponding relaxed bounds |Nix
q
i | ≤ Si and |aqi | ≤ ρcore

i /2.

Proof. Integrate the second equation in (8.8) first. It gives |xqi | ≤ pqi directly. On the cell,
NU0,s = NwBs = N2wBxqi . Insert the already bounded phase in the first equation. This gives
the second integral in (8.9). No unknown label displacement is multiplied by the large coefficient
N2bi. �

For an actual layer index q ≤ m, to include its tube, suppose |DaXq| ≤ Hq on its collar and
|DyAi| ≤ Hi, |ζi| ≤ z+,i on the connecting region. For y = Xq(a, t), |a| ≤ `q,

(8.11)
|Ai(y, t)| ≤ oqi +HiHq`q,

|Nipi ·Ai(y, t)| ≤ Nip
q
i +Niz+,iHq`q.

Thus oqi +HiHq`q ≤ ρcore
i /2 and Nip

q
i + Niz+,iHq`q ≤ sc/2 are genuine scalar containment tests.

The connecting segments must lie in the regions on which the displayed derivative bounds hold; it
suffices to construct the bounds first on the containing ellipsoids of Section 4. Absolute containment
also needs a numerical bound rcen

q (t) for |Yq − y∗|. On the quadratic base region it is supplied by

(8.12) rcen
q (t) = rcen

q (t0) +

∫ t

t0

∑
j<q

V num
j (s) ds.

Indeed the base rotation makes no contribution to the derivative of |Yq − y∗|. For Z the sum
includes the current layer. If rcen

q +Hq`q < dist(y∗, ∂P), the tube stays in P. For the containing
rigid region Yq +MqB2`q use its radius 2Kq`q instead of Hq`q in both nesting inequalities and in
this absolute-distance test. The strict tests exclude the respective first exits while the derivative
hypotheses hold.

8.4. Positive physical coefficients. Fix r0 > 0 and choose

y∗ = (z0, r
2
0/2), Γ0 = r4

0/2.

This is a choice of the constant background circulation, not a change of the Euler coupling. On a
fixed region r− ≤ r ≤ r+ put

W+ = r−4
− , W1 = 4r−6

− , A1 = 2r−4
− , A∆ = sup

r−≤r≤r+
|r−2 − 1|.

Let Rq(t) ⊂ P be the specified packet-containing region. Suppose |y − y∗| ≤ dc and |si(y, t)| ≤ Si
for y ∈ Rq(t), with all corresponding label points in their cores. A uniform numerical bound gc for
|Γ<q(y, t)− Γ0| is then available. Specifically, take

gc = A0dc +
∑
i<q

(
tiSi + (Ve

i + Vo
i )
)
.

The same formula at a single center is only a center estimate. Covectors and symbols at y mean their
material values at Aq(y, t). All positivity conclusions here concern Rq(t), not the entire support of
a compactly supported circulation. Directly,

(8.13)

|2W (y)Γ<q(y)− 1| ≤ 2W+gc + 2Γ0W1dc,

Γ<q ≥ Γ0 − gc,
min(1, r−2

+ )|ζq|2 ≤ κq ≤ max(1, r−2
− )|ζq|2.

In particular gc ≤ Γ0/2 gives a positive circulation window. For the own-center normalized metric
κ̂q = κq(0, t)/|ζq(0, t)|2 one has the more useful exact formula

(8.14) κ̂q = 1 + (r(Yq)
−2 − 1)e2

q,1, |κ̂q − 1| ≤ A∆e
2
q,1.
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Hence A∆θ
2 ≤ ε suffices when |eq,1| ≤ θ. Smallness of ‖A− I‖ is not required and is not available

for arbitrary r0.
Let Vc,Φc, Fc, Fc,1 bound respectively |v<q(Yq)|, |φ̇q|, |FΓ

<q(Yq)| and |∇FΓ
<q(Yq)|. These numerical

residual bounds must include the activation, every terminal source and every phase-independent
mean in Section 5. The exact central identities give

(8.15)

|ċq| ≤ 2W+Fc + 2(Γ0 + gc)W1Vc,

| ˙̂κq| ≤ A1Vcθ
2 + 2A∆θΦc,

|ḋq| ≤ z+,qFc,1.

Here eq = (sinφq, cosφq) and | sinφq| ≤ θ. Differentiation gives the exact metric rate

˙̂κq = −2r(Yq)
−4Ẏq,2 sin2 φq + 2(r(Yq)

−2 − 1) sinφq cosφq φ̇q.

An estimate of |φ̇q| should retain the actual angular equation; the generic norm bound by |Dq| need
not give the small rate required for long growth intervals. The first and third bounds are (7.10).
If cq ≥ c− > 0 and κ̂q ≥ k− > 0, division by c− and k− gives the logarithmic first rates. No time
derivative of α occurs.

8.5. Coefficient variation and insertion data. Here is a direct bound that does not use a
conservation law for two covectors evaluated at different centers. On a containing region for layer q
suppose numerical functions bound

|DaXq| ≤ x1, |Daζq| ≤ za, 0 < z− ≤ |ζq| ≤ z+,

|∇Γ<q| ≤ G1, |∇2Γ<q| ≤ G2, Γ− ≤ Γ<q ≤ Γ+.

The covector windows are supplied analytic bounds. The other numbers can be calculated from
the profile and map bounds; here σ = σq−1. For example, put V corr

i = Ve
i + Vo

i . On the containing
phase cells one may use

(8.16)

G1 = A0 +
∑
i<q

[
Niz+,iti +HiλiSitlab

i + (Niz+,i +Hiλi)V corr
i

]
,

G2 =
∑
i<q

[
NitiHi,2 + 2Niz+,iHiλitlab

i

+ Si(H2
i λ

2
i +Hi,2λi)tlab

i

+ V corr
i {(Niz+,i +Hiλi)2 +Hi,2(Ni + λi)}

]
.

Indeed γi,0 = wiTi(Ai)si has gradient NiwiTiζi + si(DyAi)
TDa(wiTi). Differentiating once more

gives the first three terms of G2: the phase Hessian, the two cross terms, and the Hessian of
wiTi(Ai). The correction sum is a composition with (Nipi · Ai, Ai); its two chain-rule terms give
the last line. The base circulation is affine. If these physical derivative bounds are used in a rigid
coordinate y = Yq +Mqa

′, their first and second spatial bounds are KqG1 and K2
qG2, respectively.

Let a+ = max(1, r−2
− ), κ− = min(1, r−2

+ )z2
−, and define

(8.17)

c+ = 2W+Γ+, ca = 2x1(W1Γ+ +W+G1),

d+ = z+G1, da = zaG1 + z+x1G2,

ka = 2a+z+za +A1x1z
2
+,

aa =
da
σκ−

+
d+ka
σκ2
−
, ba = σ(c+za + caz+),

mq(t) = `q(aa + ba), c∗,q =

∫ t1

t0

mq(t) dt.
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The definitions are numerical expressions in the displayed bounds. The product rule and the
reciprocal rule prove `q‖DaBq‖ ≤ mq. In particular a zero of ζq,1(0, t) causes no division in this
estimate. For higher label derivatives the finite product/partition rules apply; the additional
relative-rate bounds remain part of the higher-order lifetime assertion.

At insertion the map is a translation and ζ = pq is constant. Suppose the central coefficients

â0, b̂0 are positive and let ain
a , b

in
a be the numbers just calculated. The scalar conditions

(8.18) `qa
in
a ≤ â0/4, `qb

in
a ≤ b̂0/4

prove positive coefficients on the whole insertion ball. For Rin(a) = −εq(1,
√
b̂(a)/â(a)),

`q|DaR
in| ≤ cdat,q|Rin(0)|, cdat,q = 2`q

(
ain
a

â0
+
bina

b̂0

)
.

Indeed differentiate the logarithm of the square root and use the [3/4, 5/4] windows. The bound for
the square root relative to its central value is less than two, giving the stated constant. Thus

c∗,q + cdat,q ≤
log 2

6C2
R

is an explicit scalar test once the central weighted constant CR and the spatial numerical inputs
have been established. The test by itself does not return the central weighted history.

8.6. The coefficients in a generic return. Consider a return interval of layer m ≥ 2 on which
all activations are one. Write p = m − 1, σ = σm−1 and set s = θin

m for the fixed insertion angle
in this subsection. Assume sin s > 0, set γ = σ sin s, and use normalized time τ = γ(t− t1). The
length z = |ζm(0, t)| has entry value ze = z(t1) > 0; write ze = ζm,1(0, t1). These two entry values
are distinct. All covectors and symbols in the following formulas are evaluated at the stated labels.
Assume positive lower bounds for the covector norms and symbols, Tm(0, t) 6= 0, and positive cosines
for the angles used below.

A superscript c indicates the parent’s own center and a superscript l its label Ap(Ym, t) at the
current center. Define

A c
p = −NpTp(0, t)|ζp(0, t)|, A l

p = −NpTp(Ap(Ym), t)|ζp(Ap(Ym), t)|,

rlp =
|ζp(Ap(Ym), t)|2

κp(Ap(Ym), t)
, rm =

z2

κm(0, t)
.

Let ecp, e
l
p, em be the corresponding unit covectors, written as (sinφ, cosφ). Put

θc = φm − φcp, θl = φm − φlp, qw =
z sin θc

sin s
, ql =

z sin θl

sin s
, cφ = cosφm, cθ = cos θc.

Require qwcφ > 0. The physical couplings and amplitude variables are

cp = 2W (Yp)Γ<p(Yp), cm = 2W (Ym)Γ<m(Ym), W =
Ωp(0, t)

σ
, υ =

Ω̂m(0, t)

zeTm(0, t)
.

In particular cp is not the pulse parameter cp in Proposition 7.7. Use the complete older velocity in

ED = ∇v<m(Ym)− αJ − rlpΩp(0, t)Je
l
p ⊗ elp, EG = ∇Γ<m(Ym) + A l

pe
l
p.

Thus the difference of the parent’s local and own-center principal vorticities belongs to ED.
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Lemma 8.3 (Exact generic-return coefficients). For the pulse (7.12), with zp = ze sin s, the
coefficients of (7.18) are exactly

(8.19)

c1 = rlpql cos θl, d1 = −z em · ETDem/γ,
c2 = cp(A

c
p /σ

2)qwcφ, c3 = cθ/(qwcφ),

d3 = 1− (ze/ sin s)c3, d2 = 0,

c5 = (A l
p/σ

2)rmql, d4 = −ze(Jζm) · EG
σγκm(0, t)

,

c4 = cmze/ sin s, c6 = cm.

Proof. The length equation is ż = −zem · (∇v<m)T em. The base rotation contributes zero. The
parent shear contributes zrlpΩp(0) sin θl cos θl, giving the first line after division by γ. The principal
parent equation and the angle identity are

Ω̇p(0) = −cpA c
p sinφcp, − sinφcp = sin θc cosφm − cos θc zµ/z.

They give W ′ = c2[1 − c3zµ/ sin s]/z. On the first pulse part zµ = ze(1 − η), so the bracket is
η + d3(1 − η). On the second part zµ = −µΛretze sin s η2, giving the second expression for G in
(7.18). Finally the upper-right amplitude coefficient obeys

âmze
γ

=
A l
p

σ2

rmqlze
z2

− ze(Jζm) · EG
σγκm(0, t)

.

The forcing in the quotient equation is cmzµ/(ze sin s). On the two pulse parts it is respectively
(c4/ze)(1−η) and −µc6Λretη2. These identities also retain the time and trial dependence of c4, c6. �

Here are numerical sufficient bounds for the errors in this lemma. For i < m use the local
complete-jet formula at Ym, and put

EDi = 2Niz+,iHiU isa(Si) +H2
iU

i
aa(Si) +Hi,2

(
NiU

i
s(Si) + U ia(Si)

)
,

EGi = Hi
(
Sit

lab
i λi + V i,corr

a (Si)
)
.

These are the non-phase terms at the local label; a change to an own label is not made in these
two expressions. Assume |Daζi| ≤ za,i and 0 < z−,i ≤ |ζi| ≤ z+,i on the connecting label segments.
Write

klab
i = 2a+z+,iza,i +A1Hiz2

+,i, κ−,i = min(1, r−2
+ )z2

−,i.

Thus |κi(a)− κi(0)| ≤ klab
i |a|. Bounds for the remaining aligned coefficients are

(8.20)

Si = N2
i z

2
+,i(bi + U i,corr

ss (Si)), i < p,

Sp = N2
p z

2
+,p

[
blab
p λpo

m
p + bpk

lab
p omp /κ−,p + Up,corr

ss (Sp)
]
,

Ai = Niz+,i(ti + V i,corr
s (Si)), i < p,

Ap = Npz+,pV
p,corr
s (Sp).

For the parent shear, the additional symbol term follows by writing

Bp(a)− κp(0)

κp(a)
Bp(0) = [Bp(a)−Bp(0)] +Bp(0)

κp(a)− κp(0)

κp(a)
.

The base gradient is −A0eb(t), with eb = e(t) from (2.7). Define all local angles by

eli =
ζi(Ai(Ym, t), t)

|ζi(Ai(Ym, t), t)|
= (sinφli, cosφli) (i < m), eb = (sinφb, cosφb).

The base gradient is treated separately.
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Let ΘD
i ,Θ

G
i ,Θ

G
b be specified numerical bounds for | sin(φm − φli) cos(φm − φli)|, | sin(φm − φli)|,

and | sin(φm − φb)|, respectively. Let δ > 0 be the tolerance in Proposition 7.7. Then the explicit
tests

(8.21)

z+,m

γ

[∑
i<m

SiΘ
D
i +

∑
i<m

EDi

]
≤ δ,

zez+,m

σγκ−,m

[
A0ΘG

b +
∑
i<m

AiΘ
G
i +

∑
i<m

EGi

]
≤ δ

give |d1|, |d4| ≤ δ. An upper numerical bound for ze can be used in the second test. In particular
each aligned error keeps its angle factor.

For 0 < ε ≤ 1/100 suppose all the factors

rlp, rm, A c
p /σ

2, A l
p/σ

2, qw, ql, cp, cm, ze, ze/ sin s, cφ, cθ, cos θl

are within ε of one. Products of at most four factors and qwcφ ≥ (1 − ε)2 give |ci − 1|, |d3| ≤ 8ε.
Hence 8ε ≤ δ and (8.21) return the coefficient bounds of Proposition 7.7. Their realization, and the
entry and geometric bounds (7.19), remain separate quantitative hypotheses until estimated on the
finite trials.

8.7. First rates and the order of differentiation. The first material time derivative of the
complete correction equations is obtained without differentiating their coefficients in time a second
time. At each level substitute

∂t(Vn, W̃n) = B(Vn, W̃n)− (P6=0S
Γ
n , (σ/N)∂−1

s P 6=0S
ξ
n)

with the normalization of (5.12). Stream recovery is Un = (Nσκ)−1∂−1
s W̃n. Each lower-level rate

in a new source is replaced by its already formed equation. The rate of κ uses D = ∇v< and
v<, and the rate of C uses the same quantities. The reduced-vorticity coefficient may contain the
instantaneous base term αLH; its time derivative is not an input to these sources. This is the same
triangular elimination as in the finite causal construction.

There is also a distinction between a material rate and a physical rate. For a curve Cq the chain
rule gives

d

dt
Q\(Cq(t), t) = Qt + (aqi )

′ · ∇aQ+Nipi · (aqi )
′Qs,

where the right side is evaluated at its phase and label. A bound for this first rate costs

(8.22) Πi + λi|(aqi )
′|+Ni|pi · (aqi )

′|,

not Πi +Ni|(aqi )′|. The latter estimate would erase the phase cancellation. At a fixed physical point
the exact rate instead is Qt −Hiv<i · ∇aQ−Niζi · v<iQs; its corresponding physical rate includes
these two explicit transport terms. No assertion identifies it with the intrinsic material rate Πi.

The differentiated gradient and Hessian have only spatial additions. For example, the first identity
below is at fixed material label, with D = (∇v<) ◦X; in the second, Eulerian identity all coefficients
are evaluated at y:

∂tH = −HD,
(∂t + v< · ∇)D2

yA = −DyAD
2
yv<

−D2
yA[∇v< ·, ·]−D2

yA[·,∇v< ·].

Consequently the second expression has norm at most H‖D2
yv<‖+ 2H2‖D‖. Along Cq it has the

additional term (
∑

i≤j<q vj) · ∇D2
yA, of size at most H3

∑
i≤j<q |vj |. Applying the product rule to

(5.28) now proves first-rate versions of (8.5) from profile orders at most four and inverse-map orders
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at most three. It uses no second material time derivative of a profile and no derivative of α. Bounds
for the normalized numbers on an entire lifetime, however, require the spatial assertion (8.1)–(8.2).

8.8. Initialization in an amplifying regime. The first central pair can be treated before any
correction estimates. Choose e0 = (0, 1), p1 = (sin s, cos s) with 0 < s < π/2, and σ0 =

√
A0. Take

τ1 = 0 for this calculation. During first growth α = 0, Y1 = y∗, and

κs = 1 + (r−2
0 − 1) sin2 s, â1 = σ0 sin s/κs, b̂1 = σ0 sin s, γgr

1 = σ0 sin s/
√
κs.

The negative growing datum is (−ε1,−ε1
√
κs). Therefore

T1(0, t) = −ε1eγ
gr
1 (t−τ1).

For any prescribed 0 < ε1 < T ∗1 , the threshold −T1 = T ∗1 is met at τ1 + (γgr
1 )−1 log(T ∗1 /ε1), with a

strictly positive crossing rate. One may take T ∗1 = N−1+β
1 and ε1 = N−d1 with N1 > 1, 0 < β < 1

and fixed d > 1− β; this is genuine large gradient amplification N1T
∗
1 = Nβ

1 , not a fixed finite gain
followed by a freely shrinking seed.

There is also an explicit first-label variation bound on this growth interval. Choose a fixed closed
ball BR0(y∗) b P on which Γ− ≤ Γ0 − A0a2 ≤ Γ+ with Γ− > 0, and let r± be its radial bounds.
On this ball put a− = min(1, r−2

+ ). Since X1(a, t) = y∗ + a, the two matrix entries are

â1(a) =
σ0 sin s

(r2
0 + 2a2)−1 sin2 s+ cos2 s

, b̂1(a) = 2σ0 sin s (r2
0 + 2a2)−2(Γ0 −A0a2).

Define

C1 =
2r−4
−
a2
−

+ 8r−6
− Γ+ + 2r−4

− A0, Cin =
2r−4
−
a−

+ 4r−2
− +A0/Γ−.

Differentiating these entries gives ‖DaB1‖ ≤ σ0 sin sC1. On this first growth interval use this sharper
admissible majorant:

m1 = `1σ0 sin sC1, c∗,1 =

∫ (γgr1 )−1 log(T ∗1 /ε1)

0
m1(t) dt.

If f(a) =

√
b̂1(a)/â1(a), then |Da log f | ≤ Cin/2. Therefore, when `1Cin ≤ 1,

`1|Da[−ε1(1, f(a))]| ≤ `1Cin|Rin
1 (0)|.

Here f(a)/f(0) ≤ e`1Cin/2 < 2, which explains the relative normalization of this estimate. On this
interval choose cdat,1 = `1Cin in place of the general datum bound.

For the central matrix use S = diag(1,
√
κs). Then S−1B1(0)S = γgr

1 ( 0 1
1 0 ). Thus

CR = max(
√
κs, 1/

√
κs), ‖P1(0; t, u)‖ ≤ CReγ

gr
1 (t−u) = CR

|R1(0, t)|
|R1(0, u)|

.

Put G = log(T ∗1 /ε1) > 0 and cpk = log 2/(6C2
R). The scalar conditions

(8.23)
0 < 2`1 ≤ R0, `1(C1

√
κsG+ Cin) ≤ cpk/2,

Π1 ≥ max{1, `−1
1 , σ0 sin smax(a−1

− , 2r−4
− Γ+), `1σ0 sin sC1}.

imply `1Cin < 1 and

c∗,1 + cdat,1 ≤ `1(C1
√
κsG+ Cin) <

log 2

6C2
R

.

This is the first-label and integrated-variation part of (3.5). For the displayed amplifying seeds,
G = (d− 1 + β) logN1; the bound permits a radius of order (1 + logN1)−1 on this fixed first collar.

The first finite construction exists through this growth time whenever the prescribed smooth
activation and other fixed data extend there. Its older flow and coefficients are those just displayed.
Their denominators stay positive on the fixed collar, and the finite Duhamel recursion has smooth
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bounded coefficients on each such finite interval. It supplies all correction levels successively, with
finite derivatives. This continuation argument proves finiteness, not a frequency-uniform bound for
the complete corrections.

The first return uses the physical metric factor throughout. With the prescribed first covector
component, |ζ1| = 1 and κ1 = 1 + (r−2

0 − 1)z2
µ. For fixed pulse compression and compact trial

set, |zµ| ≤ C sin s. Hence the normalized coefficient in the scalar return equation differs from

the constant-metric one by at most C|r−2
0 − 1| sin2 s. The same bound holds for its first trial

derivative. The positive-amplitude and endpoint-sign argument in Proposition 7.8 therefore applies
for sufficiently small s, independently of ε1 and T ∗1 , by linear homogeneity. The return gain and
duration are bounded in normalized time. This establishes first central initialization at the displayed
amplifying scale. It does not establish bounds for the first complete corrected field at that scale or
provide the second-stage input.

8.9. Scope of the estimates.

Proposition 8.4 (Low-order consequences of numerical bounds). On an existing finite trial interval
suppose (8.1)–(8.2), the principal derivative bounds and the stated covector windows hold on the
specified cores and containing regions. Each conclusion below assumes its associated numerical
tests. Then the complete displaced gradients obey (8.5), and the integral tests (8.10), together with
the nesting and absolute distance tests, exclude exits from their relaxed regions. On an interval
beginning at insertion, (8.7) gives the order-zero and first-label nonlinear-map conclusions. The
uniform circulation estimate (8.13), when gc ≤ Γ0/2, returns positive circulation; the covector and
radial windows give the positive symbol window.

The numerical coefficient and datum bounds (8.17)–(8.18) return their first-label amplitude inputs.
The return factors and error tests following Lemma 8.3 return the coefficient bounds in (7.18). The
first evaluation rates are bounded with (8.22) and the displayed inverse-map identities. None of
these conclusions requires a second material time derivative of a profile or a time derivative of α.

Proof. Combine Lemmas 8.1, 8.2 and 8.3 with the preceding non-affinity, positivity, coefficient,
datum and first-rate estimates. All comparisons are on existing initial segments; strict numerical
margins exclude first exits from the corresponding relaxed conditions. �

The intrinsic complete profile and map estimates, their later-window orders and constants, the
central weighted histories and strict control windows are proved in Sections 9–11. Proposition 11.1
returns this section’s analytic inputs for the actual finite family under its scalar conditions, including
selected complete-gradient holding and the next insertion. The first calculation above supplies
the central growth and first-label variation bounds; complete correction bounds are obtained in
Section 9. Proposition 12.3 gives one simultaneous infinite realization of the scalar conditions.

9. Continuation with the complete corrections

We prove the low-order estimates for the finite family constructed in Proposition 7.2. The scalar
conditions in this section are imposed on the prescribed parameters and on finite recursions of
numbers. The recursions are given below, including the coefficient recursion. Consequently none of
the conditions is an assumption on an unknown derivative of a constructed field.

We use the magnified unit-ring coordinates of Lemma 2.3, suppressing primes. Write

cg = 1 + 2εgx2, A = diag(c−1
g , 1), L = ∂2

2 + c−1
g ∂2

1 , W = εgc
−2
g .

Here εg = εgeom is fixed. On a fixed convex containing region P b {cg > 0}, choose 0 < c− ≤ cg ≤ c+.
All connecting segments below are required to lie in this region and in the indicated older core. The
equations are

(9.1) v = J∇Ψ, ξ = LΨ, DvΓ = FΓ, Dvξ −W∂1(Γ2) = Eξ, J =

(
0 −1
1 0

)
.
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In particular Θ = Γ2, whereas Ti is a principal circulation amplitude. On P the base is

vb = αJx, Γb = Γ0 −A0eb(t) · x, Γ0 = (2εg)
−1, ėb = αJeb, ξb = α(1 + c−1

g ).

The constant circulation is combined with the radial weight before estimating:

(9.2) 2WΓ<i = c−2
g [1 + 2εg(Γ<i − Γ0)].

Fix the carriers Ni, clocks σi−1, radii `i, depths Ji ≥ 2, negative seeds, and smooth phase, label
and time profiles of the finite construction. The envelopes have support in B`i , are defined on B2`i ,
and are one on Bρcorei

. Material estimates below concern initial labels in B`i . The larger ball is an
insertion-data collar; its all-time transport is not required. The odd phase profile F equals s on
|s| ≤ sc, and its mean-zero primitive is P . The activation wi is flat at insertion, lies in [0, 1], and is
one after its prescribed ramp. Put

δi = Πd
iN
−h
i , β̄ = 1− β, Y∗,i ≤ CY CΘN

−β̄
i , 0 < δi ≤ 1

2 .

The older-flow point is Yi(t) = Xi(0, t). The pair Ri = (Ti, Ω̂i) has instantaneous magnitude
ai(t) = |Ri(0, t)| = Y∗,iρi(t) > 0, where the scalar amplitude comparison gives 0 < ρi ≤ 1.

For this finite implication, adopt the scalar schedule (11.6), the first-pulse conditions immediately
following it, the fixed margins (11.7), and the tolerance rule (11.8). The first-rate conditions are
(11.11) and the order-one comparisons in (11.21); their numerical realization is deferred to Section 12.
In particular CS > 1 and CT = 2CS are the fixed duration constants there.

The scalar comparison constants are chosen with the strict margins of [1, Theorem 2.2]: in
particular

0 < cW < 1
3 , CW > 1 + ῡ, Call

W > 1 + cp, cp > ῡ > 3
2 ,

0 < cθ <
2
3 < 1 < Cϑ, 0 < z− < 1 < 3

2 < z+.

The positive lower bound on the controlled second component, the angular cone, the gain bounds
and the scalar duration margins are chosen there as well. We denote the resulting small tolerance by
εs. Its choice incorporates the finite perturbation constants in Lemma 9.2, including 16Cϑεs ≤ 1/2
and 8εs ≤ cθ. These constants are fixed before the field estimates. In particular εs ≤ 1/4. When
bounding a physical shear sum, use the fixed comparison letters

(9.3) CW = 4
3CW + 1

8cW , cW = 3
20cW .

They bound the upper and lower physical coefficients in (9.43) below; they do not redefine the
principal vorticity amplitude or its prescribed interval. The scalar constants for shear sums and
their time integrals are evaluated with these letters. The return parameter ranges over the same
compact interval 0 ≤ µ ≤ cp for every trial.

9.1. A finite scalar recursion. Fix a layer i at which the estimate is required; time orders are
b = 0, 1. Its label derivative allowance is Li = 2Ji + 9, and for its ancestors set

(9.4) Lj = Lj+1 + 2Jj + 6 (j < i), ιj = 3Jj + 4.

At level n, use phase order at most ιj − 2n and label order at most Lj − 2n− 1; the lower elliptic
expressions at level q use label order Lj − 2q. The map is supplied two label derivatives further.
These orders include all the third spatial derivatives and first material rates used below. Indeed a
level at label order r consumes coefficients through r + 2Jj + 1, the map through r + 2Jj + 3, and
one conversion consumes one further ancestor derivative. Also n+ 2 ≤ ιj − 2n for n ≤ Jj . Thus the
polynomial degree n+ 2 on the phase cell controls every phase derivative requested by an ancestor
composition. Means and phase primitives are first evaluated on the entire phase circle.
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Here are the scalar operations we use. We use Euclidean tensor norms. For a profile or pulled-back
coefficient fi, the array of numerical upper bounds means

(9.5) sup
s∈T
a∈B`i

`
|α|
i

∣∣∂bt∂psDα
a fi(s, a, t)

∣∣ ≤ wfi(t)f
bd
i;b,p,α(t).

Time is differentiated at fixed (s, a). The displayed weight is 1 for coefficients, ai(t) for the principal
pair and normalized correction pair, and ai(t)/(Niσi−1) for the recovered streamfunction; the factor
χi remains in its coefficient array. Prescribed profiles use weight one. After means and primitives
on T are formed, cell estimates restrict the phase to the declared |s| ≤ Si. The map-remainder
estimates are instead taken on their stated rigid containing ball. A scalar derivative number with

a single spatial order, such as dΓ
1 , Xbd

i,r or Abd
i,r , has unscaled units: restore `

−|α|
i and its displayed

weight from the array entry before using a radius in a mean-value estimate. The insertion datum
numbers on B2`i are calculated separately at insertion, where the map is affine. Addition and tensor
contraction sum the entries. For products use

(u ? v)ν =
∑
λ≤ν

(
ν

λ

)
uλvν−λ.

A derivative shifts the corresponding index, restoring `−1
i for a label derivative. For composition use

the finite, component-labelled set-partition formula

(9.6) Pr(f ; g) =
∑

π∈Part(r)

f|π|
∏
B∈π

g|B|, P0(f ; g) = f0.

The colours of the components distinguish a phase derivative from a label derivative. For a positive
scalar k ≥ k− > 0, the reciprocal array is

(9.7) j0 = k−1
− , jν = k−1

−
∑

0<λ≤ν

(
ν

λ

)
kλjν−λ.

The mean, projection P = 1− 〈·〉s, and literal mean-zero primitive I have constants 1, 2, π/2. These
rules follow from the product and chain rules and from kk−1 = 1. They specify scalar polynomials,
not maxima of unknown field norms. First time derivatives are formed by differentiating the
displayed finite expressions once.

We retain a term’s carrier, radius, amplitude and rate factors until it has been divided by its
required output size. An entry u@X means the positive coefficient u at the positive rate X. At
first order a product retains the size of its undifferentiated factors. An integrated source entry
uXb becomes (u/X)Xb+1 in the differentiated equation; after division by an output size ΠiA, its
coefficient is u/(ΠiX). An unintegrated term receives no such division.

Fix the current finite horizon tend. For each inserted layer, τi is its insertion time, tai its growth
hit, and tbi the end of its final return pulse. Write

(9.8) Ii = [τi, tend], Gi = [τi, t
a
i ] ∩ Ii, Wi = [τi, t

b
i ] ∩ Ii.

Thus Wi consists of growth, transition and both return pulses, whereas Ii includes all elapsed later
evolution of layer i. Until a hit or return endpoint has been reached, the corresponding interval
denotes only its existing initial part. This convention does not assert continuation to that endpoint.
On the selected history tbi = τi+1; the hold through the next growth and the remaining tail are the
separate pieces of (9.46). If an infinite selected history is subsequently constructed with terminal
time T∗, its lifetime notation is Ii = [τi, T∗), and every finite use is truncated as above.

Here is the first-rate list used in these rules. On the scalar window Wl, put

γgr
l = σl−1 sin θin

l , Xrate
l = Λlγ

gr
l , λ∗l = Λlθ

in
l (l ≥ 2).
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Here Λl is the prescribed logarithmic growth length; λ∗l is the angle-amplitude bound for the rotation
on that window, distinct from its return parameter. At layer one set γgr

1 = σ0 sin θin
1 ; with the fixed

first-pulse compression Λret,1, use

Xrate
1 = Λret,1γ

gr
1 , λ∗1 = cpΛret,1 sin θin

1 .

This fixed compression is distinct from its logarithmic growth length. Put

ri = Cψ(R0 + 2) + 2(2CW + cB)σi−1, X̂i,l = max(ri, X
rate
l ), κ+

i,l =

{
1, l = i,

σi/σl−1, l ≥ i+ 1.

Here Cψ, R0, cB are respectively the fixed scalar rotation bound, containing radius, and central
matrix-size constant; take 2cBσi−1 to dominate both central off-diagonal coefficients on their scalar
intervals. Define

(9.9) Li,l[1] = ri +
∑
i≤q≤l

κ+
i,qX̂i,q +

∑
1≤q≤l

λ∗qX̂i,q.

The scalar schedule comparisons are ri ≤ Πi,
∑
λ∗q ≤ 2, the own-window rates Xrate

q ≤ Πi for

q ≤ i+ 1, and the two first-mass comparisons for the remaining sums in (11.21). Its Xq is Xrate
q here,

and its Ri = max(1, ri) dominates the present floor. Adding these comparisons gives Li,l[1] ≤ C1Πi,
with the same C1 for every later window. These are scalar comparisons in the parameters, not
assertions about fields. An invariant metric coefficient multiplies the last sum by its anisotropy
factor, as shown in (9.17); an axis-facing coefficient does not. Only this first-mass assertion, not an
arbitrary-order rate assertion, is used here.
The map and coefficients. Suppose layers j < i have been calculated. Put

Xi = Yi +Mi(a+ Ξi), Ai = X−1
i , Hi = (DaXi)

−1, ζi = HT
i pi, Ci = HiA(Xi)H

T
i ,

and κi = pTi Cipi, χi = κ−1
i . The scalar bounds for Mi, its first rate and its inverse come from the

scalar comparisons below. On the rigid tube define

ṽi(a
′, t) = M−1

i [v<i(Yi +Mia
′, t)− v<i(Yi, t)−Dv<i(Yi, t)Mia

′].

To calculate its derivatives, apply (9.6) to each of the already calculated complete streamfunctions,
using the identity

(9.10) M−1
i J∇x(U \j )(Yi +Mia

′) = J∇a′(U \j (Yi +Mia
′)).

Subtract the affine Taylor polynomial. If Vi(t) is the resulting positive sum for the second derivative,
then

(9.11) |ṽi| ≤ 2`2iVi, |Dṽi| ≤ 2`iVi, |D2ṽi| ≤ Vi, ηi(t) = 4`i

∫ t

τi

Vi(s) ds.

The base contributes zero. The directional calculation in Lemma 9.1 is used before taking absolute
values in (9.10). All further derivatives are the same partition sums with their additional label and
curvature factors.

For clarity, the finite flow recursion can be written without implicit constants. Scale a = `iz,
write h = Ξi/`i, and let Fr be the calculated bound such that ‖Drf‖ ≤ ηidi(t)Fr in ht = f(z+ h, t),
where

∫
di ≤ 1. Choose the positive scalar envelope Vi from the full second-derivative expressions,

retaining each of their positive scalar amplitude factors. Every higher derivative is one of those
expressions times additional calculated derivative factors. Thus Fr is their finite relative sum and is
defined also when an amplitude factor vanishes. One may take di = 4`iVi/ηi, with the final value of
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ηi in the denominator. An identically zero remainder is assigned h = 0. Set

E = eηiF1 , B1 = E, D1 = F1

∫ 1

0
esηiF1 ds,

Dr = E
∑

π∈Part(r)
|π|≥2

F|π|
∏
B∈π

B|B|, Br = ηiDr (r ≥ 2).
(9.12)

Then |Drh| ≤ ηiDr, |h| ≤ ηiF0, and

(9.13) |∂tDrh| ≤ ηidi(t)Pr(F ;B).

To prove these assertions, isolate Df(z + h)Drh in the differentiated equation and use Gronwall,
whose exponent is at most ηiF1. Every other block has order less than r. For r = 1, E − 1 = ηiD1;
the first-time formula follows directly from the equation and reads no time derivative of f . The
same proof with truncated integrals retains the factor ηi(t) at time order zero.

The inequalities ηiF0 ≤ 1/8, ηiF1 ≤ 1/8 keep the image of B`i in B2`i and give ‖DΞi‖ < 1/4.
Determinant one gives the more precise formula

(9.14) Hi = adj(I +DΞi)M
−1
i .

The adjugate is linear in dimension two, so every positive label derivative of the nonconstant part
retains ηi(t). For Eulerian inverse derivatives, the scalar recursion obtained from Xi(Ai(x)) = x is

Abd
i,1 = Hbd

i,0 , Abd
i,r = Hbd

i,0

∑
π∈Part(r)
|π|≥2

Xbd
i,|π|

∏
B∈π

Abd
i,|B|.

Thus inverse curvature, as well as the forward map, is calculated.
The metric derivative bounds are explicit:

|∂r2c−1
g | ≤ r!(2εg)rc−r−1

− , |∂r2W | ≤ εg(r + 1)!(2εg)
rc−r−2
− .

Compose them and the complete older scalar arrays with Xi, and form, in this order,

(9.15)

qi = Γ<i ◦Xi, bi = ξ<i ◦Xi, $i = W ◦Xi, hi = Hie1,

li,k = (LAi,k) ◦Xi, dΓ
i = Jpi ·Daqi, ci = 2$iqi, Bi =

(
0 −dΓ

i χi/σi−1

σi−1ciζi,1 0

)
.

The vector li equals divaCi. Indeed the volume-preserving change of variables in divx(A∇x) gives
this identity, and divx A = 0. Its rigid part is zero. Using the curvature expression before taking
absolute values avoids an extraneous metric-divergence term. Also Dabi = (DaXi)

T (∇ξ<i) ◦Xi,
with the full nonlinear derivative.

There are two useful first-time rules. At a rigid young point,

(9.16) ȧj = Hj

 ∑
j≤k<i

vk −Miṽi

 , ṡj = Njpj · ȧj ,
d

dt
Φ = Φt + ṡjΦs + ȧj ·DaΦ.

The own fast term in ṡj cancels. All velocities on the right are at time order zero. The pointwise
bound on di(t), as well as its integral, is retained in the remainder term. For invariant coefficients
write Dv<i = αJ +Dp

i . Then

(9.17) Ċi = Hi{(v<i · ∇)A−Dp
iA− A(Dp

i )
T + α(AJ − JA)}HT

i .

The rotation coefficient has the factor ‖A− I‖. The same identity differentiated in labels, and the
curvature formula for li, give its rates. In a co-rotating frame the isotropic term has no rotation
rate. Axis-facing factors, including ζi,1 and hi, retain that rate. Split bi = bnr

i + αbrot
i , where

brot
i = (1+c−1

g )◦Xi. Only its time-zero value is read in a first-time correction equation. In particular
this calculation never requires α̇.
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The principal pair and every correction. The central scalar comparisons give âi, b̂i > 0 at insertion
and their positive ratio interval. The full-collar positivity test is written in (9.31) below. Differentiate

the literal datum −εi(1,
√
b̂i/âi) by (9.7) and the scalar chain rule. Let din

α be the resulting relative

datum numbers. If Mβ is the integral of the computed array for `
|β|
i Dβ

aBi, set

(9.18) Pα = 2CR

din
α +

∑
0<β≤α

(
α

β

)
MβPα−β

 .
Weighted Duhamel, starting with α = 0, proves `

|α|
i |Dα

aRi| ≤ ai(t)Pα. Its first rate is the product
array for BiRi. The propagator used here is justified below; its constant is 2CR, and its weight is
the instantaneous ai(t).

We recall the full equations needed for the correction recursion. Suppress i, write σ = σi−1, and
put

Qn = (Vn, W̃n), Q0 = wRFg, Un = (Nσ)−1χIW̃n, Wn = (N/σ)W̃n.

With ∂⊥ = Jp ·Da, set

D1U = 2(Cp) ·DaUs + (p · l)Us, D2U = C : D2
aU + l ·DaU,

(9.19) Zn = ∂sWn + Z[n, Z[n = ND1Un−1 +D2Un−2.

Negative indices vanish. Although Qn = Un = 0 for n > J , ZJ+1 and ZJ+2 are retained. Write
{U, V } = JDaU ·DaV and Js(U, V ) = Us∂⊥V −Vs∂⊥U . The two source rows, apart from the outer

time derivative of Z[n, are exactly

SΓ
n = {Un−1, q}+N

∑
u+v=n−1

Js(Uu, Vv) +
∑

u+v=n−2

{Uu, Vv},(9.20)

Sξ,0n = NUn−1,s∂⊥b+ {Un−2, b} − ch ·DaVn−1 − 2$Vn−1h ·Daq

+N
∑

u+v=n−1

Js(Uu, Zv) +
∑

u+v=n−2

{Uu, Zv}

−N$ζ1∂s
∑

u+v=n−1

VuVv −$h ·Da

∑
u+v=n−2

VuVv.

In particular both circulation-square terms have their negative sign. Let

hn =

(
0

−(σ/N)IPZ[n

)
, fn =

( −PSΓ
n

−(σ/N)IPSξ,0n

)
.

Integration by parts gives the exact expression

(9.21) Qn = hn +

∫ t

τi

Pi(a; t, s)(Bihn + fn)(s) ds.

On a later interval beginning at t0, add Pi(a; t, t0)(Qn − hn)(t0). The original expression (9.21) is
always available, so the recursion is never restarted with zero data.

Apply the positive rules to hn and gn = Bihn + fn, dividing their common amplitude by ai(t).
Call the resulting arrays Hn,b,p,α and Gn,b,p,α; products of two profiles retain the known factor Y∗,i,
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since a2
i ≤ Y∗,iai. In increasing label order form

En,p,α(t) = 2CR

∫ t

τi

Gn,0,p,α +
∑

0<β≤α

(
α

β

)
Bbd
i,0,βEn,p,α−β

 (s) ds,

Qbd
n,0,p,α = Hn,0,p,α + En,p,α,

Qbd
n,1,p,α = Hn,1,p,α +Gn,0,p,α +

∑
β≤α

(
α

β

)
Bbd
i,0,βEn,p,α−β.

(9.22)

Here Bbd
i,0,β is the calculated coefficient array of weight one, with the label scaling of (9.5). Weighted

Duhamel applied to Qn − hn proves (9.22): the factor ai(t)/ai(s) cancels the source weight exactly.
Induction in n and then |α| proves every estimate. The last line is the equation differentiated once,
not a derivative of its upper bound. It reads hn at first time order and gn at time order zero. The
rotational part of fn is αKn; thus its contribution uses α, not α̇. The first-rate entries from the
integral receive the division described above; (9.17) preserves the small anisotropy factor in the
unintegrated entries.

The recursion starts from the prescribed profile norms and moments, scalar interval and truncated
history bounds, explicit metric derivatives, and already computed older-layer bounds. All central
rates used by a first-time field are of order zero. The map precedes the coefficients, the coefficients
precede the pair, and lower levels precede the next level. Each bound for the current layer is obtained
in this order. The base begins this recursion with Ξ1 = 0, K1 = 1, and l1 = 0. The same rules and
constants are used when a fixed layer is read on a subsequent window.
Normalization of the complete sums. For each consumed derivative and first-rate entry, calculate the
full coefficient aRi,n after extracting Y∗,iδ

n
i , and also (Niσi−1)−1 for a streamfunction. The superscript

specifies its actual use, including all subsequent multiplication and conversion factors. Its smallness
test is made after division by the required output size. For example, the pure-phase third derivative
on a young tube has size

(9.23)
N2
i Y∗,iδi
σi−1

Ji∑
n=1

atube
i,n δn−1

i .

Thus its relative level factor is δn−1
i . Positive low-order numbers ARi,1, ARi,2 are calculated from levels

one and two, enlarged to at least one. Sufficient finite tests are

(9.24)
atube
i,1 ≤ Atube

i,1 , atube
i,n δn−1

i ≤ Atube
i,1 2−(n−1) (n ≥ 2),

aRi,2 ≤ ARi,2, aRi,nδ
n−2
i ≤ ARi,22−(n−2) (n ≥ 3).

Equivalently one can test the finite sums directly. The tube sum is at most 2Atube
i,1 . The even sum

is at most 4
3A
R
i,2δ

2
i , and the odd sum above level one is at most 2

3A
R
i,2δ

2
i . Its leading term remains

aRi,1δi. Every aligned odd contribution at phase |s| ≤ Si gains a factor Si; the comparison retains

Si
δi
≤ CΠ2−d

i N
−(β̄−h)
i .

In particular d ≥ 2, h ≤ β̄ give the required bounded ratio. These are full-depth tests, separately
for each first-rate entry; they do not follow merely from δi ≤ 1/2.

The four types of scalar comparisons are now completely specified: the map numbers multiplied
by ηj ; differentiated older scalar coefficients multiplied by their label variation factors; the complete
center errors in their stated scalar units below; and aRi,nδ

n
i multiplied by the size ratio of its use. In
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each case the inequality is the computed finite sum

(9.25)
∑
i,n,ν

ai,n,νδ
n
i

Si,n,ν
Sout

≤ Aout.

Both Si,n,ν and Sout > 0 are explicit products of the prescribed carriers, radii, clocks and scalar
comparison amplitudes, obtained by the preceding rules. No division by a realized field occurs. Old
complete levels are tested at their own index before use at the next index; later windows use those
same numbers. The low partition condition is

ηi

9∑
s=2

18s

s!
max
q≤s

Fq ≤ (16e2)−1.

It follows from the own-layer refined condition 4RCFi (R)ηi ≤ 1, when that condition is available at
R ≥ 47, with CFi (R) ≥ maxq≤R Fq, because

16e2
9∑
s=2

18s/s! < 16e20 < 447.

The first-time map bound is read directly from (9.13), so it uses the same time-zero Fq. Higher
label orders still use the finite general recursion (9.12); they require no new refinement condition.

9.2. Containing tubes, coefficient variation, and displacement.

Lemma 9.1 (Directional estimate on the containing tube). For a parent i = j − 1, all the scalar
derivatives needed in (9.11) follow from the preceding complete arrays and the following two scalar

calculations. At Yj(t), put z = ζi(Yj , t), and let Ui =
∑Ji

n=0 Ui,n. Then

(9.26)
d

dt
(MT

j z) = MT
j ∇(vi · z) = −MT

j ∇(∂⊥Ui)
\.

With Bdir
i and Edir

i the scalar bounds for Ni|Ui,sa · Jpi| and |HT
i Da∂⊥Ui| on the prescribed cell,

(9.27) |MT
j z − z(τj)| ≤ e

∫ t
τj
Bdir
i (s) ds

∫ t

τj

[Bdir
i |z(τj)|+KjE

dir
i ] ds =: Dij(t).

If the inherited local covector bound is |z(τj)| ≤ z+,
∫ t
τj
Bdir
i (s) ds ≤ 1/2, Dij ≤ z+/2, and

2`jK
2
jA

bd
i,2 ≤ z+/2, the parent phase gradient in rigid young coordinates is bounded by 2Niz+

throughout Yj +MjB2`j .

Proof. Covector transport gives (Dvi)
T z + (vi · ∇)z inside MT

j . Since z = ∇(pi · Ai), this equals

∇(vi · z). Determinant one gives vi · z = −∂⊥Ui, proving (9.26). Its gradient has a multiple of
z of size Bdir

i and a remainder of size Edir
i ; Gronwall gives (9.27). This combines, rather than

drops, transport of the covector and differentiation of that covector in the velocity. The phase-offset
principal term, the slow principal Hessian, and every correction label derivative remain in Bdir

i , Edir
i .

The mean-value formula on the rigid segments adds 2`jK
2
jA

bd
i,2. Finally use (9.10). Its third derivative

has the partition types U [3]q3
1 + 3U [2]q1q2 + U [1]q3, where qr = |Drsi| + `−1

i |Drai|. The principal
pure-phase third derivative is zero because P ′′′ = 0 on the cell. All label and inverse-curvature
terms remain. The pure correction term is (9.23), bounded by (9.24). This produces Vj on the
entire containing tube. Ancestors before the parent use their own partition arrays and ordinary
deformation factors. �



56 BLOWUP FOR THE EULER EQUATIONS WITH SMOOTH FORCING

The coefficient variation is a separate calculation. If the subscripts 0 and 1 denote scalar coefficient
bounds and first label bounds, on B`i , the product rule gives

(9.28) mi(t) = 2`i

[
dΓ

1χ0 + dΓ
0χ1

σi−1
+ σi−1(c1z0 + c0z1)

]
, c∗,i =

∫
Ii

mi(t) dt.

Here z0, z1 concern ζi,1; the factor two is a harmless enlargement on the initial support ball B`i , not
a claim about all-time trajectories from B2`i . Evaluate the factors by the directional formulas before
taking their norms. Put RBi = 2cBσi−1. The number ni is the larger of the calculated first-label
arrays at time orders zero and one, divided respectively by RBi and RBi Li,l[1]; the array uses 2`iDa,
with its full differential norm. It is a separate number; it is never obtained by division by a possibly
vanishing central matrix. Higher positive label derivatives multiply the same factors by the finite
numbers already calculated in (9.15).

For example the absolute frame term in c∗,j is

(9.29) 4Cσj−1`j

∫
Gj

∫ t

τj

Vj(s) ds dt.

Its parent pure-phase term is at most

CAtube
j−1,1Πd

j−1σ
−3
j−2N

−(a+h−1−3β/2)
j−1 ,

using `j = N−aj−1, the amplitude bound, |Gj | ≤ C/σj−2, and σj−1 ≤ CN
β/2
j−1. The transition uses

its own shorter length; the hold and remaining tail use σj−1|Ij \Wj | ≤ 2(1 + ε) + CT . Metric and
scalar-curvature terms use their explicit first-label factors and the corresponding truncated scalar
integrals. This preserves the sufficient exponent a+ h− 1− 3β/2 > 0, equal to a− 5β/2 when h = β̄.
All grandparent and logarithmic factors remain in the finite tests.

We also name the Eulerian curvature rate used in the later coefficient tests. Let Gbd
2,<i be the

numerical upper bound obtained from the complete Hessian expression G2 in (8.16), with q = i.
Use the complete principal and correction arrays (9.18), (9.22), the unscaled inverse-map arrays,
and their prescribed scalar interval bounds on the young containing region Yi +MiB2`i throughout
Ii. All its older labels and phase cells are those required by the containing tube tests. In particular
the bound includes every correction level with its own factor δnj , both principal cross derivatives
and the inverse-map Hessians. Define

(9.30) g−,i = (1− εs)σ2
i−1, µ<i =

Gbd
2,<i

g−,i
, µ<1 = 0.

Here g−,i > 0 is the prescribed gradient comparison size. The numerator is a finite scalar expression,
not a supremum of an unknown field or a quotient by its realized gradient. The existing Hessian
estimate is |∇2

xΓ<i| ≤ g−,iµ<i on this region. The base is affine there, which gives the first-layer
value zero. In rigid coordinates the Hessian bound is K2

i g−,iµ<i; measured against the rigid gradient
size Kig−,i, its first-label rate is Kiµ<i. Thus the factor Ki has not already been included in µ<i.

At insertion let ain
0 , b

in
0 > 0 be the scalar central lower bounds and ain

1 , b
in
1 the calculated first-label

upper bounds for âi, b̂i. Impose

(9.31)

2`ia
in
1 ≤ ain

0 /4, 2`ib
in
1 ≤ bin0 /4, cdat,i = 4`i(a

in
1 /a

in
0 + bin1 /b

in
0 ),

c∗,i + cdat,i ≤
log 2

6C2
R

, ni ≤ 1.

The mean-value formula proves positivity on B2`i . The logarithmic derivative of the square root
proves the stated datum bound there. At insertion Mi = Id, and the central transverse numerator
is of size σ2

i−1 sin θin
i . Its curvature contribution is therefore C`iµ<i/ sin θin

i , with µ<i as in (9.30);
it is retained. Apply only the propagator and fibre-comparison conclusion of Lemma 3.1, on the
initial ball B`i . Its mean-value and Volterra proof uses the central weighted bound, c∗,i and the
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datum difference; these have just been supplied on that ball. This gives the weighted comparison in
(9.18) and (9.22). The larger collar is used only for the insertion positivity just proved. The higher
finite label derivatives follow from our own triangular recursion (9.18), and the first time derivative
from Ri,t = BiRi. Fix a base linear-phase half-width 0 < s0 ≤ sc, and a fixed constant C` for the
first-collar containment and variation tests. For layer one choose `1 after N1, with `1 = s0/(C`N0Λ`),
where Λ` ≥ (logN1)2 and its term linear in logN1 ensures (9.31) for the explicit rigid base. The
scalar tests include `−1

1 ≤ Π1 and containment of the next tube in this smaller core.
For the two centers write Cq = Yq, or Cq = Z and q = m+ 1, and put xqi = pi ·Ai(Cq). The exact

equations are

d

dt
Ai(Cq) = J(NipiUi,s +DaUi) +Hi

∑
i<j<q

vj(Cq),

ẋqi = pi · JDaUi + ζi ·
∑
i<j<q

vj(Cq).
(9.32)

Using the complete cell arrays, first set the velocity bound

(9.33) vbd
i = Niz+,iUs,i(Si) +Hbd

i,0Ua,i(Si).

Its two terms are the phase and label parts of J∇ψi. The symbol V bd
i denotes the circulation profile

bound. Define scalar integrals

pqi (t) = pqi (t0) +

∫ t

t0

[Ua,i(Si) + z+,i

∑
i<j<q

vbd
j ] ds,

oqi (t) = oqi (t0) +

∫ t

t0

[N2
i b

pr
i pqi +NiU

corr
s,i (Si) + Ua,i(Si) +Hbd

i,0

∑
i<j<q

vbd
j ] ds.

(9.34)

Here bpr
i bounds |wiBi|. The second integral uses the first one, since Ui,0,s = wiBiNix

q
i . It follows

that |xqi | ≤ pqi and |Ai(Cq)| ≤ oqi . For the full-flow point the data at τi are zero. At τq the data for
Yq are the previously obtained full-flow data. In particular they are not set to zero at a subsequent
insertion. The integrals are accumulated from their original datum; one does not add a fresh lifetime
bound at each new window. The scalar duration sums

∑
q>i |Wq| ≤ 2CT /σi−1, and the actual

younger velocity sums in (9.34), give the same constants on every later window. For the stated
powers their sufficient comparison is Qi+1(β̄+ h)−Co ≥ 2− β, with the older factors retained in Co.

The strict containment tests are

(9.35) oqi + 2Hbd
i,0Kq`q < ρcore

i , Nip
q
i + 2Niziq`q < sc,

where ziq bounds |MT
q ζi| on the rigid segments; for the parent it is given by Lemma 9.1. The

base-distance inequality is imposed too. These tests are evaluated with the relaxed displacement
bounds when forming a tube, and with (9.34) when recovering its center. They close by alternating
containment and layer production.

9.3. Complete center estimates and scalar recovery. All center quantities are evaluated using
the two exact identities

∇γi = NiζiVi,s +HT
i DaVi,(9.36)

Dvi = J
[
N2
i Ui,ssζi ⊗ ζi +Ni(ζi ⊗HT

i DaUi,s +HT
i DaUi,s ⊗ ζi)

+HT
i D

2
aUiHi +

∑
k

(Nipi,kUi,s + Ui,ak)D2
xAi,k

]
.



58 BLOWUP FOR THE EULER EQUATIONS WITH SMOOTH FORCING

The principal local shear coefficient is

(9.37) wiqi(a, t)Ωi(a, t), qi =
|ζi|2

κi
= κ̂−1

i .

The symbol qi is distinct from the pulled-back circulation qi in (9.15). The last two curvature terms
are retained at both centers. First rates are calculated by (9.16), using the appropriate center
velocity. Common rotation cancels when the components are measured in the local rotating frame.
Differences between two points are calculated by integrating the full spatial differential on their
connecting segment.

Here is an explicit specification of the center numbers used in the scalar tests. For |s| ≤ Si,
the even and odd sums of the calculated arrays give U corr

ss,i , U
corr
sa,i , U

corr
aa,i , V

corr
s,i , V corr

a,i , and their first

rates. Add the displaced principal differences from (9.18), with |a| ≤ oqi . The non-phase strain and
gradient bounds are

Dmis,bd
i = 2Niz+,iH

bd
i,0Usa,i + (Hbd

i,0 )2Uaa,i +Abd
i,2(NiUs,i + Ua,i),

Gmis,bd
i = Hbd

i,0Va,i, Xbd
i = N2

i z
2
+,iU

corr
ss,i , Gal,bd

i = Niz+,iV
corr
s,i .

(9.38)

The center value numbers needed for coupling and displacement are

|γi(Cq)| ≤ V bd
i (Si), |vi(Cq)| ≤ Niz+,iUs,i(Si) +Hbd

i,0Ua,i(Si).

The second right-hand side is vbd
i in (9.33). Principal slow derivatives are included in Usa,i, Uaa,i, Va,i.

For strain, the displaced principal value is the full product wiqiΩi. Thus its additional scalar bound
is

(9.39) wio
q
i

[
qbd
i,0Ωbd

i,1 + qbd
i,1Ωbd

i,0

]
.

Add this to Xbd
i ; the coefficient derivatives have unscaled units and are calculated by (9.7). At

a specified center Cq, suppressing its index and writing a = Ai(Cq, t), s = Nipi · a, let the signed

aligned correction be, with U corr
i,ss =

∑Ji
n=1 ∂

2
sUi,n,

Xi = N2
i |ζi(a, t)|2U corr

i,ss (s, a, t) + wi
[
qi(a, t)Ωi(a, t)− qi(0, t)Ωi(0, t)

]
.

Its calculated bound is |Xi| ≤ Xbd
i , including (9.39); the relaxed comparison uses 2Xbd

i . The scalar
Xi is distinct from the nonlinear flow Xi. In the local direction ei = ζi(a, t)/|ζi(a, t)|, the complete
phase strain is (wiqi(0)Ωi(0) +Xi)Jei ⊗ ei. Thus the remaining principal aligned coefficient at label
zero is wiqi(0)Ωi(0), not wiΩi(0). For circulation add the first-label amplitude bound times oqi ,

as before. When a direction is moved, add 2|Daζi|bdoqi /z−,i. These rules completely specify the
additional center-difference and local-direction numbers. Their first rates follow by one product rule
and (9.16). In particular the complete derivative of Gcorr includes the phase drift of the principal
amplitude, not just the derivative of a correction profile.

Use continuous angles measured from the positive second coordinate:

e0
i =

ζi(0, t)

|ζi(0, t)|
= (sinφi, cosφi), θk = φk − φk−1 (k ≥ 2).

The value θin
k is its prescribed insertion opening; the first opening θin

1 is specified separately. At a

displaced label, write ei = (sinφloc
i , cosφloc

i ) for the corresponding local direction. In Lemma 8.3,
θc = θm, whereas θl = φm − φloc

m−1 uses the parent at Am−1(Ym, t). The two-point terms retain this
distinction.

For an angular scalar use its angular factor before summing. A fixed trace-free matrix D =
(
a b
c −a

)
contributes T (φ) = w + u sin 2φ + v cos 2φ to the angular equation, with w = (b − c)/2, u = −a,
v = −(b+ c)/2. Hence

(9.40) T (φ+ θ)− T (φ) = 2 sin θ[u cos(2φ+ θ)− v sin(2φ+ θ)].
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The unmatched parent term and the two-point terms are added separately. Let dbd
i , d

0,bd
i , tbd

k denote,
respectively, the coefficients obtained by applying this formula to (9.38), its unmatched parent part,
and its two-point part. For precision, write the non-phase Hessian in (9.36) as Smis

i , so that its
velocity matrix is JSmis

i . Its unmatched value in its own local direction ei = ζi/|ζi| is

Ti(φ
loc
i ) = −(Jei)

TSmis
i (Jei).

The two mixed tensors containing ζi therefore vanish in this expression. The scalar value d0,bd
i uses

only the slow Hessian and inverse-curvature tensors in this contraction, together with the already
specified difference of local and central directions. The value dbd

i bounds |ui|+ |vi|. For the two-point
term, subtract the exact matrices and covectors first and integrate their contracted differential on the
connecting segment. This defines tbd

k , retaining both the direction difference and transport by the

parent. Thus the angular perturbation is bounded by 2dbd
k−1 sin θk +d0,bd

k−1 + tbd
k + 2θk

∑
i<k−1D

mis,bd
i .

This definition is an explicit linear contraction of the displayed matrix arrays and segment integrals;
it requires no new field estimate.

Likewise, with ek = ζk(0)/|ζk(0)|, the transverse coefficient is Gk = −(Jek) · ∇Γ<k(Yk). Subtract
the central principal sum to define Gcorr

k . Its scalar bound is

Gcorr,bd
k =

∑
i<k

[
Gal,bd
i | sin(φk − φi)|+Gmis,bd

i

]
+Gpoint,bd

k ,

where Gpoint,bd
k is the sum of the principal amplitude and direction differences just specified.

Differentiate the signed summands before estimating to obtain the first-rate array; in particular the
derivative of each sine is multiplied by its undifferentiated aligned amplitude. A common rotation
cancels from φk − φi. The base is evaluated exactly.

The center coupling and metric numbers are obtained from (9.2) and

κ̂i = κi/|ζi|2 = 1 + (c−1
g − 1)

ζ2
i,1

|ζi|2
.

In particular, on the central metric interval,

(9.41)
1

1 + εs
≤ qi(0, t) ≤

1

1− εs
, |qi(0, t)− 1| ≤ εs

1− εs
, (log qi)

′ = −(log κ̂i)
′.

At a displaced label the same reciprocal array and the calculated label difference supply its interval.
No principal term proportional to qi(0)− 1 is put into the additive-correction bound. Their first
logarithmic rates use the positive lower bounds and (9.7). Equivalently the exact central formulas
are

ċi = 2WFΓ
<i + 2Γ<iv<i · ∇W, κ̇i = ζTi [(v<i · ∇)A−Dv<iA− ADvT<i]ζi.

The residual in this calculation is obtained from (9.20), including its phase means. Its center bound
is an older-carrier sum and is not assigned a negative power of the newest carrier.

Lemma 9.2 (Scalar windows under the complete errors). Suppose the finite scalar schedule (11.6)
and first-rate comparisons specified before (9.4) hold with the preceding strict margins. Suppose, on
an existing initial segment, each complete error is bounded by twice its prescribed positive scalar
bound. Impose the following scalar inequalities at that factor two. In the generic case m ≥ 2, the
k-indexed angular and transverse tests have 2 ≤ k ≤ m; the unqualified i-indexed coupling and
metric tests have 1 ≤ i ≤ m, and sums over correction layers begin at i = 1. The parent test in the
first line has m ≥ 2. At m = 1, use the separate first-growth and first-return comparison: there are
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no older correction errors, and no σ−1 is read.

(9.42)

2Xbd
i ≤ 1

4cWσi (i ≤ m− 2), 4KX
θ CSX

bd
m−1Λm/σm−1 ≤ εs,

2 max(8, CT )
∑
i<m

(dbd
i + d0,bd

i ) ≤ εs,

16CS(d0,bd
k−1 + tbd

k ) ≤ cθεsθin
k σk−2,

2Gcorr,bd
k ≤ εsσ2

k−1θ
in
k , 2Ġcorr,bd

m ≤ εssmσ2
m−1θ

in
m,

2(ci − 1)bd + 2(κ̂i − 1)bd ≤ εs, 2(log cm)′bd + 2(log κ̂m)′bd ≤ εsγgr
m/Λm.

Here KX
θ = max(6Cϑ, 4C

2
ϑ), γgr

m = σm−1 sin θin
m, Λm is the prescribed logarithmic growth length, and

sm is the numerical old-gradient first-rate sum defined immediately before (11.11). That test is
sm ≤ Csγgr

m/Λm. Its definition retains the first-parent term Cinγ
gr
1 1m=2, and uses s1 = 0. Aligned

off-label terms are included in Xbd
i , Gcorr,bd

k . Then the prescribed amplitude, covector-length and
positive-component intervals strictly improve on their respective growth, transition and return pieces.
The adjacent angles satisfy cθθ

in
k ≤ θk ≤ Cϑθ

in
k for 2 ≤ k ≤ m. The return intervals are those of

Proposition 7.7, uniformly in the current trial, and the duration bounds use CS , CT of (11.7), with
the first duration retained separately in (11.6). The resulting four-part histories are (9.46), with CR
chosen by (9.48) from these scalar intervals.

Proof. We check the changes to the scalar proof of [1, Theorem 2.2]. The exact equations for the
covectors and central pair are

ζ̇k = αJζk − ETk ζk, Ṫk = âkΩ̂k,
˙̂
Ωk = σk−1ckζk,1Tk.

Insert (9.36). The aligned old coefficient, after the displaced-label differences have been included in Xi,
is qi(0, t)Ωi(0, t)+Xi; the old activations are one. On the relaxed old interval (cW /2)σi ≤ Ωi ≤ 2CWσi,
(9.41) and the additive bound give

qiΩi + Xi ≥ cW
[

1

2(1 + εs)
− 1

4

]
σi ≥ cWσi > 0,

|qiΩi + Xi| ≤
[

2CW
1− εs

+
cW
4

]
σi ≤ 2CWσi (i ≤ m− 2).

(9.43)

Every nonnegative older shear sum in the angle and length equations therefore has its same sign
and its same trigonometric factors. Its scalar upper estimates use 2CW , and any reciprocal positive-
shear estimate uses cW . These substitutions into the finite products and sums defining the scalar
constants specify their enlargement before the tests are made. For example the strain bound uses

Cψ + 2CW
∑

i<k σi +
∑

i<kD
mis,bd
i , giving the first-rate bound chosen above, using the prescribed∑

j<i σj ≤ 2σi−1. When the same shear is evaluated at two points, its product qiΩi is differentiated

before estimation; (9.39) and the stated direction difference give the two-point error. The remaining
angular terms are exactly (9.40) and its stated unmatched and two-point parts. Their integrated
changes are at most εs in modulus and at most εsθ

in
k in angle, by the second and third lines of (9.42)

and the prescribed duration sums. Thus the old modulus lower bound may decrease by εs, and the
old angle upper bound may increase by Cεsθ

in
k . Exact monotonicity is not used in the remaining

two-sided comparisons.
On growth the transverse gradient is the parent positive amplitude times the adjacent sine,

plus the old gradient and the calculated correction. The fourth line of (9.42), against its lower
bound cθσ

2
m−1θ

in
m/5, preserves positivity. Differentiating this expression gives the four terms of

the growth-ratio proof in [1, Theorem 2.2]: parent amplitude, adjacent angle, modulus, and older
gradient. The changes are the first correction-gradient rate, the angular error above, and the two



BLOWUP FOR THE EULER EQUATIONS WITH SMOOTH FORCING 61

logarithmic rates in the last line of (9.42). Each is bounded at the required scale Cεsγ
gr
m/Λm. Hence,

with u = Ω̂m/Tm and u∗ = (̂bm/âm)1/2,

(u/u∗)
′ =

√
âmb̂m[1− (u/u∗)

2]− (u/u∗)(log u∗)
′.

The vector field points inward at 1± Cεs. The bounded quotient excludes a zero of Tm, and gives
the strictly positive logarithmic growth rate (1 +O(εs))γ

gr
m . It proves the prescribed hit and the

growth duration without assuming either endpoint exists.
During the child’s growth the parent’s principal vorticity amplitude at its own center is zero. Thus

qm−1(0)Ωm−1(0) = 0 exactly on that hold; its displaced value is already in (9.39). The additional
parent rate is KX

θ θ
in
m|Xm−1|, rather than |Xm−1|. This follows directly from the factors sin2 θm and

sin θm cos θm in the angle and modulus equations. Its logarithmic eigenline contribution is at most
6Cϑθ

in
m|Xm−1|. The first line of (9.42) puts this contribution in the same growth-rate tolerance.

On the transition, the exact blend identity is unchanged because ζ̇k,1 = (Fk−α)ζk,2. The principal
shear terms keep their positive factors qi. Their upper and lower comparison constants are those in
(9.43); their relative deviations from the unit-metric coefficients are at most εs/(1− εs) ≤ 2εs. The
additional inhomogeneity is the angular difference above, together with the Xi parts of the old shear
sums. Its contribution to sup |φm−1|/θin

m is Cεs/Λm. The term containing that same supremum has
coefficient at most 16Cϑεs ≤ 1/2, so it is absorbed. More explicitly, the extra contribution to the
inhomogeneous constant is bounded by

Kcorr
F =

2Cϑ + 1

CT
+

cθ
32CS

, sup
|φm−1|
θin
m

≤ 8(KF +Kcorr
F )εs/Λm.

Here KF is the scalar transition constant with the positive shear substitutions (9.43) and the metric
coefficient tolerance 2εs. The first term comes from the angular-factor and tangent terms; the
second comes from the unmatched and two-point terms. This yields the transition and entry-ratio
bounds with enlarged fixed constants. No absolute value of an aligned parent shear is substituted
for its factored angular contribution.

For the return, use the exact coefficients of Lemma 8.3, with their magnified metric. The lo-
cal and own-parent directions and amplitudes there are distinct. The first and fifth coefficients
in (8.19) retain, respectively, rlp = qp(Ap(Ym), t) and rm = qm(0, t). They are positive multi-
plicative coefficients, tested by (9.41) and its label differences. In the first error the removed
parent term is qp(Ap(Ym), t)Ωp(0, t)Je

l
p ⊗ elp. Thus the remaining aligned difference contains

qp(Ap(Ym), t)[Ωp(Ap(Ym), t)−Ωp(0, t)], not a principal multiple of qp−1. The first and fourth errors
obey, directly from (9.36),

|d1| ≤
z+,m

γgr
m

(
∑
i<m

SiΘ
D
i +

∑
i<m

Dmis,bd
i ),

|d4| ≤
zez+,m

σm−1γ
gr
mκ−,m

(A0ΘG
b +

∑
i<m

AiΘ
G
i +

∑
i<m

Gmis,bd
i ).

Here Si,Ai are the complete aligned arrays with the parent principal term removed, and the Θ’s are
the sine or sine-cosine factors of the recovered angular intervals. These are precisely the scalar sums
in (8.21), now calculated from the complete arrays. Impose these two sums ≤ δ, and impose the
scalar factor tests following that equation, 8ε ≤ δ. They yield all six coefficient bounds |cr − 1| ≤ δ
and four error bounds |dr| ≤ δ. In particular c4(t) = cm(0, t)ζm,1(t1)/ sin θin

m and c6(t) = cm(0, t)
retain their time and trial dependence. Proposition 7.7 therefore improves 1/2 ≤ z/ze ≤ 2 and
−1 ≤ W ≤ 2 + cp to

1− Cδ ≤ z/ze ≤ 3
2 + Cδ, −Cδ ≤ W ≤ 1 + cp + Cδ.

The same fixed margins give all the old scalar recoveries, by integrating from their original anchors.
This is the cumulative, rather than window-by-window additive, estimate in the cited scalar proof.
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The central deformation generated by the trace-free matrix has determinant one. Applying [1,
Lemma 2.11] with the recovered covector interval gives

‖M±1
i (t)‖ ≤ z+

(
1 + 2z−2

−

∫ t

τi

‖(Di)sym‖
)

+ z−1
− .

For a unit vector e, ‖(Je⊗ e)sym‖ = 1/2. Consequently on any elapsed interval the complete strain
integral is bounded by

(9.44)

∫
‖(Di)sym‖ dt ≤

1

2(1− εs)
∑
j<i

∫
|wjΩj(0, t)| dt+

1

2

∑
j<i

∫
|Xj | dt+

∑
j<i

∫
Dmis,bd
j dt.

The displaced values are included in Xj , and all integrals have the same elapsed endpoints. The
first term is the existing principal history multiplied by at most (1 − εs)−1; it is not assigned a
correction’s decay size. The additive terms are bounded by (9.42). Thus Ki ≤ CK/θ

in
i , with the

scalar margin in CK . There is no exponential in the inverse angle.
Finally split each central history, in order, into growth Gi, the middle interval Imid

i = Itr
i ∪I

+
i ∪I

−
i

(transition and both return pulses), holding Ihold
i , and the entire remaining tail Itail

i . Every interval
is intersected with the elapsed history under consideration. On growth define

(9.45) reig
i =

√
âi/b̂i, geig

i =

√
âib̂i,

∣∣∣∣∣(reig
i )′

2reig
i

∣∣∣∣∣ ≤ ebd
i := 1

4(La,i + Lb,i).

Here La,i, Lb,i are the logarithmic derivative bounds just obtained from the scalar growth equations,

including the log qi and log ci rates. Positive scalar intervals a−,i ≤ âi ≤ a+,i, b−,i ≤ b̂i ≤ b+,i give
the prescribed bound

Keig
i ≥ max{

√
a+,i/b−,i,

√
b+,i/a−,i} throughout growth.

Choose 0 < ρeig
i < 1 within the fixed scalar margins so that

2
√
a−,ib−,i ρ

eig
i > ebd

i [1 + (ρeig
i )2].

The growth drift bound ebd
i ≤ Cεsγ

gr
i /Λi and the positive growth interval verify this choice.

The datum is the growing eigenline, so it has zero decaying component in the companion lemma’s

eigenbasis. The names Keig
i , ρeig

i are comparison constants, distinct from physical radii and derivative
orders.

On each piece let Ahist
i (t), Bhist

i (t) be the positive scalar bounds for |âi|, |̂bi| obtained by substituting
the recovered intervals into

âi =
qiGi

σi−1|ζi|
, b̂i = σi−1ciζi,1.

The complete transverse errors are included in Gi. Define the following scalar history numbers using
these bounds:

Ehist
i =

∫
Gi

ebd
i (t) dt, Shist

i =

∫
Imid
i

[Ahist
i (t) +Bhist

i (t)] dt,

Hhist
i =

∫
Iholdi

Ahist
i (t) dt, Dhist

i =

∫
Itaili

[Ahist
i (t) +Bhist

i (t)] dt.

(9.46)

These integrals are finite expressions in scalar intervals, durations and profiles, not additional norms
of the constructed fields. The operator norm of the off-diagonal pair matrix is bounded by the sum
of its two absolute entries, so Shist

i bounds the middle-interval norm integral. The transition and
the first return pulse each contribute their recovered coefficient-size times duration; the unit-metric
generic comparison gives one in each row on each of those pieces. Their Euler upper-row bounds
retain (1−εs)−1, and their lower-row bounds retain 1+εs, together with the calculated centre errors.



BLOWUP FOR THE EULER EQUATIONS WITH SMOOTH FORCING 63

In particular the negative pulse is not discarded. With y = Λret,iγ
gr
i (t− t+i ) and ze,i = |ζi(0, t1i )|, its

exact prescribed covector on the complete negative pulse gives∫
I−i

|̂bi| dt = µze,i

∫ 1

0
ci(y)η2(y) dy ≤ (1 + εs)cpze,i,∫

I−i

|âi| dt ≤
supI−i

Ahist
i

Λret,iγ
gr
i

.

(9.47)

Here t+i is the end of the first return pulse; a partial pulse uses the corresponding partial integrals.
The supremum of the explicit scalar interval bound in the second line is calculated from the same
return boxes. At the first layer the fixed compression and its exact first-return bounds are used.
Thus both pulse costs enter Shist

i .

On a selected hold b̂i = Ω̂i(0) = 0 exactly. Its first-layer upper-row integral is retained as a fixed
positive term in Hhist

1 , not required to tend to zero. The tail includes every later transition and
pulse. Hence [1, Lemma 2.13] gives the central weighted estimate with the scalar choice

(9.48) CR ≥ (Keig
i )2

√
1 + (ρeig

i )2(1 +Hhist
i ) exp

(
(1 + ρeig

i )Ehist
i + 2Shist

i + 2Dhist
i

)
for each history used in the finite recursion. The scalar whole-history upper bounds fix this choice
before the field estimates. Truncating the nonnegative integrals improves it. In a current trial,
intervals not yet reached are omitted. Holds of older layers belong to their already selected histories;
the current layer’s hold is used only after selecting its return. No derivative of the return selector is
taken. �

9.4. Strict continuation and the next insertion. For each center or displacement error, let βν(t)
be its numerical upper expression from (9.38) or (9.34), including the specified center differences and
inherited datum. These numbers are formed on the fixed relaxed phase and label regions. Denote
the corresponding actual error magnitude by Rν(t).

Proposition 9.3 (Low-order continuation under scalar conditions). Assume the scalar schedule
inequalities in Lemma 9.2, the finite scalar tests (9.24), (9.25), (9.31), (9.35), (9.42), the history
choice (9.48), and the two generic-return sums and factor tests in its proof. Impose the low map
and directional smallness tests at their displayed orders. These tests are made with the finite scalar
recursion above, independently of the realized trial, and with the scalar full-history bounds in place
of later truncations. Then the complete finite family continues through the growth, transition and
return of layer m, uniformly for 0 ≤ µ ≤ cp. The older layers during these trials and all layers
on the selected elapsed history satisfy the complete order-zero and order-one estimates with the
calculated intrinsic constants. Each relaxed center and displacement bound 2βν(t) improves to βν(t).
The return zero set is nonempty and compact, and its least member selects the next finite history.
Subject to the explicit cone and ramp tests below and the next-index transverse and datum scalar
tests, that history also supplies the complete-gradient and positive insertion data for the next layer.

Proof. Start with the common finite family of Proposition 7.2. The carried estimates at τm and the
already proved full-flow offsets give the new initial center data. For m = 1 the central construction
is exactly that of [1, Lemma 2.7, Lemma 2.8]: the base is affine and the central metric and coupling
equal one. For m = 2, its growth comparison includes the already calculated first-layer errors;
transition and return are generic, with no earlier-layer strain sums. Fix scalar phase and label
comparison radii first, and form all arrays on the corresponding relaxed cells. They depend on the
scalar parameters and these fixed radii, not on a resulting field or on a trial. Use the numerical
bounds βν just defined, including their prescribed data. Only the centers Yq, q ≤ m, and their
older-layer offsets are included in this current comparison. The full-flow offsets up to τm are carried
data, and their continuation is proved after the current layer is estimated below. All coefficients in
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these expressions are fixed before the trial is run. The conditions on these expressions are exactly
the tests in the statement. In particular the integral expressions are tested to lie within the chosen
phase and label radii. They are not used to redefine those radii.

On any initial segment satisfying the relaxed bounds, first apply Lemma 9.2. It uses those bounds
at factor two and does not use the field conclusions of the present step. This returns the strict scalar
intervals, bounded α, central deformation, and the truncated weighted histories. Next proceed in
increasing layer order i < m. Form the rigid containing tube using the relaxed old offsets; apply
Lemma 9.1, (9.12) and (9.15); apply (9.31); and then calculate the principal pair and all Ji levels by
(9.18) and (9.22). After layer m−1 this gives the containing tube and map of layer m, which depend
only on older fields. The four comparisons (9.25) and the complete tail tests give each declared
output size. In particular the complete tube sum (9.23) is bounded by 2Atube

i,1 N2
i Y∗,iδi/σi−1; the

time-one version uses the same test for each retained rate entry. There is no use of only two levels
in this step.

Substitution in (9.36) proves the complete center bounds Rν ≤ βν . The displaced odd aligned
contribution uses Si/δi; the displaced principal contribution uses the calculated label derivative
and the actual offset. Applying (9.32) first to the phase and then to the full label proves the two
integrals (9.34), again with coefficient one. The inherited datum was already part of each integral.
This proves Rν ≤ βν < 2βν for every center and displacement quantity. At a zero initial integral the
undivided integral inequality applies up to and from that endpoint; no division by zero or positive
lower bound for a seed is used.

The recovered scalar intervals keep every feedback denominator away from zero. The strict
containing-tube inequalities give a common compact subset of P; the prescribed data extend
smoothly beyond each finite horizon. Proposition 7.3 excludes a first terminal time there. Continuity
excludes a first exit through any relaxed bound. Thus growth, transition and each trial return reach
their respective common horizons with the improved estimates.

Only now evaluate the endpoints. On the negative pulse,

V(y) = υ(1)− µ
∫ y

0
c6η2 − Λ−1

ret

∫ y

0
kV2.

The zero trial is positive by reciprocal comparison. For µ = cp, δ ≤ (cp − ῡ)/(2cp) gives V(1) ≤
−(cp − ῡ)/2 < 0. Continuous dependence of the common trial family yields a nonempty compact

zero set and hence its least member. The exact covector law then gives ζm,1 = Ω̂m(0) = 0 on the
hold.

After selecting this member, calculate the complete youngest field on its elapsed window by the
same recursion. The full-flow version of (9.34) now includes that field. Its outputs at the endpoint
are the actual inherited data for Ym+1. The complete center estimates at that point follow from
(9.36). This closes the induction on the finite window. All constants for a fixed layer and consumed
order were calculated using its own full scalar history bounds; none is recomputed from the number
or identity of the later observing window. �

We finish with the complete-gradient assertion used at the next insertion. Let

Ai = −NiTi(0, t)|ζi(0, t)| > 0.

The scalar growth-ratio, return and subsequent amplitude intervals give |Ri(0, t)| ≤ CT,i(−Ti(0, t)).
This is a component-ratio bound: on growth it follows from the invariant interval for u/u∗, on
return from the bounded quotient, on a hold from its zero second component, and subsequently
from the positive amplitude and old vorticity intervals. It is independent of the seed.

Let Pi,s, Pi,a be the complete correction arrays, including their parity factors at the recovered

phase, divided by ai(t) and ai(t)`
−1
i , respectively. Let λT,i(−Ti(0, t)) bound |DaTi|, as supplied by

(9.18) and this component comparison, and let za,i be the calculated first-label covector bound.
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Then (9.36) gives at the full-flow point

(9.49)
∣∣∇γi(Z) + wiAie

0
i

∣∣ ≤ εGi Ai, e0
i =

ζi(0, t)

|ζi(0, t)|
,

where the entirely scalar value

εGi =
(za,i + z+,iλT,i)o

m+1
i

z−,i
+
Hbd
i,0SiλT,i

Niz−,i
+
CT,i
z−,i

(
z+,iPi,s +

Hbd
i,0

Ni`i
Pi,a

)
retains the principal displacement, slow principal derivative, even phase derivatives, odd label
derivatives and displaced odd phase terms. Impose εGi ≤ εG for the computed arrays. These are
relative gradient tests with the instantaneous weight supplied by (9.22).

On a ramp, the central coefficient bound bramp
i is already a scalar output of Lemma 9.2. Direct

integration of the central pair equation gives

Ai(t) ≤ A ramp,bd
i := Niz+,iεi

√
1 + (uin

i )2 exp

(∫
Iramp
i

bramp
i (t) dt

)
.

Impose the scalar test

(9.50)
∑

i:wi(t)<1

A ramp,bd
i ≤ A0 for the alive layers at each time.

All simultaneously ramping indices are included. Summing (9.49) and using (9.50) proves∣∣∣∣∣∇Γ(Z) +A0eb +
∑
i

wiAie
0
i

∣∣∣∣∣ ≤ εG
(
A0 +

∑
i

wiAi

)
.

If the recovered angular intervals give a unit vector e with e · eb, e · e0
i ≥ ν > εG, then

(9.51) − e · ∇Γ(Z) ≥ (ν − εG)

(
A0 +

∑
i

wiAi

)
> 0.

This is the aggregate gradient lower bound. The transverse numerator at the next insertion uses, in
addition, the prescribed adjacent angle: its parent term is at least cθσ

2
mθ

in
m+1/5, and the complete

transverse error is at most εsσ
2
mθ

in
m+1 by the next-index gradient comparison in (9.42). Thus it is

positive, since 8εs ≤ cθ. The full-collar extension is exactly the datum test (9.31) at that index. The
aggregate cone inequality alone is not used to infer a sign in a different direction. The normalized-to-
unit-ring conversion is ∇yΓ = ∇xΓ′, followed by ∇z,rΓ = diag(1, r)∇xΓ′. Thus the physical gradient
gains the factor min(1, r−), and the meridional vorticity components are (−r−1∂x1Γ′, ∂x2Γ′). The
prescribed-ring scaling is the one in Lemma 2.2.

Throughout, the means of both rows of (9.20) remain in the residuals. Their global phase integrals
and compact label-vector primitives use the same positive operations; the reciprocal-symbol mean,
the slow circulation-square mean, and both terminal elliptic expressions are included. The fixed
compact force recovery of Section 6 therefore applies to this unchanged complete finite family. The
argument has proved the low-order implication under its scalar conditions. The higher-order force
allocation remains

r∗ = k + 4Jm + 9, rX = r∗ + 2, rF = r∗ + 4, B = Lm = rF + 3, Li = Li+1 + 2Ji + 5 +B.

No higher-order growth estimate or choice of an infinite parameter sequence is asserted here.
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10. Higher derivatives of the corrected finite family

Integration by parts prevents a loss of time derivatives in the correction equations. We combine
that identity with the complete coefficient and level count to produce the mixed estimates used
in the physical force bound. We use the finite family and scalar hypotheses of Proposition 9.3.
Older-history estimates are uniform over every allowed current trial parameter. Estimates for the
youngest completed history use its selected parameter; no return selector is differentiated. These
quantifiers apply to every statement below. All constructions and estimates refer to the magnified
unit-ring coordinates of Lemma 2.3. In particular

A = diag(c−1
g , 1), cg = 1 + 2εgeomx2, W = εgeomc

−2
g , Γ0 = (2εgeom)−1.

The product 2WΓ<i, not two independent bounds for its factors, is used in the linear coefficient.
The physical principal strain retains |ζi|2/κi. There are two material domains. At a young index m,
the coefficient, fibre and complete-level estimates hold on the support ball B`m at its own finite
orders; its larger smooth collar B2`m is used only for insertion data. For an older index i < m, the
larger-range arrays are on the constant-envelope core

(10.1) B[i = Bρcorei
, gi ≡ 1 on B[i ,

with the prescribed radius of the preceding section. For the usual envelope this is ρcore
i = `i/2; keep

the actual first-layer core when it is smaller. We use the time intervals of (9.8): Wl is one insertion
window and Im = [τm, tend] is the elapsed lifetime to the current finite horizon. The older estimates

are on B[i × T × Im. In the separate infinite-history assertion below, Im = [τm, T∗). Means and
primitives are formed on the entire phase circle before restriction to a physical phase cell. Pointwise
vector and tensor bounds use the Euclidean norm and its induced multilinear norms. Component
estimates are summed with the explicit dimension factors below. A profile bound is uniform on its
indicated domain at the specified time.

The finite admitted orders are nonnegative integers satisfying

(10.2) k1 ≤ k2 ≤ · · · ≤ km, kj ≤ Qj/cQ, Jj = 2kj + 8.

The same inclusion is imposed on any later finite segment being used. The separate fixed-layer
all-order assertion additionally assumes kl −→∞ on the infinite selected history. These conditions
concern admission of orders, not a uniform bound above the admitted orders. A maximal schedule
realizing these inclusions is given after the fixed order function is defined.

For a young force order 0 ≤ k ≤ km at layer m, retain the allocation

(10.3)
r∗ = k + 4Jm + 9, rX = r∗ + 2, rF = r∗ + 4,

B = rF + 3, Lm = rF + 3, Li = Li+1 + 2Ji + 5 +B (i < m), ιi = 3Ji + 4.

An older level n, on (10.1), is estimated for b ≤ B, p ≤ ιi − 2n, |α| ≤ Li − 2n − 1. Phase and
label allowances are separate. The young global force calculation uses the fixed profiles through
r∗ + 1 on the whole phase circle, not the older polynomial-cell allowance. Derivative orders on older
circulation and streamfunction are respectively rF + 1 and rF + 3. The scale letters are those of the
common scalar construction: β̄ = 1− β, δi = Πd

iN
−h
i , d ≥ 2, 0 < h ≤ β̄, and, for i ≥ 2, `i = N−ai−1,

Πi = Np
i−1(logNi)

r. Keep the separately defined first radius and first clock. We use their scalar
comparisons p ≥ a > 1 + β/2, Πi ≤ N v

i , and the positive small-power conditions stated below; v is
this prescribed upper exponent, not a velocity. In expressions involving an initial growth interval,
replace an index below zero by the fixed base clock.

10.1. Refunded equations and complementary orders. Temporarily suppress the layer index,
and set

Qn = (Vn, W̃n), Un = (Nσ)−1χIW̃n, χ = κ−1, σ = σi−1.
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Here I is the literal mean-zero phase primitive and P = 1− 〈·〉s. Their sup norm constants are π/2
and 2. Both are applied on the entire phase circle and commute with label and time differentiation.
Write

C = HA(X)HT , l = divaC, q = Γ<i ◦X, h = He1, $ = W ◦X.
The divergence l is a vector. The exact reduced vorticity coefficient splits as

b = ξ<i ◦X = αbrot + bnr, brot = (1 + c−1
g ) ◦X,

on the base region; bnr contains every older correction. The scalar α is the time derivative of the
base angle.

Define Zn = (N/σ)(∂sW̃n + Zn). Then

Zn = N−1
[
2(Cp) ·Da(χW̃n−1) + (p · l)χW̃n−1

]
+N−2

[
C : D2

a(χIW̃n−2) + l ·Da(χIW̃n−2)
]
.

(10.4)

Negative indices are zero. The pair levels above J vanish, but ZJ+1 and ZJ+2 do not.
Put h[n = (0,−IPZn). Let fnr

n be the pair obtained from the complete source rows (9.20) by
removing the outer derivative of Zn, replacing b by bnr, and applying −P and −IP, respectively,
after the vorticity row has been multiplied by σ/N . The removed scalar row is exactly αKn, where

(10.5) Kn =

(
0

−IP
[
N−1χW̃n−1∂⊥brot +N−2{χIW̃n−2, brot}a

]).
Thus no derivative of the actual base-vorticity factor is omitted. With B =

(
0 −dχ/σ

σcζ1 0

)
, the exact

equation is

Qn(t) = h[n(t) + P(t, t0)[Qn(t0)− h[n(t0)]

+

∫ t

t0

P(t, s)[Bh[n + fnr
n + αKn](s) ds.

(10.6)

Indeed ∂sP(t, s) = −P(t, s)B(s); integration by parts gives the positive Bh[n term. At insertion the
bracketed datum is zero. At a later window it is inherited, and cannot be discarded. The same
formula retains both quadratic circulation terms, the older-vorticity terms and every mean.

Here is the derivative calculation used for each integral. Its central weight is ai(t) = Y∗,iρi(t); its
propagator bound is 2CRρi(t)/ρi(s). For a source of size A, with the weight ρi removed, write its
scalar derivative bounds as F (b, r). Let cp,0 be the normalized integrated positive-label coefficient

bounds, and c]p,d the pointwise coefficient bounds with their rates removed. The relative output

bounds at size ΠiA may be computed by

Y (0, r) = 2CR

F (0, r) + c∗,i

r∑
p=1

(
r

p

)
cp,0Y (0, r − p)

 ,
Y (b+ 1, r) = F (b, r) + µB

b∑
d=0

r∑
p=0

(
b

d

)(
r

p

)
c]p,dY (b− d, r − p).

(10.7)

The harmless component factor may be included in F ; µB includes the masses of the rate lists
below. At time zero isolate the undifferentiated matrix and apply weighted Duhamel to each label
derivative. The weights at the integration variable cancel. At positive order use the differentiated
equation. This proves (10.7), first in label order and then in time order. The coefficient and partner
orders are complementary: (d+ p) + (b− d+ r − p) = b+ r. To obtain time order b of the integral

requires the source only through b− 1, whereas the direct h[n requires order b. All its pair levels are
lower than n. In particular the scalar row requires α only through b− 1.
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10.2. Rate factors and scalar bounds. Use the scalar floor of (9.9), with a distinct name:

(10.8)
ri = Cψ(R0 + 2) + 2(2CW + cB)σi−1, Ri = max(1, ri),

cflσi−1 ≤ Ri ≤ Cfl(1 + σi−1), Ri ≤ Πi.

Here the letters and containing radius R0 are those already used in the explicit low-order floor;
the amplitude pair remains Ri. One may take cfl = 2(2CW + cB) and Cfl = 1 + Cψ(R0 + 2) + cfl.
The last inequality uses the accepted scalar test ri ≤ Πi and Πi ≥ 1. In particular the floor is a
calculated number, not a freely chosen large rate or the norm of an unknown matrix.

A rate list is a finite positive sum a = (aν@Xν), where Xν ≥ Ri ≥ 1. Its moment is Ma(b) =∑
aνX

b
ν for b ≥ 1, and Ma(0) = 1. Equal rates retain their family labels. If b =

∑
bj > 0, weighted

arithmetic–geometric mean gives

(10.9)
∏
j

Maj (bj) ≤
∑
j:bj>0

 ∏
h6=j:bh>0

Σ(ah)

Maj (b), Σ(a) =
∑
ν

aν .

Indeed the product of the selected rates raised to their orders is at most their sum raised individually
to order b; summing the independent amplitudes proves the formula. At zero order use the product
of actual sizes, not a list mass. If Sf bounds |f | and Lf is its list of absolute derivative amplitudes,
define its effective size by

(10.10) Ŝf = max{Sf ,Σ(Lf )}.
For a normalized list af at size Sf , the absolute list is Sfaf . Thus this definition keeps the
independently specified value bound and the derivative-list mass, including when the value bound is
smaller.

An integrated entry a@X of a source of size A becomes a/(ΠiX)@X at output size ΠiA. The
equality AXb = (ΠiA)(ΠiX)−1Xb+1 proves this rule. The first-order endpoint is supplied by the

floor. For the scalar row, if |α| ≤ S0 and |α(d)| ≤ S1Pα(d+ 1)Maα(d+ 1) for d ≥ 1, normalize its
size by Πi(S0 + RiS1)AK . The differentiated scalar factor costs

S1

Πi(S0 + RiS1)
≤ (ΠiRi)

−1,

and the undifferentiated scalar contributes S0/[Πi(S0 + RiS1)X]. Their sum is at most (ΠiRi)
−1.

The derivative orders in the scalar product are (d+ 1) + (b− d) = b+ 1, precisely the output order.
None of these identities replaces a later rate by an intrinsic old-layer rate.

10.3. Production of the coefficient arrays. We give a scalar prescription, including its nor-
malizations. A derivative position is either a time derivative, a phase derivative, or one of the two
label derivatives. For a product distribute the labelled derivative positions among its factors. For a
composition use

(10.11) DSf(Z, t) =
∑
T⊂St

∑
π∈Part(S\T )

(∂
|T |
t D|π|f)(Z, t)[DB1Z, . . . ,DB|π|Z].

Include the empty partition. Contract componentwise bounds by summing the two spatial compo-
nents, or the three components of (s, a). For a positive scalar use

(10.12) DSu−1 =
∑
π

(−1)|π||π|!u−1−|π|
∏
B∈π

DBu.

Replace signs by plus signs and each input by its already calculated bound. These formulas, the
exact identities below and (10.7) define nonnegative scalar arrays; they do not mean the supremum
of an unestimated field. The zero-order inputs are the scalar windows of Proposition 9.3. Fixed
profile derivatives and the explicit derivatives of the metric are the remaining leaves. Rates are
reduced by (10.9), keeping their family tags.
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Write Xj = Yj +Mj(a+ Ξj), and let Ainv
j denote the inverse label map. To avoid confusing it

with an amplitude, the superscript is retained throughout this subsection. Write ψ = ϑ for the base
rotation angle of (2.7); thus ψ(0) = 0 and ψ̇ = α. In the magnified coordinates centered at the ring,
put

O = eψJ , M̄j = OTMj , Ȳj = OTYj .

The base velocity is ψ̇Jx, so differentiation gives

M̄ ′j = D̄jM̄j , Ȳ ′j = OT
∑
i<j

vi(Yj),

where D̄j = OT
∑

i<j Dyvi(Yj)O. In particular

(10.13) M̄
(b)
j =

∑
d<b

(
b− 1

d

)
D̄

(d)
j M̄

(b−1−d)
j (b ≥ 1).

The inverse satisfies the corresponding equation with reversed factors and a minus sign. Restore O
by (10.11). Its input is ψ through b, not ψ̇ through b.

We first specify where old quantities in these calculations are evaluated. For i < j, let aci [j] =
Ainv
i (Yj , t). For |a′| ≤ 2`j and 0 ≤ u ≤ 1, the accepted containing-tube tests (9.35) give

|Ainv
i (Yj + uMja

′, t)| ≤ oji + 2Hbd
i,0Kj`j < ρcore

i ,

|Nipi ·Ainv
i (Yj + uMja

′, t)| ≤ Nip
j
i + 2Nizij`j < sc.

(10.14)

Indeed integrate the inverse Jacobian, respectively its phase contraction, along the rigid segment.
Their unscaled bounds are the calculated Hbd

i,0 and zij from the preceding section, with the directional
parent estimate for the latter. The tests are made with the relaxed offsets before producing the
younger layer; a first exit from the indicated core would contradict these strict bounds. The
containing region P and its base-distance condition are retained. Since the low-order map bound
has |a+ Ξj(a, t)| < 2`j for |a| ≤ `j , the same argument covers the actual younger material image. It
also covers the young insertion collar at insertion, where Ξj = 0.

For differences of two center evaluations we retain the separate accepted connecting-segment
clause: the whole segment joining those centers lies in P and pulls back into each indicated older core
and phase cell. Endpoint containment alone is not used. For example, if ssep

q bounds |Cq − Cq−1|,
one explicit sufficient verification of its label part is

min(oqi , o
q−1
i ) +Hbd

i,0 s
sep
q < ρcore

i .

The phase part follows by the same integral with its actual contracted inverse-Jacobian bound.
This sufficient comparison is not substituted for the accepted segment clause when that clause has
already been verified more precisely. A physical core image need not be convex. The cases Cq = Yq
and the selected full-flow point Cm+1 = Z use their respective inherited offset data. Thus rigid
remainders, old scalar compositions, and all two-point differentials below use only the older domains
in (10.1).

The rigid non-affinity on B2`j is calculated from the complete old streams:

(10.15) ṽj(a
′, t) = M−1

j

∫ 1

0
(1− u)D2

y

∑
i<j

Ji∑
n=0

J∇U \i,n(Yj + uMja
′, t)[Mja

′,Mja
′] du.

For one label derivative use the first-order Taylor remainder; for two or more use the differentiated
velocity directly. The affine rotation has disappeared before estimating. Thus all differentiated
terms retain a non-affine old factor. The common-history bounds are

|Dq
a′ ṽj | ≤ f0,qηjdj(t)`

1−q
j ,

∫
Ij

dj ≤ 1, dj(t) ≤ Cσj−2, ηjf0,1 ≤ 1
8 .



70 BLOWUP FOR THE EULER EQUATIONS WITH SMOOTH FORCING

The numbers f0,q are obtained by expanding (10.15). The marked low-order normalization is the
one in the common lower-order proposition, including its contracted parent transverse estimate; it
is not replaced by independent norms of the two frames. For a positive time order the density is
replaced by the floor Rj .

The time conversion is important. At y = Yj +Mja
′, put ai = Ainv

i (y, t), si = Nipi · ai. Exactly,

(10.16) ȧi = Hi(y)

 ∑
i≤h<j

vh(y)−Mj ṽj(a
′)

 , ṡi = Nipi · ȧi.

Use ∂t + ṡi∂si + ȧi ·Dai on an old profile. The own fast velocity is parallel to Jζi, hence contributes
zero to ṡi. This cancellation is made before further differentiation. The evaluated region has bounds

|ai| ≤ |aci [j]|+ 2KiKj`j , |si| ≤ |sci [j]|+ 2ζ+NiKj`j .

Both summands are retained; the sharper unscaled inequalities (10.14), not these coarsenings with
fixed letters, certify containment. The scalar conversion estimates obtained from the complete
low-order sums are

(10.17)

`−1
i |ȧi| ≤ C{N

−min(β̄+h, 2−3β/2)+o(1)
i +N

−(a−β)+o(1)
j−1 },

|ṡi| ≤ C{N−β̄+o(1)
i +N

−min(β̄+h, 2−3β/2)+o(1)
i+1

+N
−(a−β)+o(1)
j−1 +N

2+3β/2−h−2a+o(1)
j−1 } ≤ Rj .

Here and below an o(1) in a scale comparison denotes the explicit grandparent and logarithmic
powers in that comparison, bounded by a fixed constant divided by Qj−1; the corresponding finite
test can always be made before this coarsening. The last term uses the pointwise bound on dj .

Relative to Rj ≥ cNβ/2
j−1 its exponent is 2+β−h−2a < 0. It need not be at most one. Differentiating

(10.16) at order b− 1 uses old fields and the rigid remainder only through b− 1.
For clarity, the flow arrays themselves can be generated without any high-order smallness condition.

At time zero isolate the linear one-block term in the differentiated equation Ξt = ṽj(a+ Ξ, t) and

use the factor E = eηjf0,1 . For r ≥ 2 an upper array is

x0,r = E
∑

π∈Part([r])
|π|≥2

2|π|f0,|π|
∏
B∈π

(1|B|=1 + ηjx0,|B|),

with x0,0 = f0,0, x0,1 = Ef0,1. At positive time order use (10.11) on a set of b− 1 time derivative

positions and r label derivative positions. This gives |∂btDr
aΞj | ≤ ηjxb,r`

1−r
j Maj (b). The outer

zero-time factor uses dj ≤ Rj , and the remaining floor supplies the last time order. Every time
index on the right is smaller than b.

Area preservation gives the exact, two-dimensional inverse formula

Hj = (I + J(DaΞj)
TJT )M−1

j .

Produce ζ = HT p, C = HA(X)HT , κ = pTCp, χ = κ−1, q, bnr, c = 2$q and d = (Jp) ·Daq by the
preceding rules. The low-order margin gives κ ≥ ζ2

−/6, which supplies the denominator in (10.12).
Piola gives

(10.18) li =

2∑
r,k=1

Arr(X)Hkr∂akHir.

Thus the vector l retains a curvature factor; no bare derivative of the metric remains. Its full time
derivatives are nevertheless taken. Also

Dab
rot = −2εgeomcg(X)−2(DaX)T e2.
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The direct rotation dependence of C retains OT (A(X)− I)O, whereas that of h or ζ1 has no such
small multiplier. These distinctions are preserved by the tagged product rule.

The mixed domain needed for this calculation is b ≤ B, b+ r ≤ B +Lj + 2 for Ξj . An old stream
factor has total order at most B + Lj + 3. For its level n ≤ Ji, Li − 2n − 1 ≥ Li+1 + B + 4, so
(10.3) pays this derivative and every intermediate conversion. A phase derivative vanishes only
when the actual core polynomial degree says so. Its coefficients still include the full-circle means
and primitives.

10.4. Intrinsic normalization and the complete level depth. For each output in the preceding
calculation divide by its actual prescribed size. The resulting constants are denoted Pj,n(b, p, r); a
pair is divided by Y∗,jρj(t)δ

n
j , a stream additionally by (Njσj−1)−1. No division by a realized field

is involved.
We first specify the intrinsic center units. For a positive scalar expression E in the complete

low-order arrays, write szi(E) for the following numerical expression. Expand its products using
(9.5) and the complete profile sums in (8.4), with the calculated arrays of (9.36)–(9.38). Extract the
normalized coefficients as in (9.24) and (9.25), then replace each such coefficient by one. Retain the
fixed comparison letters, every carrier, clock, radius and amplitude factor, the phase-radius factors,
and each finite level sum. In particular the stream units are Y∗,iδ

n
i /(Niσi−1), the circulation units

are Y∗,iδ
n
i , and each label derivative retains `−1

i . For inverse curvature use the expanded inverse
recursion following (9.14); its non-affinity factor is retained. The scalar interval and phase-radius
bounds in this prescription are the full-history bounds fixed for layer i. Thus szi(E) is independent
of the later observing window.

The four intrinsic units are

(10.19)

xi = CXΠ2d
i N

β−2h
i /σi−1, gi = CGCΘN

β
i δ

2
i ,

g′i = C ′GKi`
−1
i CΘN

−β̄
i δi,

mi = szi

(
2Niz+,iH

bd
i,0Usa,i + (Hbd

i,0 )2Uaa,i +Abd
i,2(NiUs,i + Ua,i)

)
.

The three terms defining mi are respectively the mixed phase-label Hessian, the label Hessian, and
the inverse-curvature term of the full non-phase strain. Principal slow derivatives and all correction

levels are included. This is a scalar size for the full matrix; d0,bd
i is instead the contracted unmatched

angular value, and dj(t) above is a time density. The fixed letters CX , CG, C
′
G include the fixed

geometric, profile and tail factors in the aligned and gradient rows.

For the four numerical center rows Xbd
i , Gal,bd

i , Dmis,bd
i , Gmis,bd

i and their first-rate arrays in (9.38),
include the principal displacement in (9.39) and its circulation counterpart. Use the local frames of
that calculation, the positive derivative rules above and the first-rate families in (9.9). Divide the
value bounds by their respective units (xi, gi,mi, g

′
i). For a first-rate entry also remove its displayed

rate and its ordinary or rotation-family amplitude, including that family’s displayed geometric and
non-affinity factors. Let ci,ν be this finite collection of normalized numerical bounds, evaluated at
the certifying range i+ 1, and define

(10.20) a∆,i = max
(
1,max

ν
ci,ν
)
.

An absent rate entry is omitted. All inputs are the calculated arrays and fixed scalar history bounds,
so a∆,i depends on neither a later observing window nor a later requested order. Its comparison
with G(i+ 1, ki+1) is proved in (10.29) below.
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The following four scalar comparisons specify the normalization of the old inputs:

(10.21)

old input quantity tested in its output unit
non-affinity ηjf0,r, Kjηjf0,2/ζ−

old scalar variation `j max(Kjµ<j , λΓ,j , λmet,j)
center corrections a∆,i(xi, gi,mi, g

′
i)/Sout

complete old levels
∑
i,n,ν

aRi,n,νδ
n
i S
R
i,n,ν/Sout.

Here aR is calculated by the derivative position rules including all subsequent contractions; R
identifies the actual term in (10.15), (10.16), the coefficient formulas, or the center formulas (9.36).
The positive units SR and Sout are the displayed powers of the carriers, radii and clocks in those
formulas. Thus (10.21) is an explicit finite-sum prescription, not an extra maximum over unrelated
old field norms. The inequalities are the corresponding scalar comparisons (9.25), with their fixed
output letters. More explicitly the low flow tests are ηj max(1, f0,0, f0,1) ≤ 1/8 and Kjηjf0,2 ≤ ζ−/2;
the own first-label tests set the second row at most one. For the young coefficient calculation through
its admitted order, sufficient additional tests are, with the first-generation convention G(1, k1) = 1,

G(m, km) max{Kmηm/ζ−, ηm,Kmµ<m`m, λΓ,m`m, λmet,m`m, λR,m`m} ≤ 1.

The intrinsic low-order partition test remains the one in the common proposition. These are own
admitted-order tests, not refinement of every old layer at every future reading range. The third row
is required to satisfy the particular center comparisons printed below. The fourth row is bounded
by the fixed output letter of its indicated term; its full relative tail inequalities are printed next.
Every entry is calculated by the finite positive formulas before making its comparison.

The intrinsic value of an old level and each of its low-order coefficients is calculated at its certifying
index i+ 1. In particular the full level-one curvature is divided by N2

i Y∗,iδi/σi−1; its tail uses δn−1
i .

The aligned even correction uses δn−2
i , not δni . Keep the finite tests (9.24) for every used first-rate

entry. Their even tail is at most 4
3A
R
i,2δ

2
i , their odd tail above level one at most 2

3A
R
i,2δ

2
i , and the

leading odd term is retained separately. Its center phase factor satisfies Si/δi ≤ CΠ2−d
i N

−(β̄−h)
i .

These bounds apply to the complete levels, not just levels one and two.
The principal scalar |ζ|2/κ remains a multiplicative coefficient of the principal shear, with its

positive interval from (9.41). In the four rows of (10.21) the relevant small powers are, respectively,

a− 2β, a− 3
2β and a− 1

2β, 2h∗ − 1
2β, β̄ + h∗,

with h∗ = h− dv. The packet and reciprocal variations also use c = a + h− 1− 3β/2 > 0. For the
complete-level tests the additional power is (n− 1)h∗ or (n− 2)h∗. These follow directly by inserting

`j = N−aj−1, δi = Πd
iN
−h
i , Y∗,i ≤ CΘN

−β̄
i , and σi � Nβ/2

i . The numerical Eulerian curvature rate is

the one defined in (9.30); its factor Kj is retained when converting to a rigid label derivative. The
unit mi retains precisely the scale terms of (9.38). Removing their normalized constants therefore
leaves the same small-power comparisons; the relative tails are still tested with δn−1

i or δn−2
i , as

appropriate. The contracted transverse estimate is used before this substitution. The common
scalar hypotheses ensure positivity of these powers.

For a larger reading range it is not legitimate to repeat this absorption at an arbitrarily old
carrier. Instead use the intrinsic zero-order bound and retain the ratio of the new normalized bound
to the intrinsic one. Denote its logarithm by s ≥ 0. At positive order r, es ≤ ers. Products then
charge s on the sum of their actual orders, once. Center readings are undilated products; old level
gains enter only through the first two rows of (10.21). This is the only surplus used below. In
particular no zero-order amplitude of an old frame or old field is inserted into a new seed amplitude.

In the next lemma the layer j is fixed and suppressed. The single order r denotes total time,
phase and label order: Pn(r) is the maximum of Pj,n(b, p, |α|) over admissible triples b+ p+ |α| ≤ r.
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Their normalization by prescribed sizes is the one given above; the fixed order-only profile factors
remain. The maximum uses only the rectangles in (10.3).

Lemma 10.1 (Complete depth, with normalized shifts). Let φ(0) = 0 be increasing and superadditive,
and suppose the coefficient, already produced propagator, and seed arrays, normalized by their
prescribed sizes, have majorant Aeφ(r), where A ≥ 1 is a numerical majorant amplitude. This
hypothesis includes the fixed order-only profile factors at their actual derivative orders, with the
preceding intrinsic zero-order normalization. A complete level of index n, after all lower elliptic
substitutions and the refund, is bounded by

(10.22) Pn(r) ≤ A8n+1 [C(n+ 1)]C(n+1)[C(n+ 1)]Cr exp{φ(r + 4n)},
for the arrays just defined. The constant C depends on the fixed scalar and propagator letters only.
The same rule with its grade applies to the terminal composites and sources. The shifted majorant
factors as expφ(4n) exp{φ(r + 4n)− φ(4n)}, with the first factor in the amplitude. All fixed profile
factors are included at the shifted orders in this majorant.

Proof. Fully expand a term until only seed and coefficient factors remain. A first-shift linear node
has one child and at most two extra derivatives after the direct refund. A second-shift node has
one child and at most three. A fast quadratic node with principal vorticity has at most two extra
derivatives; after substituting a lower elliptic factor it has at most four, but its grade has increased
by at least one. The slow quadratic node has the same four-derivative bound and shift at least two.
The scalar row has the extra primitive order exactly accounted for in (10.5). Thus each internal
node of grade loss d adds at most 4d to the sum of the leaf orders. The losses telescope to n. There
are at most n internal nodes, n + 1 seed leaves, and at most 4n coefficient or propagator leaves,
since an expanded source has at most three coefficients and two pair factors. The exponent 8n+ 1
also allows the fixed component sums in the direct refunded term. The positive label-Duhamel
recursion is order-conservative and does not alter the grade.

Choose a plane tree, choose one of the finitely many source types at each node, and distribute
the derivative positions. The first two choices are bounded by [C(n+ 1)]C(n+1); the distribution
by [C(n+ 1)]Cr. The order-only profile factors belong to the input majorants. If the leaf orders,
including the derivatives introduced by the rows, are rs, then

∑
s rs ≤ r + 4n and∏

s

eφ(rs) ≤ eφ(
∑
s rs) ≤ eφ(r+4n).

Complementary orders in (10.7) are essential here. This proves (10.22), retaining the full shift inside
the profile majorant. The safe value four includes both terminal elliptic pieces. With a sharper grade
count three can replace four in several rows, but even then the amplitude is eφ(3n), not enφ(3). �

10.5. An upper bound for the generation constants. We use the general flow estimate at
every generation in the following upper bound. This does not require any additional refinement
condition. Refined intrinsic estimates remain available for the low-order sizes. The less precise
general estimate is sufficient for the scalar carrier comparisons.

For g(x) = x log(1 + x), set

φΛ,β0,M (r) = Λ[g(M + r)− g(M)] + β0r.

These functions are normalized, increasing and superadditive. Their exact shift and a useful bound
are

(10.23) φ(r + e)− φ(e) = φΛ,β0,M+e(r), φ(r) ≤ r{Λ[1 + log(1 +M + r)] + β0}.
Moreover a dilation by an integer d is bounded by replacing (Λ, β0) with (dΛ, dβ0 + d(2 + log d)Λ).
This follows by integrating g′, using 1 +M + dx ≤ d(1 +M + x).

Here is a conservative count for the scalar prescriptions above. It is stated explicitly so that
the generation multiplier can be checked independently of the choice of the derivative range. In a
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normalized jet of positive total order r, the expansion of a rigid old profile, including conversion, has
earlier total order at most 3r+ 2. Indeed, a conversion either assigns one time derivative position to
that profile, turns it into one spatial derivative position, or differentiates one of the two explicit
drift factors in (10.16); the last alternative spends that time derivative position and adds at most
the stream-to-velocity derivative and one frame derivative. The undifferentiated drift uses its scalar
size. Induction on the number of time derivative positions gives this bound.

In a flow jet of order r, the expanded rigid factors have number at most 2r− 1 and sum of orders
at most 3r − 2: isolate the linear term at zero time order and induct on the blocks of (10.11); for
positive time order there are only r − 1 derivative positions. Substitution therefore has earlier total
order at most 13r − 8.

Adjugation, products and reciprocals conserve total order. One additional spatial derivative for
a scalar gradient or l is bounded by doubling this positive-order allowance. In the label-Duhamel
expansion, each additional coefficient has at least one label derivative position, so its extra derivative
costs at most the number of those derivative positions. Consequently the bound dr, with d = 64,
covers the full coefficient and propagator calculation. The zero-order terms in this count are always
the intrinsic sizes, not the expansion of a large reading-range amplitude. The subset, partition and
component counts are at most eCcntr log(1+r)+Ccntr, with the fixed profile factors kept separately at
their actual derivative orders: an ordered partition is bounded by r!2r, and each of the finitely many
operations above adds a fixed number of such counts.

Fix a young range m, put K = L1, R = 256(K+1), and JΣ =
∑

i<m(Ji+1). This scalar evaluation
argument covers the sum of all earlier orders in the final young coefficient production, including its
dilation by d. It does not require extra field derivatives beyond (10.3). Every individual derivative
remains in that allocation; only the majorant is evaluated at the sum. In fact K ≤ m(13km + 69).
Let Agen

j and φj = φΛj ,βj ,Mj
bound the normalized arrays through generation j < m. These Agen

j

are scalar majorant amplitudes, distinct from the physical amplitudes Aq in the center equations
below. They may be made nondecreasing. The following explicit upper recursion implements the
count:

Λ∗j = dΛj−1 + Ccnt,

β∗j = dβj−1 + d(2 + log d)Λj−1 + d logAgen
j−1 + Ccnt(1 + logAseed

0,j ),

φ∗j = φΛ∗j ,β
∗
j ,Mj−1

,

Mj = Mj−1 + 4Jj ,

Λj = Λ∗j + Ccnt(Jj + 1),

βj = β∗j + Ccnt(Jj + 1) log(Jj + 2),

logAgen
j = (8Jj + 1) logAseed

0,j + φ∗j (4Jj) + Ccnt(Jj + 1) log(Jj + 2).

(10.24)

Increase any right side to the preceding value when necessary. At j = 1 the same formulas start from
Agen

0 = 1, Λ0 = β0 = M0 = 0; the rigid base is affine. The positive ratio in the preceding subsection
is at most Agen

j−1, and is charged only in the slope d logAgen
j−1. The coefficient seed Aseed

0,j contains
only fixed letters and fixed profile data; the four true-size comparisons removed old amplitudes from
it. For this application, first bound the fixed profile factors at their actual shifted orders by the

finite seed norms specified in (10.25) below. The resulting input bound is Aseed
0,j e

φ∗j (r). Lemma 10.1

and (10.23) then give (10.24), including the full φ∗j (4Jj) term. This is an upper recursion, so its
larger counting constant Ccnt may be chosen once by taking the sum of the finitely many component
and partition constants just described.

The fixed time and profile weights will be specified below. Their finite evaluation, together with
the seed norms, is required to obey the carrier-free order-function test

(10.25) Kho(km) ≤ logNm.
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Normalize it so that logAseed
0,j ≤ Ccnt + 2 log logNm for all j < m. This is legitimate on the old

cores: the spatial profile leaves are derivatives of the core polynomials of degree at most 3Jj + 4,
with their full-phase coefficient norms retained. Their maximal profile order and the time order
B + 3 are fixed functions of km, by (10.2), not of L1. The row derivatives in the tree are included
in these allocated orders before the fixed profile norms are evaluated; the scalar argument r + 4n
does not increase any profile’s derivative cap. The label envelope is constant on (10.1). The larger
label allowance only differentiates the geometric maps and the polynomial coefficients. Thus Kho

has no layer or carrier as an argument. No derivative of an older cutoff on its outer annulus occurs
in this comparison. The young support-ball calculation retains its global profile norms at its own
finite orders. Full-support derivatives of a fixed older layer are treated separately at the end, with
constants allowed to depend on that layer and order.

Choose

L = max{2 + log d, 1 + log(1 +R+ 4JΣ)}, Zgen
j = logAgen

j + LΛj + βj .

By (10.23), φ∗j (4Jj) ≤ 4Jj(LΛ∗j + β∗j ), and LΛ∗j + β∗j ≤ 2dZgen
j−1 + Ccnt(L + 1 + logAseed

0,j ). The

harmless running maximum is bounded by one additional copy of Zgen
j−1. Hence, with d = 64,

(10.26) Zgen
j ≤ µjZgen

j−1 + C1(Jj + 1)2[L+ 1 + log logNm], µj = 1024(Jj + 1).

This recomputes the multiplier using the whole shift φ∗j (4Jj). No estimate of it by Jjφ
∗
j (4) has been

used.
Take the fixed schedule integers, if necessary, with q0 ≥ 220, cQ ≥ 218, Qj = q0 + j, kj ≤ Qj/cQ

and Jj = 2kj + 8. Then, literally,

µj = 2048kj + 9216 ≤ Qj/128 + 9216 ≤ Qj/4.
Only lower bounds on these integers have been strengthened; none of the scale exponents or the
construction is changed. Solving (10.26) and using φj(R) ≤ RZgen

j gives an explicit bound for

G(1, k1) = 1, G(m, km) = exp max
1≤j<m

{(R+ 1) logAgen
j + φj(R)} (m ≥ 2).

The factor R + 1 on the logarithmic amplitude also covers the number of positive-order earlier
factors in a final young coefficient product; superadditivity covers their total order. We obtain

(10.27) logG(m, km) ≤ C2(R+ 1)m(Jm + 1)2(L+ 1 + log logNm)

m−1∏
j=2

µj .

Here and in the following ray comparison m ≥ 2; the product is empty for m = 2. With y = logN1

and Nj = N
Qj
j−1, it follows that

(10.28)
logG(m, km)

logNm−1
≤ C3(m+ q0)124−(m−2) 1 + log y

y
.

All constants depend only on the fixed choices. For example a single constant for the right side
is C3

∑
n≥0(n+ q0 + 2)124−n, a finite explicitly defined number. The series equals C3[(z∂z + q0 +

2)12(1− z)−1]z=1/4. The logarithmic factors discarded in obtaining the twelfth power are bounded
by their positive arguments. Thus this is a uniform comparison in m, not merely a limit with m
fixed.

In particular, for every fixed positive exponent c, one bare condition on y, of the form C(c)(1 +
log y)/y ≤ c, implies both

(10.29) G(m, km)(Qm logNm−1)2N
−c/2
m−1 ≤ 1, G(i+ 1, ki+1)a∆,i ≤ N c

i .

For the second inequality apply (10.28) at i+1: the intrinsic construction gives a∆,i ≤ G(i+1, ki+1),
so two copies suffice. The base is Ni, not Ni+1. This proves that every full-depth tail test above
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and every positive-power scalar comparison can include its certifying-range constant. There is no
assertion that logG is polynomial in the layer number.

10.6. The joint time-order induction. We specify the scalar conditions for the center rows as
well as their production. For v ≥ i + 1 define the ordinary ratio υi,v = σi/σv−1; the augmented
family is

υ+
i,i = 1, υ+

i,v = υi,v (v ≥ i+ 1).

In particular both have value one at v = i+ 1; only the augmented family has the extra v = i entry.
These are respectively the ordinary and augmented ratios in (9.9). For v < i the augmented entry
is absent. A family on Wl is truncated at v = l; the infinite notation is used only when summing
its moments. The rotation family is (λ∗v@ max(1, Xv))v, with total amplitude at most one. Each
of the four center corrections has its actual size in (10.19), multiplied by a∆,i, and list that size

times (υ+
i,v@Xv)v. The additional rotation amplitude is (εdef

geom + εξ,i) times that size for the aligned

quantities, with the tube-flatness letter added for the misaligned quantities; here εξ,i = (ΠiRi)
−1.

This notation for the geometric defect denotes the explicit metric variation on the fixed tube, not a
change of the magnification parameter.

In this subsection Pq = −Tq(0, t) > 0 is the positive central circulation amplitude, Aq =
Nq|ζq(0, t)|Pq its gradient amplitude, and %q = log |ζq(0, t)| the logarithmic stretch. The central

weight is still ρq, and Sq = CΘN
−β̄
q is a fixed upper bound for Pq after its own pulse. The central

weight and the logarithmic stretch are different quantities. The scalar aligned correction is denoted
Xi, distinct from the flow map Xi. The scalar rate Xq, when used after the sign @ or in a moment,
is the Xrate

q of the preceding section. For q ≥ 2, write

sq = θin
q , Γgr

q = σq−1 sin sq, Dq = Λq, Xq = DqΓ
gr
q , λ∗q = Dqsq.

The duration factor Dq is distinct from every label-derivative allowance Li. At q = 1 retain exactly
D1 = Λret,1, X1 = Λret,1σ0 sin θin

1 and λ∗1 = cpΛret,1 sin θin
1 . These first-pulse numbers are not

identified with the first logarithmic growth length. The scalar Xq remains distinct from the map
Xq(a, t).

Write e(ϕ) = (sinϕ, cosϕ), and use ϕi = φi for the own-center angle introduced in Section 9.
Thus ei = e(ϕi) = ζi(0, t)/|ζi(0, t)|. For the base put e0 = eb = e(ϕ0). The local direction at the
reading center Yq is

e′i[q] =
ζi(A

inv
i (Yq, t), t)

|ζi(Ainv
i (Yq, t), t)|

= e(ϕ′i[q]), E′i[q] = (e′i[q], Je
′
i[q]).

Use continuous angle lifts consistent with the insertion angles, and put

(10.30)
θiq = ϕq − ϕi, θ′i[q] = ϕ′i[q]− ϕi,

θ[iq = ϕq − ϕ′i[q] = θiq − θ′i[q], ϑq = θq−1,q (q ≥ 2).

Thus ϑq is the earlier adjacent angle θq, not the base angle ϑ. At a selected insertion, Mq(τq) = I

and the held parent has angle zero, so ϑq(τq) = θin
q . The local angle ϕ′i[q] is the value of φloc

i at the

specified displaced label. The first relative angle θ01 = θin
1 is constant because the first covector is

transported by the rigid base. For the base take ϕ′0[q] = ϕ0, so θ′0[q] = 0. Since e′(ϕ) = −Je(ϕ) and

ėb = ψ̇Jeb,

ϕ0(t) = ϕ0(0)− ψ(t), ψ = θ0c − ϕc + ϕ0(0).

For the prescribed first-layer choice eb(0) = (0, 1), ϕ0(0) = 0. This is the normalization in which the
last identity is ψ = θ0c − ϕc.
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Read an old correction at Ainv
i (Yq, t), and write [q] on that value. Components of a misaligned

tensor are measured in E′i[q]. The exact strain decomposition is

(10.31) D<q(Yq) = ψ̇J +
∑

1≤i<q

(
qi(0)Ωi + Xi[q]

)
Je′i[q]⊗ e′i[q] +

∑
1≤i<q

E′i[q]D
mis
i [q]E′i[q]

T .

The displacement of qiΩi is included in Xi[q] by (9.39); qi(0)Ωi remains the principal term. Similarly
put A+

i [q] = Ai −Gal
i [q]. Then

(10.32) Gtot
q =

∑
0≤i<q

A+
i [q] sin θ[iq −

∑
1≤i<q

(Jeq)
TE′i[q]G

mis
i [q].

The base is the exact i = 0 term, with A+
0 [q] = A0. Indeed E′i[q]

T eq = (cos θ[iq,− sin θ[iq); this also

fixes the sign of the transverse gradient in (10.32).
For later use put D+

i = G(i+ 1, ki+1)a∆,i. The finite scalar center tests, with a sufficiently small
fixed εsch, are

(10.33)

D+
i xi ≤

1
4 min(1, cW )εschσi, D+

i gi ≤ εschζ+σi−1σi,∑
i

D+
i (mi +

√
2g′i) ≤ εsch,∑

i

D+
i (xi + gi/σi)si+1 ≤ εsch.

The unmatched angular parent uses its contracted number d0,bd
i from (9.38), with the next-index

transverse estimate of the common proposition: D+
i d

0,bd
i ≤ εschλ

∗
i+1. It is not bounded by an

uncontracted larger Hessian. Two-point differences use the same inequality with the explicitly
calculated sum of their segment differentials. In the units of (10.19) its multiplier is

%i,q = (Ki`
−1
i + CphNiKiζ+δ

−1
i )ssep

q , i ≤ q − 2.

Thus require
∑

i≤q−2D
+
i (xi + mi)%i,q ≤ εschλ

∗
q . The local-direction differences have sizes ri,q, r

′
i,q

obtained from (9.27) and its segment version. Their test, in the angular equation, is

2CW
∑
i≤q−2

σiD
+
i r
′
i,q + 2|Ωq−1|ϑqD+

q−1rq−1,q ≤ εschsqΓ
gr
q .

These are all actual center contractions; the common low-order statement supplies their intrinsic
forms. Insertion of D+

i is permitted by (10.29). Their least exponent is β̄ + h∗ − β/2 > 0; the
full-level relative tail factors remain those of (9.24).

The remaining center factors are cq = 2W (Yq)Γ<q(Yq) and κ̂q = κq(0)/|ζq(0)|2. Their derivatives
are calculated from these formulas, with the reciprocal rule for κ̂−1

q = qq. There are three contribu-
tions to their nonconstant center size: the complete old circulation values, drift through label and
metric factors, and drift through the phase. Explicit upper sums are

εctr,q = C
∑
i<q

{CΘN
−2β̄
i Π2

i +D+
i ci}

+
C

σq−2

∑
i<q

(CL +Ki`
−1
i )qvel

i,q

+
C

σq−2

∑
i<q

CΘN
β
i

qslow
i +

∑
i<h<q

qvel
h,q

 ,
qvel
i,q = Cσi|sci [q]|/Ni +D+

i q
cor
i ,

qslow
i = C|Ωi|λR,iKi/N

2
i +D+

i q
cor
i /(Ni`i).

(10.34)
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Here ci and qcor
i are respectively the complete odd circulation value and correction velocity numbers

calculated from (9.36); their scale is N
−β̄−h∗+o(1)
i . The phase coefficient Nβ

i in the third line is not
small. It multiplies the slow own velocity, since the fast own velocity cancels in the phase drift.
The three lines have least exponent β̄ + h∗, min(2 − 3β/2, β̄ + h∗), and min(2 − 3β/2, 2β̄ + h∗),
respectively; the cross terms in the third line have the stronger exponent Qi+1(β̄ + h∗)− β. Require
εctr,q ≤ Kctrεsch. The absolute metric defect is kept separately inside the positive interval (9.41).
None of these quantities is assigned a negative power of the newest carrier of the reading layer.

Differentiation of a moving reading uses d
dtA

inv
i (Yq, t) = Hi

∑
i≤h<q vh. Its b-th derivative requires

the velocities through b− 1. For a difference of two readings use the mean-value formula on the
whole segment, differentiating both endpoint paths and the segment. Thus its rate list is the union
of the old layer list and the separation list υ+

q−1,v, with the coefficient %i,q just specified. Local
direction differences have the same property. Raising rates below Xq costs total amplitude at most

three, because 2 + σi
∑

v≥i+2 σ
−1
v−1 ≤ 3.

Here are the primary differential equations, written to exhibit all their inputs. Put Ωeff
i [q] =

qi(0)Ωi + Xi[q], and let Dmis
q =

∑
1≤i<q E

′
i[q]D

mis
i [q]E′i[q]

T . The two contractions are

πρq = −eTq (Dmis
q )T eq, πϕq = (Jeq)

T (Dmis
q )T eq.

The covector equation ζ̇q = −D<q(Yq)
T ζq then gives

%̇q =
∑

1≤i<q
Ωeff
i [q] sin θ[iq cos θ[iq + πρq ,

ϕ̇q = −ψ̇ −
∑

1≤i<q
Ωeff
i [q] sin2 θ[iq + πϕq ,

Ω̇q = −cqAq sinϕq,

(logPq)
′ = −qqGtot

q Ωq/Aq.

(10.35)

The relative-angle equation is the difference of the second line at the two reading centers. The
common rotation cancels. Use sin2 u− sin2 v = sin(u+ v) sin(u− v) and (9.40). Its terms are the
factored old sum, the unmatched parent, the two-point differences, and the local direction differences.
No term is omitted.

For reference the resulting principal lists, in the notation above, are

(10.36)

quantity size amplitude at Xv

ϑq, 2 ≤ q ≤ l Csq sqυ
+
q−1,v, v ≥ q

%q, e
±%q , 2 ≤ q ≤ l C (Γgr

q /Xv)υ
+
q−1,v, v ≥ q

Pq, 1 ≤ q < l Sq Sq(σq−1/σq)υ
+
q,v, v ≥ q

Ωq, 1 ≤ q < l Cσq σqυ
+
q,v, v ≥ q + 1.

All rate indices are truncated at v = l. The first-layer angle and stretch use θ01 = θin
1 , %1 = 0;

its controlled angle has the separate first-pulse list. The active pair q = l is estimated by its
variable-coefficient matrix below, separately from the last two rows. The displayed rows have a
separate corrector-borne family of these shapes. The controlled tilt is zero on a hold, has list sl@Xl

on a blend, and λ∗l @Xl on a pulse. Its actual blend size may be smaller than the list mass; use the
latter in products. The principal metric coefficient multiplies these lists by its bounded size and
adds its own small rotation/center family. It is never included in an additive-corrector size.

We verify the placement of the new terms. In the angle equation, the factored old sum is bounded

by Csq
∑

iD
+
i mi; the unmatched and two-point terms use D+

i d
0,bd
i ,

∑
D+
i (xi + mi)%i,q ≤ εschDqsq,

and Dq ≤ Xv pays the integration. The direction term uses its displayed sqΓ
gr
q test. In the radius

equation the raised amplitude is at most 3
∑

iD
+
i mi, which after integration is at most 3εschΓgr

q /Xq.

At later rates use υ+
i,v ≤ υ+

q−1,v. The two primary amplitude equations have the extra bounded
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factors cq and qq. For the first the ratio after integration is Cεctr,qσqŜsinϕq/Xq+1, with effective
size as in (10.10). The blend, hold and pulse estimates of Lemma 9.2, and its subsequent old-angle
bounds, give

σqŜsinϕq

Xq+1
≤ C (1 ≤ q < l).

On a blend the value of the controlled tilt may be smaller than its list mass; on a pulse this ratio may
be of order one. The immediate transition uses σqsq+1 ≤ CXq+1; the pulse uses σqλ

∗
q+1 ≤ CXq+1.

On later windows the old-angle and rotation-list comparisons give the same bound. For the second
its integrand size is at most Cσq−1Γgr

q /σq, so its extra entry divided by Xv is inside the third list in
(10.36). These verifications use actual sizes and list masses, not a high-order constant in a low-order
test.

In the adjacent-angle equation, let πϑl denote the remainder after the central aligned shear sum
is removed: it consists of πϕl − π

ϕ
l−1 and the two-point and local-direction differences just listed.

The signed aligned corrections Xi remain in the aligned sum. The blend equation includes all three
additional terms

−ηbπϑl − ηbπ
ρ
l tanϕl − (1− ηb)πρl−1 tanϕl−1.

The tangent factors have size Csl on the blend. Its derivatives follow by the composition rule; all
their rates are at most Xl. On a pulse use the exact prescribed relation sinϕl = zµe

−%l , since the
pulse branch in (7.2) prescribes ζl,1 = zµ. The function zµ has the fixed pulse-profile derivatives.
The top pair uses the matrix with entries qlGtot

l /(|ζl|σl−1) and clσl−1ζl,1. Its derivative of order b
follows from matrix derivatives through b− 1 by (10.13). Positivity for reciprocals and the compact
ranges of tan, arcsin, exp are supplied by the strict low-order windows.

Fix a nonnegative time order n. Assume the produced estimates through n on every existing
window, with that window’s admitted cap. At order n+ 1 proceed as follows:

(1) Produce adjacent angles and radii, then the primary Ω, P from (10.35). They use complete
center rows only through n.

(2) Produce the controlled tilt, the top pair, relative directions and Aq = Nq|ζq|Pq. Produce the
rotation primitive ψ = θ0c − ϕc + ϕ0(0), where c = l − 1 or l is the controlled index on that
window. The fixed initial angle contributes no positive-order derivative.

(3) In increasing layer index use (10.13)–(10.18), and in increasing level index use (10.6), to
produce the field arrays at n+ 1. Produce their complete center values, two-point differences,
local directions and the factors c, κ̂.

(4) Form Ωeff , A+, and finally (10.32) at order n+ 1.

The last row is a terminal output at this order. The next primary step reads it only at the previous
order. The direct refund reads only lower levels at the same order. In a moving-reading drift,
even a younger layer is used only at the previous time order. The base is the complete size and
first-gauge statement of Proposition 9.3; the step 0 to 1 produces the window form from that base.
On a window with a lower cap retain only the orders that it admits; its inherited datum enters the
zero-time history, not an unavailable higher derivative. This proves the induction without assuming
an independently available all-order control or field family.

All constants are produced at these same ranks. More formally, let ΦX
n+1 be the positive derivative

position polynomial of the exact equation for row X, divided by its listed size and rate, using the
comparisons just proved. In rank order set its new constant equal to max(1, Cn,Φ

X
n+1). Then take

the maximum of this finite list. The outer-function constants are the maxima of their derivatives on
the fixed low-order intervals; fixed cutoff derivatives through n+ 3 are additional leaves. This is an
explicit recursive definition of the carrier-independent order constants Cpot

n , before adjoining the
generation factor G. The field part uses exactly the scalar polynomials already printed above. An
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order weight dominating any such finite sequence can, for example, be chosen as

(10.37) w(n) = (n!)2 exp{nmax
r≤n

log(2 + Cpot
r )}, wt = w.

and enlarged once by a fixed exponential so that each binomial convolution has bound 3w(n). This
follows from

∑n
r=0

(
n
r

)
(r!)2((n− r)!)2 ≤ 3(n!)2 and superadditivity of the exponent. Separate phase

and label weights ws, wa are defined in the same way from the fixed profile derivatives, with all
three weights equal to one at zero. They are functions of order only.

10.7. Four forms of the derivative estimates. The construction just proved has four distinct
uses. In its window form, keep the native rates, their amplitudes and the separate corrector family.
No gain is asserted between equal rates. For the old two-rate form on Im, use

Λj,m(b) = Π
min(b,1)
j Π(b−1)+

m , j ≤ m.

It is a Leibniz algebra, and ΠjΛ(b1)Λ(b2) ≤ Λ(b1 + b2 + 1). Thus

(10.38)

|∂btM±1
j | ≤ KjC

(m)
b Λj,m(b),

|∂btD<j(Yj)| ≤ C(m)
b ΠjΛj,m(b),

|∂bt∇Γ<j(Yj)| ≤ C(m)
b σ2

j−1Λj,m(b).

For j < m, the range-dependent corrector constant in C
(m)
b is kept separate; it is not absorbed at

Πj .
For m ≥ 2, the young form, j = m, has a genuine smaller clock. Put

(10.39) Π̂m = Q4
m+1(logNm)2

√
CσN

β/2
m−1, G(m, km)Π̂m/Πm ≤ 1

2 (m ≥ 2).

The moments proved below allow each differentiated window entry to use Π̂m before comparison
with Πm. An expanded term with r differentiated corrector factors carrying range constants, at
respective orders bs ≥ 2, has total order b ≥

∑
bs ≥ 2r. Its excess relative to the carrier-independent

order polynomial is bounded by

G(m, km)r(Π̂m/Πm)b ≤ 2−r.

Product, partition, integration and linear-matrix recurrences all preserve this count, since orders
are complementary; zero-order factors use their intrinsic size and first orders have the intrinsic
constant. The finite sum of the terms is included in Cpot

b ; hence the young versions of (10.38)

have constant at most 2Cpot
b . Purely spatial range constants in the young coefficients retain their

marked curvature or first-label variation and are paid by (10.21) with (10.29). A gap is not assigned
to an undifferentiated or purely spatial entry. At m = 1 there is no inherited range-dependent
corrector constant. The native Π1 moments below give the young bounds with the fixed profile-order
constants directly.

For Πm = Np
m−1(logNm)r, the logarithm of the left side of (10.39) is at most

−
(
p− β/2− c/2

)
logNm−1 + 4 logQm+1 + (2− r) log logNm + C.

The coefficient is positive: c/2 < a/2, p ≥ a > 1 + β/2. The uniform ray in (10.28) therefore also
ensures (10.39).

Finally, on a later window Wl ⊂ Im, layers m ≤ i < l are certified by their own range i+ 1. Their
D+
i -inclusive entries in (10.33) and the difference tests are already small at base Ni. They reach an

old row only through relative angles, the controlled tilt and the rotation primitive. The integration
rule gives their own amplitudes divided by their own rates. Thus they fit the same lists, even when
l is arbitrarily large. This fourth form does not use range m’s constant for a younger layer. It also
does not replace a future rate by the intrinsic rate of the old layer receiving it.
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10.8. Clock moments and fixed-layer finiteness. Here are the precise clock conditions used

above. The schedule has σi � Nβ/2
i for i ≥ 1, and Ni = NQi

i−1 for i ≥ 2. The generic growth-clock
comparison is σl−1sl ≤ CgrDlσl−2, where Cgr is a fixed scalar letter. Hence on a generic window

λ∗lX
n
l = Dn+1

l σnl−1sl(sin sl)
n ≤ Cn+1

gr D2n+2
l

σn+1
l−2

σl−1
.

The first window is kept as its own finite term. Require the scalar schedule comparisons
∑

l λ
∗
l ≤ 1

and υi,l ≤ Cλ∗l for l ≥ i + 2. For m ≥ 2, require Xl ≤ Π̂m for l ≤ m + 1, (logNm)10 ≤ Π̂m,
and (logNm)30 ≤ Πm. The last inequality follows on one fixed bare ray from p > 0, since
logNm = Qm logNm−1 and Πm ≥ Np

m−1; it does not involve a field norm. For the two initial clock
terms impose

λ∗1X
r
1 + λ∗2X

r
2 ≤ 1

2Πr
1 (r = 1, 2),

∑
h≥0

e−β(q0+1)hy/4 ≤ 1
2 .

The last scalar series is bounded by a geometric series on the same bare ray; no later profile occurs
in it.

Here is the comparison for the raised rates, including the initial indices. Write X̂i,l = max(Ri, Xl).
The scalar floor (10.8) satisfies, for 1 ≤ i ≤ m, m ≥ 2,

(10.40) Ri ≤ Π̂m, X̂i,l ≤ Π̂m (l ≤ m+ 1).

To see the first inequality for m ≥ 2, use the scalar clock upper bound and increasing carriers to
obtain

Ri ≤ Cfl(1 + σ0 +
√
CσN

β/2
m−1).

The ratio of this bound to Π̂m is at most Cfl(2 + σ0)/[Q4
m+1(logNm)2] after

√
CσN

β/2
1 ≥ 1. It is at

most one on a single scalar ray in y = logN1. At m = 1 impose its literal fixed-data comparison

max(1, r1) ≤ Q4
2y

2
√
CσN

β/2
0 ;

its left side is fixed, so the same ray can include it. The second inequality in (10.40) now follows
from the stated head-rate comparison for m ≥ 2, including the separate first-pulse rate X1. Also
Ri ≤ Πi and the accepted own-window tests Xl ≤ Πi for l ≤ i+ 1 give the corresponding intrinsic
head bound. Thus neither raising a rate nor adjoining the explicit floor introduces a new field
estimate or an arbitrary large clock.

For a generic tail put x = logNl−2, Q = Ql−1; require

(10.41) Dl ≤ x4, Q ≤ x, x

log x
≥ 128[1 + | log cσ|+ | logCσ|]

β
Q.

All these are scalar clock tests. The last one propagates after one fixed base threshold, because
Qx/ log(Qx) ≥ (Q/2)x/ log x when Q ≤ x. Retain the derivative cap B + 3 ≤ Qm. For the first
future term we also use the sharper scalar input (11.22),

Dm+2 ≤ Q3
m+2 logNm (m ≥ 1),

together with Qm+2 ≤ (q0 + 3)m and m2 ≤ logNm. These comparisons are realized by the single
sequence in Section 12. They are additional to the generic tail test (10.41).

For m ≥ 2, 1 ≤ n ≤ Qm, split each moment at m+ 1 and m+ 2. The first part is bounded by its

amplitude mass times Π̂n
m. The first term beyond it has

σn+1
m

σm+1
≤ CnN

β
2

(n+1−Qm+1)
m ≤ Cn,

since n+ 1 ≤ Qm+1. Put xm = logNm. The remaining factor satisfies

D2n+2
m+2 ≤ Q

6n+6
m+2 x

2n+2
m ≤ Cnx5n+5

m ≤ Cnx10n
m (n ≥ 1).
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Here the middle inequality uses Qm+2 ≤ (q0 + 3)m and m2 ≤ xm. It is therefore at most CnΠ̂n
m.

For l ≥ m+ 3 one has n ≤ Q− 2. The logarithm of the remaining summand is at most

(8n+ 8) log x+ C(n+ 2)− β
2 (Q− n− 1)x ≤ −β

4x

after the fixed ray in (10.41), enlarged to include the displayed fixed constants. The tail is summable
since x ≥ (q0 + 1)l−3y. The same argument applies to υi,l, starting at l = i+ 1, using its comparison

with λ∗l beyond i + 1. It proves its moment bound CnΠ̂n
m. The first moment of υi,l is at most

CΠj : the head has bounded amplitude mass and rates at most Πj , and the tail has the preceding
exponential bound at order one. At m = 1 the head uses the native Π1, including the separate
first-pulse, augmented own, base and fixed-floor entries. The first future term is at most Cny10n,
and hence at most CnΠn

1 , since Π1 = Np
0 y

r with r ≥ 10. The same exponential tail applies thereafter.
Thus all first-index moments have their native CnΠn

1 bound; no logarithmic-head comparison with

Π̂1 is used. The two initial tests and that exponential tail give
∑
λ∗lXl ≤ Π1 and

∑
λ∗lX

2
l ≤ CΠ2

1.
For m ≥ 2, n ≥ 2, the first tail’s logarithmic power satisfies (logNm)10n ≤ Πn−1

m ; for n ≥ 3 it also
satisfies (logNm)10n ≤ Πn−2

m . Both follow from the thirtieth-power test. Thus

(10.42)

∑
l≥i+1

υi,lX
n
l ≤ CnΠjΠ

n−1
m , 0 ≤ i ≤ j, 1 ≤ j ≤ m, 1 ≤ n ≤ Qm,∑

l

λ∗lX
b+1
l ≤ Cb+1ΠjΛj,m(b), 1 ≤ j ≤ m, 0 ≤ b ≤ Qm − 1.

For the latter at b = 0, 1 use the first two moments directly; for b ≥ 2 factor X2
l X

b−1
l in the head

and use the same tail estimate. These are the ordinary-list moment inputs of (10.38), with j ≥ 1.
For the augmented list of a layer i ≥ 1 retain, rather than drop, the extra own term Xn

i . It has

both required bounds since Xi ≤ Πi ≤ Πj ≤ Πm and Xi ≤ Π̂m for m ≥ 2; at m = 1 use X1 ≤ Π1.
Finally for any positive amplitudes al,

(10.43)
∑
l

alX̂
n
i,l ≤

∑
l

alX
n
l + Rn

i

∑
l

al.

The ordinary, augmented and rotation amplitude sums are bounded by the fixed scalar comparison

letters. By (10.40), the extra term is at most CΠ̂n
m for m ≥ 2, and at most CΠn

1 for m = 1. For an
old two-rate row it is at most CΠjΠ

n−1
m , since Ri ≤ Πi ≤ Πj . For the rotation moment at order

b + 1, it is at most CΠjΛj,m(b): use Ri ≤ Πj for b = 0, 1, and Rb+1
i ≤ Π2

jΠ
b−1
m for b ≥ 2. The

separate floor entry 1@Ri obeys the same bounds. This proves the augmented and floor-raised
forms actually used by the coefficient and scalar-source recursions, with all initial terms retained.

For the following separate assertion assume an infinite selected history with these scalar conditions
at every index and kl →∞. For a fixed arbitrary n, eventually Ql−1 ≥ n+ 2, so the same summable
tail applies. The finitely many earlier terms are finite; they need not be small. By the additional
admission hypothesis, sufficiently late windows admit the required order in the joint induction,
which gives ψ(n) with this moment. On the finitely many earlier windows the smooth finite control
equations give bounded derivatives of each order on their compact intervals. Thus every fixed
derivative of ψ is bounded on the entire preterminal interval. The exponential carrier identity is
essential: a mere cubic lower bound for successive σl would not justify these moments.

For a fixed layer, now induct on the layer number without any uniformity claim. On its whole
support use the prescribed smooth cutoff’s derivatives at this fixed order, with constants allowed to
depend on that layer and order. They are not estimated by G(m, km) on an old outer annulus. Its
older velocity has every derivative bounded by the preceding fixed-layer conclusion and the just
proved rotation bound. Differentiating its flow equation in space and time, integrating the highest
linear spatial term and using lower orders for all other terms gives finite bounds on its finite lifetime.
The determinant is one and the low-order inverse bound remains in force. The scalar coefficient



BLOWUP FOR THE EULER EQUATIONS WITH SMOOTH FORCING 83

formulas and (10.12) then give bounded derivatives of every order. Finally (10.6), at its fixed finite
depth, gives the same for every correction and terminal composite. This proves fixed-layer all-order
finiteness. It is distinct from the uniform admitted-order estimates and does not enlarge their order
caps.

10.9. Substitution in the physical force bound. We finish by making the actual inputs to
Proposition 6.2 explicit. At the young index use the geometric arrays through rF , the coefficient
and reciprocal arrays through rX , the homogeneous amplitude arrays through r∗, and the complete
level arrays on (10.3), all on the young support ball and the full phase circle. The rigid inputs are on
B2`m , whose older pullbacks were checked in (10.14); insertion data use the collar only at insertion.
Their bounds have just been produced. The weighted estimate is pointwise in the central amplitude:

|∂bt∂psDα
aQm,n(s, a, t)| ≤ Pm,n(b, p, |α|)Y∗,mρm(t)δnm`

−|α|
m Mam(b).

Taking a supremum may replace ρm by one, but none of the time estimates differentiated that
upper bound. For the activation power below we impose the seed and short-ramp convention
(11.17). The scalar growing-line comparison over that ramp, proved in Proposition 11.1, gives
Yact,m ≤ CrpN

−km−e
m . For a different prescribed negative seed the unspecialized activation term

remains Er∗ΠmYact,m, as in (11.24). Use T = max(|Im|,Π−1
m ), not just |Im|, throughout the force

recursion.
Take the sizes χ,C0, L0, G0, B0, c0, h0, $∗, z0 to be the positive scalar outputs of the coefficient

calculation for χ,C, l, Daq,Dab, c, h,$, ζ1. In B0, add the actual S0|Dab
rot| to the nonrotational

bound. At positive orders use the scalar shifted row, not an assumed unshifted bound for α. Let
C∗ be the maximum of the resulting normalized young arrays after their proven spatial and time
absorptions. It is bounded by a fixed function of rX and the profile derivatives, independent of
m. Choose λ = `−1

m , increasing it to one if needed; the first-label tests ensure it dominates the
actual label rates. Keep the actual numerical values in (6.3). In particular its fast circulation-square
condition is T σ$∗z0Y∗/δ ≤ 1, not an inverse-frequency estimate.

The pair and source constants an, bn, sn, and Hr∗ , Dr∗ , Er∗ , are now obtained by the literal
recursions (6.4) and (6.5); their inputs are the just produced scalar arrays. The coarser unrefunded
estimates used by this finite consumer have enough reserved time orders, so the direct outer time
derivative in (6.3) is estimated without altering the analytic refund above. For n > Jm put an = 0,
but calculate bn through Jm + 2 and sn through 2Jm + 4. These instructions retain every terminal
term.

To display both means put An = anY∗δ
n, zero outside [0, Jm], and Bn = Hr∗(z

∗
1An−1 + z∗2An−2),

where

z∗1 = χ(2C0λ+ L0)/N, z∗2 = χ(C0λ
2 + L0λ)/N2.

The actual nonnegative bounds for the mean primitives are

MΓ
n = Hr∗

[
χ

σ

∑
u+v=n−1

AuAv +
λχ

Nσ

∑
u+v=n−2

AuAv

]
,

M ξ
n = Hr∗

[
Nχ

σ2

∑
u+v=n−1

AuBv +
λχ

σ2

∑
u+v=n−2

AuBv

+

(
χΛK
2σ2

+$∗h0

) ∑
u+v=n−2

AuAv

]
.

(10.44)

Here ΛK is the calculated first-label rate of the reciprocal. The normalized lower elliptic terms occur
in Bv. The last line retains both the reciprocal derivative term and the circulation-square term.
The means use the entire phase circle even when the subsequent reading is on a polynomial cell.
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Consequently the scalar force bound delivered to the next step is

Fm,k = Ck,DC
ev
k

[
Λkph(1 +N/σ)

Er∗ΠCrpN
−km−e +

CΘN
−β̄

T

2Jm+4∑
g=Jm+1

sgδ
g


+ 2λΛkslow

Jm∑
n=1

(MΓ
n +M ξ

n)

]
,

Λph = 1 + Π + (N + λ)(K + VX),

Λslow = 1 + Π + λ(K + VX).

(10.45)

The physical force satisfies ‖fm‖Ckx,t ≤ Fm,k. Indeed the two scalar residuals are exactly the

activation terms, terminal graded sources and the two means in the unchanged finite cancellation
identity. The reduced-vorticity normalization is undone by N/σ. Apply the existing compact inverse
to activation plus remainder together and to each mean, as required by its compatibility statement.
Its fixed constant is Ck,D; no new inverse is needed.

For completeness, (10.45) exhibits the young powers without hiding the slow terms. Since
δ = ΠdN−h, its oscillatory bracket is bounded by a fixed order function times

Λkph(1 +N/σ)
[
ΠN−km−e + T −1Πd(Jm+1)N−β̄−h(Jm+1)

]
.

Its slow bracket is bounded by a fixed order function times

(10.46) λΛkslowN
−2β̄

[
χ

σ
(1 + λ/N) +

Nχ

σ2
(z∗1 + z∗2)(1 + λ/N) +

χΛK
σ2

+$∗h0

]
.

These bounds use the finite sums of an, sn, not an assertion that termination controls their constants.
There is no phase-frequency factor in Λslow.

Here is a precise choice of the fixed order function used in (10.25). At an integer k put J = 2k+ 8,
use the allocation (10.3) for the young coefficient and profile orders, and form the finite positive
formulas for the primary order constants, the young coefficient constants, H,D,E,Cev, and an, bn, sn
through their terminal indices. In these formulas replace each tested dimensionless quotient by
one, each young absorbed corrector constant by 2Cpot

b , and keep all fixed profile norms through the
stated orders. Let Kho(k) be the exponential of one plus the maximum of the logarithms of these
positive numbers and of the corresponding constants in (10.44)–(10.46), made nondecreasing in k.
This is a finite scalar recursion using only fixed data. It is fixed before any carrier is chosen. The
range factor G is excluded only at the specific places where (10.29) or (10.39) has already paid it; it
is never included in this order function.

One may now use the maximal admitted-order rule

(10.47) km = max{k ∈ N0 : k ≤ Qm/cQ, Kho(k) ≤ logNm}.

Take the initial carrier so that the set is nonempty. Since Kho is one fixed nondecreasing function
and Qm, logNm increase, these sets are nested; hence the finite inclusions in (10.2) hold. If both
upper limits tend to infinity, any fixed integer eventually belongs to the set, so km → ∞. This
verifies the admission assertions for this rule, without asserting that all the other scalar tests have
already been realized by one infinite sequence.

Proposition 10.2 (Higher-order finite implication). Suppose the finite corrected family satisfies the
hypotheses and strict scalar tests of Proposition 9.3, with the all-trial older and selected-youngest
quantifiers stated at the start of this section. Retain its containing-tube and connecting-segment
conditions on the actual cores (10.1), and the finite admission inclusions (10.2). Impose the complete
relative-tail and four-route tests stated above at their certifying indices, the displayed center tests,
the clock and profile tests, and the finite scale quotients (6.3). Then the joint induction produces the
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actual coefficient, complete-level and center arrays on (10.3): older larger-range arrays on B[i×T×Im,
and young own-order arrays on B`m × T× Im, with insertion data on their prescribed collar. They
have the four derivative forms just proved. Their generation constants obey (10.24)–(10.29); at

the young index the constants of the consumed time rows are at most 2Cpot
b . The physical force

obeys (10.45). If the scalar conditions hold on an infinite selected history and every fixed order is
eventually admitted, as for (10.47), each fixed layer on its full support and the rotation primitive
have bounded derivatives of every fixed order on their whole preterminal lifetimes.

Proof. The coefficient calculation and the refunded recursion prove the field step. The four intrinsic
comparisons and Lemma 10.1 prove its normalized bounds; solving the explicit generation recurrence
proves their uniform carrier comparison. The rank-ordered argument proves the simultaneous
center and control step. The moment split proves the four forms and fixed-layer assertion. Finally
(10.44) and the complete residual identity give (10.45). Each estimate was proved for precisely the
earlier ranks used by the next one, so these are simultaneous conclusions, not mutually assumed
hypotheses. �

The remaining parameter task is scalar: choose one sequence realizing the common low-order
tests, the positive denominator and support windows, the relative full-depth tests, the i+ 1-inclusive
center comparisons, the clock and order-function tests, and Fm,k ≤ εm,k with the desired summable
bounds for each fixed k. The estimates above prove a uniform bare ray for their generation and
moment parts, not the choice of that whole infinite sequence. All-trial assertions remain at the
all-trial scope of the common lower-order proposition; its selected-history bounds, including the
instantaneous central weight and strict returns, are used only on that selected history. No limiting
Euler theorem or terminal uniqueness statement is asserted here.

11. Continuation and return of the finite quantitative inputs

The preceding estimates concern the same complete finite solution. We now specify their scalar
hypotheses together and prove that they return the inputs of the material, correction and control
propositions. In particular a high derivative bound is not used to start the low-order continuation
argument. Older-layer estimates are uniform over every current trial 0 ≤ µ ≤ cp with its common
selected past. Estimates for the youngest completed layer and its subsequent full-flow path use the
selected return only. These quantifiers apply throughout; the return selector is never differentiated.

11.1. Data, domains and scalar comparisons. Fix a finite number of insertions, the smooth
profiles and compact recovery operator of Section 5, and the magnified unit-ring chart of Lemma 2.3.
Fix a compact containing region inside P, with positive distance from its boundary and from
cg = 0. If LF contains the prescribed compact physical profiles and recovery supports in this chart,
take 0 < εgeom ≤ (16LF )−1, as in Lemma 2.3. The base datum, the first angle, the first return
compression, and all comparison constants are fixed. The base is the one in (9.1); in particular its
circulation level is (2εgeom)−1. At each insertion the profiles are smooth on B2`i , supported in B`i ,
and have the prescribed flat time activation. The constant-envelope core is exactly Bρcorei

in (10.1);
the usual choice ρcore

i = `i/2 does not replace the smaller first core. On this core the phase profile
has its prescribed linear part for |s| < sc. Means and phase primitives are always taken on T before
this restriction. The time intervals Ii,Wi, Gi are those of (9.8). In particular Ii = [τi, tend] includes
all elapsed later evolution of layer i up to the current finite horizon. Every use of a growth or return
window is restricted to its existing portion.

The paths Yq and Z solve respectively the older and full velocity equations (7.6). Write Ainv
i = X−1

i
for the inverse map, to distinguish it from the positive amplitude Ai below. Every occurrence of an
old profile at either path includes its own inverse map. An estimate on the rigid set Yq +MqB2`q ,
an estimate on the transported image of B`q , and an estimate on a straight segment between
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two observation points have their different meanings. The connecting-segment clause below is not
inferred from its endpoints.

For a requested force order k ≤ km use

(11.1)

0 ≤ k1 ≤ · · · ≤ km, ki ≤ Qi/cQ, Ji = 2ki + 8,

r∗ = k + 4Jm + 9, rX = r∗ + 2, rF = r∗ + 4,

B = Lm = rF + 3, Li = Li+1 + 2Ji + 5 +B, ιi = 3Ji + 4.

The older rectangles are b ≤ B, p ≤ ιi − 2n, |α| ≤ Li − 2n− 1. They apply on the old cores, not on
old cutoff annuli. Young estimates have total mixed order as in (6.5)–(6.6) on T × B`m . We use
Euclidean tensor norms and the normalized profile norm (3.8); its weight is ρi(t) = |Ri(0, t)|/Y∗,i,
never differentiated. Physical norms are Ckx,t as in Section 6.

Here is a precise convention for evaluating the conditions. Start with the prescribed profile
derivatives, scalar intervals, phase and label radii, and inherited data. Use the positive product,
partition and reciprocal rules (9.6), (9.7), (10.11), (10.12). Apply them to the signed formulas before
estimating their terms. Use (9.12), (9.18), (9.22) at low order, and the recursions (10.7), (10.24) at
the higher orders. Restore the displayed powers of `i before multiplying a derivative by a radius.
Integrals use the prescribed scalar history, including its inherited portion. Denote the resulting
upper number for an expression E by U(E), and its computed positive lower number by L(E). A
zero expression has upper number zero. These are finite formulas in scalar data, not suprema of
the unknown solution. For example U(|Daζi|) is the unscaled entry of the inverse-map array. For a
two-point difference one first writes its segment integral, so U retains the separation and the exact
contraction.

All tests for stage q are made before its current trial is run. The already selected σi, i < q, may
be used as recorded scalar data. Their defining convention is the principal sum

(11.2) Ai = −NiTi(0, t)|ζi(0, t)|, ei = ζi(0, t)/|ζi(0, t)|, σ2
m =

∣∣∣∣∣∣−A0eb −
∑
i≤m

Aiei

∣∣∣∣∣∣ (tbm).

The sum at the selected endpoint has all activations equal to one. It is not redefined to be
the complete circulation gradient at Z; the difference remains in (9.49). In a bound involving a
not-yet-selected later scale use the endpoint of

(11.3) cσN
β
i ≤ σ

2
i ≤ CσN

β
i

which enlarges that bound. The current instance of (11.3) is a conclusion, not a hypothesis on its
trial. Truncation of a prescribed nonnegative history integral only decreases its upper number. A
finite version of each list below ends at the last window in use. Its infinite version consists of the
same tests for every finite initial sequence.

Scales and control margins. Take N1 > 1, put Ni = NQi
i−1 for i ≥ 2, and Qi = q0 + i, with

q0 ≥ 220, cQ ≥ 218. The scale conventions of (10.3) are retained, with 0 < β < 1: β̄ = 1 − β,

δi = Πd
iN
−h
i ≤ 1/2, d ≥ 2, 0 < h ≤ β̄, `i = N−ai−1 for i ≥ 2, and Πi = Np

i−1(logNi)
r ≤ N v

i . Require
p ≥ a > 1 + β/2 and positivity of

(11.4) h∗ := h− dv, a− 2β, 2h∗ − β/2, β̄ + h∗ − β/2, c := a + h− 1− 3β/2.

Keep the first radius and clock as defined in Section 9, with its fixed base linear-phase half-width
0 < s0 ≤ sc and first-collar constant C` > 0. In particular

(11.5) `1 =
s0

C`N0Λ`
, Λ` ≥ (logN1)2, `−1

1 ≤ Π1.

The first variation integral, rather than a later-index power estimate, is tested below.
Write si = θin

i . The growth length Λi is not the derivative allowance Li in (11.1). For i ≥ 2,
si = Λiσi−2/σi−1, Γgr

i = σi−1 sin si, and the return compression is Λi. The first compression Λret,1
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remains fixed. The finite scalar schedule used in the low-order comparison is the following, with
empty sums zero:

(11.6)

Λ−1
j ≤ εs, 100 ≤ Λj/Λj−1 ≤ Q2

j (j ≥ 2),

sj , Λjsj , Λ4
jσ

2
j−2/σj−1, σj−2/σj−1 ≤ εs (j ≥ 2),

Λjsj ≤ εssj−1 (j ≥ 3),
∑
j>i

sj ≤ εssi,

hj := sj−1σj−2 (j ≥ 3), h2 = 0, hjΛj/Γ
gr
j ≤ 2εs,

j∑
i=0

σνi ≤ (1 + 2εs)σ
ν
j (ν = 1, 2),

j−2∑
i=1

σisi+1 ≤ 2hj ,

j−1∑
i=1

σis
2
i+1 ≤ 2εsΛ

−2
2 ,

j−1∑
i=1

σ2
i si+1 ≤ 2σ2

j−1sj ,

A0 ≤ εsNβ
1 , A0/(σ

2
j−1sj) ≤ εs/Λj , 2σ2

j−1 ≤ εsN
β
j (j ≥ 2),

σi ≥ max(ε−1
s σi−1, σ

3
i−1), 1, `−1

j , CΠσ
2
j−1, (Γ

gr
j )±1 ≤ Πj ,

Γgr
j ≤ Xj , Xj ≤ εsXj+1, Xj+1 ≤ εsΠj ,

(Λ1 + 2 + Λ−1
ret,1)/Γgr

1 + CT /σ0 ≤ Π1.

Only available scale indices occur in this display; an occurrence of σj at the next insertion is tested by
(11.3) beforehand. The first pulse obeys Λret,1 ≥ 2cp‖η2‖∞, 0 < s1 ≤ 1/8, and cpΛret,1‖η2‖∞ sin s1 ≤
1/4.

Use the fixed strict intervals stated before (9.4), including 0 < cW < 1/3, cp > ῡ > 3/2,

CW > 1 + ῡ, Call
W > 1 + cp, and 0 < cθ < 2/3 < 1 < Cϑ, 0 < ζ− < 1 < 3/2 < ζ+, where ζ± = z± of

the low-order section. More explicitly, take

(11.7)

0 < z∗ < min(ζ−,
√

15/4), 0 < cA < cos(2s1), Cϕ > cp‖η2‖∞,

I0 =

∫ 1

0

dt

(1 + t2/2)2(1 + t)
, 0 < G− < min(1 + I0, 1 + log 2),

G+ > max(1 + ῡ, 2 + Λ−1
ret,1), cσ = eG− , Cσ = ζ+e

G+ ,

CS > 1, CT = 2CS , CK > 2ζ+ζ
−2
− .

The ratio and central matrix-size constants are the finite upper endpoints calculated on these
intervals. Enlarge CΘ once to contain their product with eG+ and the fixed factor CY in the
low-order normalization. The tolerance is chosen by the following finite rule. In the scalar proof
of Lemma 9.2 and the proof of Proposition 7.7, replace every coarse interval by its stated relaxed
endpoints and collect the finitely many coefficients multiplying the error tolerance, each divided by
its corresponding positive model margin. Let Cctl ≥ 1 be one plus their sum. Choose

(11.8)

0 < εs ≤ min{1/4, (32Cϑ)−1, cθ/8, (4Cctl)
−1}, 0 < εsch ≤ εs/(4Cctl),

0 < δret ≤ δ0(cp, ῡ), Cctlδret < 1/4, δret ≤ (cp − ῡ)/(2cp),

0 < εfac ≤ 1/100, 8εfac ≤ δret, Λ−1
m ≤ δret (m ≥ 2).

Here δ0 is the finite threshold in the displayed generic comparison proof, with its fixed pulse profiles.
Thus this choice is independent of the correction constants and of unknown fields.
Complete low-order arrays and their domains. Require (9.24), (9.25), (9.31), (9.35), and (9.42),
evaluated at their printed relaxed factor two and at every consumed low-order entry. In addition
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impose the following unscaled comparisons:

(11.9)

ηi max(1, Fi,0, Fi,1) ≤ 1/8, ηi

9∑
s=2

18s

s!
max
q≤s

Fi,q ≤ (16e2)−1,

|zin
ij |bd ≤ z+,

∫
Bbd
ij ≤ 1/2, Dij ≤ z+/2, 2`jK

2
jA

bd
i,2 ≤ z+/2,

Si/δi ≤ CphΠ2−d
i N

−(β̄−h)
i ,

∑
q>i

|Wq|bd ≤ 2CT /σi−1,

U(|Da′ [Γ<i(Yi +Mia
′, t)]|)`i ≤ Γ−,i,

0 < Γ−,i ≤ L(Γ<i), U(Γ<i) ≤ Γ+,i.

The letters in the second line are the initial, integral and curvature numbers of (9.27). The last line
is evaluated from the base and complete profile values on the containing region; the signed product
2WΓ<i is still evaluated by (9.2). If positivity of the total circulation after insertion is used, also
require U(|γi|) ≤ Γ−,i/2. These value tests concern positive circulation, not its large gradient.

The base-distance test is that the computed center and rigid-tube enclosures are compactly inside
the fixed containing region. The old-core tests are exactly (9.35); for every two-point consumer
retain separately

(11.10) Ainv
i ([Cq(t), Cq−1(t)], t) b Bρcorei

, |Nipi ·Ainv
i | < sc on that segment.

This notation denotes the segment enclosure certified by the scalar inverse-map and separation
arrays, not an additional unknown-field assumption. One may certify the already required clause
by subdividing the segment and using those arrays. For example its endpoint label bound plus
its computed inverse-Jacobian bound times the segment length is a sufficient expression when it
is smaller than ρcore

i ; this particular sufficient expression is not required if the original segment
enclosure is already certified. The same convention applies to its phase bound. No convexity of the
nonlinear core image is asserted.

The older-gradient rate in (9.42) is specified without a realized derivative. Compute the positive
first derivative of

∑
i<q Ai sin(φq−φi) on growth, using the factored relative-angle equations and the

old scalar rate bounds in the proof of Lemma 9.2, then divide by σ2
q−1sq. Include the base summand

separately and take its sum with the scalar logarithmic rates of Aq−1, |ζq| and the adjacent angle.
For q ≥ 2, call its sum with CinΓgr

1 1q=2 the number sq, where Cin ≥ 1 is the fixed first-parent rate
constant from the first-history calculation. At q = 1 use s1 = 0: there is no older correction and the
central growth coefficients are constant. In particular the first-parent contribution at q = 2 is not
deleted with the empty older shear sum. Require

(11.11) sq ≤ CsΓgr
q /Λq.

This is the older-clock sum meant in (9.42). In its calculation each differentiated old summand
is A′i sin diq +Ai cos diq(φ

′
q − φ′i); the factored difference is taken before absolute values. Thus the

definition does not charge an unfactored shear sum.
Weighted history, return and the next datum. Use the complete coefficient histories (9.46) and both
pulse costs (9.47). If a±i , b

±
i are the prescribed positive growth windows and ebd

i their logarithmic-
ratio rate, require

(11.12)
Keig
i ≥ max{

√
a+
i /b

−
i ,
√
b+i /a

−
i , 1}, 0 < ρeig

i < 1,

2
√
a−i b

−
i ρ

eig
i > ebd

i (1 + (ρeig
i )2), CR satisfies (9.48).

The datum is the growing eigenline. The first hold has its actual nonzero upper-row integral in
this formula, and all later windows belong to the tail. Fix c∗,i =

∫
mbd
i using (9.28); require its full
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double-history estimate (9.29) and the first-layer integral from (11.5), together with the pointwise
ni ≤ 1 and datum tests of (9.31).

For the generic return retain the definitions preceding Lemma 8.3. Use the upper arrays of the
complete jets for EDi ,E

G
i ,Si,Ai in (8.20)–(8.21); the angle bounds are the corresponding interval

bounds from the relative-angle and segment arrays. Require the two sums in (8.21) to be at most
δret. For each of the thirteen factors printed after that equation, calculate the upper bound for
its difference from one by the same signed formulas and require it to be at most εfac. Require the
computed entry deviations

(11.13) U(|ze − 1|), U(|W(t1)|), U(|υ(t1)− 1|) ≤ δret.

These are the outputs of growth and transition calculated with the relaxed errors, not hypotheses
on an unconstructed return solution. The first return instead uses its exact scalar formulas. To
specify its short-length test, let c±, c

+
r , k±, v± be the computed positive coefficient and entry-ratio

endpoints in Lemma 7.5, and put

(11.14)
V+ = max{v+,

√
c+
r /k−}, V− = v−/(1 + k+v−), Bret = 2(V+ + cpc+ + 1),

cpc− > V+, k+B
2
ret/Λret,1 ≤ min(1, V−/2).

These are exactly the positive coefficient and short-length inequalities on that fixed first box.

For completeness, make the scale and anchor comparisons explicit too. Let aend,−
m , aend,+

m be

the computed endpoint bounds for Am: begin with −Tm = N−β̄m at the hit, integrate the scalar
transition and selected-return logarithmic gain bounds, and multiply by Nm and the endpoint
covector bounds. Let Sold

m = A0 +
∑

i<m U(Ai(t
b
m)) using the inherited amplitude intervals. Require

(11.15)
cσN

β
m < aend,−

m , aend,+
m + Sold

m < CσN
β
m,

Sold
m ≤ 1

2εsa
end,−
m .

These are the scalar endpoint inclusions associated with the strict gain margins (11.7). Their lower
gain is 1 + I0 in a generic stage and 1 + log 2 in the first stage, with the calculated perturbations
retained. No derivative or norm of a future field is used in these three tests.

For holding and reinsertion require the explicitly computed εGi ≤ εG of (9.49), (9.50), and the
cone margin e · ei, e · eb ≥ ν > εG certified by the scalar angular intervals. Keep separately the
next-index contracted comparison

(11.16) U(transverse error at Z) ≤ εsσ2
msm+1, parent lower contribution ≥ cθσ2

msm+1/5.

The expressions are the contraction of (9.36) with the new transverse direction, using (9.38) and
the selected full-flow offsets. Also test the two positive insertion coefficients on B2`m+1 by (9.31). In
particular this is not a full-matrix smallness condition.

The seed convention and activation test are

(11.17) T seed
i = −N−ki−ei , Y bd

act,i := N−ki−ei

√
1 + (u+

i )2 exp(g+
i /Γ

gr
i ) ≤ CrpN

−ki−e
i .

Here u+
i and g+

i are the upper ratio Ω̂i/Ti and logarithmic growth rate supplied by the scalar
growing-line comparison on the short activation window. Thus Crp is a fixed ramp constant. The
growing-line bounds u+

i ≤ 1 +O(εs), g
+
i ≤ (1 +O(εs))Γ

gr
i give this bound directly, without a bound

over the whole growth interval. Fix e > β̄. The desired logarithmic gain and the scalar test placing
activation before its target are Λi = (ki + e− β̄) logNi and Λi > g+

i /Γ
gr
i , respectively.

Higher constants, true sizes and clock moments. Use the full generation recursion (10.24) and the
majorant G(m, km) of (10.27), with the fixed-order profile function Kho in (10.25). Require (10.29),
(10.39), and Kho(km) ≤ logNm, as well as all four finite true-size rows (10.21). The complete-level
row uses (9.25) at each actual term and retains the relative tails (9.24), including their first rates.
Set G(1, k1) = 1; there is no older generation at the first layer. In the second inequality of (10.29)
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fix c to be one sixteenth of the minimum of the five positive numbers in (11.4) and β̄. Thus no
exponent in that test remains unspecified. For the own young calculation also require

(11.18)

ηj max(1, f0,0, f0,1) ≤ 1/8, Kjηjf0,2 ≤ ζ−/2,
`j max(Kjµ<j , λΓ,j , λmet,j) ≤ 1,

G(m, km) max{Kmηm/ζ−, ηm,Kmµ<m`m, λΓ,m`m, λmet,m`m, λR,m`m} ≤ 1.

The density in the non-affinity representation is the produced nonnegative function, with
∫
dj ≤ 1

and dj ≤ Rj . Test the exact drift formula (10.16) in its units:

(11.19) `−1
i U(|ȧi|) ≤ CcvRj , U(|Nipi · ȧi|) ≤ Rj , 4ζ+N

1−a
j−1 ≤ 1.

The displayed exact positive expressions, not the coarsened o(1) notation in (10.17), are used for
this test. In particular the pointwise nonlinear remainder need only be below its scalar rate, not
below one.

Require (10.33). Define D+
i = G(i+ 1, ki+1)a∆,i, and use the separation and direction numbers

specified immediately after that equation. The remaining comparisons there are

(11.20)

D+
i d

0,bd
i ≤ εschλ

∗
i+1,

∑
i≤q−2

D+
i (xi + mi)%i,q ≤ εschλ

∗
q ,

2CW
∑
i≤q−2

σiD
+
i r
′
i,q + 2Ωbox

q−1ϑ
box
q D+

q−1rq−1,q ≤ εschsqΓ
gr
q ,

εctr,q ≤ Kctrεsch.

In the second line Ωbox is the absolute endpoint of its appropriate relaxed all-trial interval and
ϑbox
q = 2Cϑsq. In (10.34), likewise replace |Ωi| and |sci [q]| by their scalar interval and phase-radius

bounds. This defines the last line entirely before the trial. Its geometric and reciprocal defects are
evaluated from cg, 2WΓ, κ/|ζ|2 and their derivatives using (9.15), not by assigning corrector decay
to |ζ|2/κ.

For clarity the clock conditions, including the unlabelled first terms, are collected here. Set
Ri = max(1, ri), with the literal ri before (9.9); use X1 = Λret,1Γgr

1 , λ∗1 = cpΛret,1 sin s1, and
Xl = ΛlΓ

gr
l , λ∗l = Λlsl for l ≥ 2. The ordinary list begins at l = i+ 1, whereas the augmented list

has the additional term 1@Xi. Both retain the separate floor 1@Ri, for i ≥ 1. The ordinary base
list is υ0,l = σ0/σl−1, l ≥ 1; its first term is 1@X1, and the rest is dominated by the index-one list.
Require

(11.21)

N1 ≥ N0, Πi ≤ Πi+1, Ri ≤ Πi, Xl ≤ Πi (l ≤ i+ 1),∑
l

λ∗l ≤ 1, 2 + σi
∑
l≥i+2

σ−1
l−1 ≤ 3,

∑
l≥i

υ+
i,l max(Ri, Xl) ≤ C1Πi,

∑
l

λ∗l max(Ri, Xl) ≤ C1Πi,

υi,l ≤ Cλλ∗l (l ≥ i+ 2), Ri, Xl ≤ Π̂m (i ≤ m, l ≤ m+ 1, m ≥ 2),

(logNm)10 ≤ Π̂m, (logNm)30 ≤ Πm (m ≥ 2),

λ∗1X
r
1 + λ∗2X

r
2 ≤ 1

2Πr
1 (r = 1, 2),

∑
h≥0

exp[−β(q0 + 1)h logN1/4] ≤ 1
2 ,

max(1, r1) ≤ Q4
2(logN1)2

√
CσN

β/2
0 .

Here Π̂m is exactly that of (10.39); both logarithmic-head comparisons are for m ≥ 2. At m = 1, use
the separate first terms and native Π1 moments proved in Section 10, including the base, augmented
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own, rotation and fixed-floor entries. Retain (10.41) for the generic tail, its B + 3 ≤ Qm order
condition, and the finite first-future comparison

(11.22) Dm+2 ≤ Q3
m+2 logNm, D1 = Λret,1, Dl = Λl (l ≥ 2).

The last line distinguishes pulse duration from derivative-list amplitudes. For finite histories the
infinite positive series in (11.21) is just a prescribed scalar upper bound for their tails; it contains
no future fields.

Finally form all young coefficient sizes, fixed-profile constants and level constants in Section 6
from these arrays. Require every quotient in (6.3) to be at most one, with

(11.23) Tm = max(|Im|bd,Π−1
m ), λm = max(1, `−1

m ), Y∗,m = CΘN
−β̄
m .

The finite time bound includes the history to the last window under consideration. The scalar C∗ is
the maximum of the produced normalized young entries through rX and the relative data through
r∗, with the fixed profile derivatives included as in (6.4). These definitions, the explicit comparisons
above, and the referenced finite tables are the complete sufficient scalar list. No assumed mixed
field norm is an entry in it.

11.2. The joint finite statement.

Proposition 11.1 (Finite continuation and quantitative input return). Suppose the preceding data
and scalar comparisons hold for a finite initial sequence. Begin each insertion from its common
corrected selected past. Then the actual finite Euler construction exists through growth, transition
and both return pulses, for the full compact interval 0 ≤ µ ≤ cp of the current trial parameter. Its
older layers satisfy the low-order and admitted higher-order estimates on every such trial. The zero
set of the final principal vorticity is a nonempty compact subset of (0, cp); its least member selects a
causal next history. No derivative of that choice is asserted.

On the selected history the youngest complete layer, its hold and its full-flow insertion path satisfy
these estimates too. The complete circulation gradient has the positive cone lower bound (9.51), and
the distinct next-index transverse bound supplies the growing datum on its insertion collar. The
scalar growth-scale intervals (11.3) are returned.

For every k ≤ km, the same fields supply the amplitude inputs through r∗, the coefficient inputs
through rX , the rigid gradients and nonlinear remainder through rF , and the primitive older orders
rF + 1, rF + 3. The actual corrections, terminal composites and both means satisfy (6.5), (6.6) and
(6.7). Their physical force obeys

‖fm‖Ckx,t(Im) ≤ Ck,DC
ev
k

[
Λkph(1 +Nm/σm−1)

Er∗ΠmY
bd

act,m +
CΘN

−β̄
m

Tm

2Jm+4∑
g=Jm+1

sgδ
g
m


+ 2λmΛkslow

Jm∑
n=1

(MΓ
n +M ξ

n)

]
,

(11.24)

with the literal constants and rates of Section 6. By (11.17) this is at most the specialized expression
(10.45). These assertions retain the exact physical scaling to any prescribed positive radius and any
prescribed height.

Separately, on an infinite selected history satisfying the same scalar conditions at every finite
initial sequence and km →∞, each fixed layer has bounded derivatives of every fixed order over its
whole preterminal lifetime. The bound may depend on that layer and order. This last conclusion does
not assert uniform older estimates on cutoff annuli or beyond the admitted rectangles, an infinite
parameter choice, or summability of the complete force.

Proof. We give the dependency argument, keeping the long coefficient and constant calculations in
their preceding lemmas.
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Local family and low-order production. Proposition 7.2 starts the actual finite family from its
common past. Its spatial allocation can be enlarged to every finite order needed here. It provides
smooth finite solutions and continuous dependence on the current pulse parameter, not the desired
uniform constants. Fix the comparison phase and label radii before starting the family. For each
complete-center or displacement error let βν(t) be its positive expression from (9.38) or (9.34),
including its inherited datum. Temporarily impose 2βν , the relaxed scalar boxes, and the prescribed
strict domain inclusions on an initial segment.

On this segment Lemma 9.2 applies with exactly (11.6), (11.11), (9.42) and the fixed margins
(11.8). Its angular calculation uses the factored old matrices, the unmatched parent contraction,
and the two-point and direction errors separately. For 1 ≤ i ≤ m− 2, write Xi for the aligned scalar
correction in (9.43), distinct from the flow Xi. Then

qiΩi + Xi ≥ cW
[

1

2(1 + εs)
− 1

4

]
σi > 0, qi = |ζi|2/κi.

The principal factor is positive and bounded, not a decaying additive error. Its full matrix is
retained in the matrix and propagator consumers. The scalar comparison returns the stricter

amplitude, angle, component and ratio intervals. On growth the quotient Ω̂/T , divided by its
positive equilibrium, has an inward vector field at both endpoints. Hence T < 0 and its logarithmic
derivative lies between the specified positive growth rates. A target logarithmic gain is reached
once, transversally, between the corresponding two scalar times. The transition comparison returns
(11.13) and the coefficient factors. Nothing in this step presupposes existence of the end of return.

In increasing layer order, (9.35) places the young rigid tube in each required old core. The
Taylor integral (10.15) therefore uses actual old-core derivatives. The flow recursion gives |Ξ| ≤ `/8,
‖DaΞ‖ < 1/4, and the full inverse map. In particular the nonlinear image of B` stays inside the
rigid B2` region; these are not identified. The coefficient recursion retains the vector divaC, inverse
curvature, the rotation-dependent reduced vorticity, and the product 2WΓ. The tube and variation
tests give the required unscaled first-label numbers.

Here is precisely the weighted subargument being used. The growing eigenline, the cone inequality
in (11.12), and (9.48) give ‖P0(t, s)‖ ≤ CRρ(t)/ρ(s). The middle interval includes the transition
and both pulses. A selected hold contributes 1 +Hhist

i , with Hhist
1 retained, and the entire later tail

contributes its exponential. These are the four parts of the proof underlying (9.48). Before selecting
the current return only its existing parts are used. For a fixed label, mean value and (9.28) give
|B(a, t)− B(0, t)| ≤ m(t). Weighted variation of constants gives

sup
s≤u≤t

ρ(s)

ρ(u)
‖Pa(u, s)‖ ≤ CR + CRc∗ sup

s≤u≤t

ρ(s)

ρ(u)
‖Pa(u, s)‖ ≤ 2CR.

The same identity gives a propagator difference at most 2C2
Rc∗ρ(t)/ρ(s). Including the relative

datum error gives |R(a, t) − R(0, t)| ≤ 3C2
R(c∗ + cdat)|R(0, t)| < |R(0, t)|/2. This uses exactly

the central history, integrated first-label variation and datum hypotheses of the initial proof of
Lemma 3.1. No mixed or peak conclusion of that larger lemma is used to establish this step. Higher
label derivatives follow by the triangular pair recursion and the first time derivative by its equation.

For i < m, now form every level through Ji, in increasing level order, using (9.21). Its direct
term reads a lower level and its integral reads the already produced pair coefficient. The complete
relative tails in (9.24) and all true-size routes give the full center formulas, not a truncation at
level two. In the phase offset the own fast velocity cancels before estimating; integrate this offset
first, then the full label offset. The results are precisely βν , not 2βν . At an insertion the earlier
full-flow offset is inherited, not reset. Estimates on two-point differences use (11.10) throughout. If
an integral begins at zero, its undivided integral inequality is used at that time.

These strict recoveries exclude a first exit. They also give bounded α, positive symbols and
circulation, a nonzero current pair and all active ζj,2 denominators separated from zero. The physical
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support lies strictly in the fixed domain. On the compact finite interval, smooth dependence of
the flow and the strict inclusion margins provide an intermediate collar `i < `′i < 2`i with compact
transported image. The choice is uniform on the compact trial set. This supplies (5.1); it does not
assert transport bounds on all of B2`i . The prescribed smooth profiles extend past the endpoint.
Proposition 7.3 therefore excludes a finite terminal endpoint before the asserted horizon. The growth
hit, transition and both pulses consequently belong to one common continuous trial family.

Return, selected holding and the next insertion. The exact return equations are (8.19). Their
error sums use complete local jets and retain every aligned angle factor. The thirteen-factor tests
give |ci − 1|, |di| ≤ δret, with c4 = cm(0, t)ze/ sin sm and c6 = cm(0, t) still time- and trial-dependent.
Proposition 7.7 recovers the strict geometric intervals and Tm < 0 on all trials. On the negative
pulse, in its rescaled variable,

V (y) = υ1 − µ
∫ y

0
c6η2 − Λ−1

m

∫ y

0
kV 2.

At µ = 0 reciprocal comparison gives a positive endpoint. At µ = cp, its endpoint is at most
ῡ − cp(1 − δret) < 0. The first return has the same two signs from its exact positive coefficient
comparison. Continuity gives a nonempty zero set; it is closed in a compact interval and avoids
both endpoints. Its least element defines the causal return. This selection is made once; it is not
differentiated with respect to inherited data.

On that member ζm,1 = Ω̂m = 0 throughout the prescribed hold, so the principal pair is held. The
complete youngest correction can now be formed and estimated on this selected history. Continue Z
with that complete field. Its offset equation is (9.32); the same phase-first, then full-label, calculation
supplies the next insertion point and its inherited old offsets. No displacement is reset at this step.

The complete gradient is not frozen: (9.49) and the cone and ramp tests give

−e · ∇Γ(Z, t) ≥ (ν − εG)

(
A0 +

∑
i

wiAi

)
> 0.

This is the complete-field holding estimate. The different contraction (11.16), with 8εs ≤ cθ,
gives positive insertion coupling in the new transverse direction. Its collar test supplies the
full growing datum. Thus the complete next state is the state used by the next application of
Proposition 7.2. The recovered angular intervals, with s1 ≤ 1/8, also give ei ·em > 0 at this endpoint.
Consequently the norm in (11.2) lies between Am and Am + Sold

m . Equation (11.15) returns (11.3)
and 1− εs/2 ≤ Am(tbm)/σ2

m ≤ 1. The complete-gradient lower bound was proved separately above
and is not substituted into this clock definition.

Higher derivatives on that same family. The low-order result is the base, not an assumed higher-
order window theorem. At time order n + 1, (10.35) reads complete centers only through n; it
produces adjacent angles, radii and principal amplitudes. The control and top pair follow, then
the frame and map in increasing layer order, then the refunded equations in increasing correction
level. Their direct terms read only lower levels at the same order; the integrated scalar rotation row
reads α through the preceding order. Form the complete effective center values and total transverse
gradient last. They enter the next primary step only at its previous order. A younger velocity in a
moving reading likewise occurs only at that previous time order. Thus this is the actual time-order,
internal-rank, layer and level induction of Section 10.

The enlarged rectangles (11.1) pay the old primitive orders used on the containing rigid tube.
The exact nested-tube and segment conditions justify each domain of evaluation. The contracted
unmatched angular term is differentiated as an identity; mixed tensors containing ζi vanish in
that contraction. Its small bound does not replace the full matrix in the other consumers. The
multiplicative principal metric and the full direction term in (11.20) remain in the differentiated
lists.
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The positive recurrence (10.24), its full-depth tree count and (10.29) bound all resulting constants
by the prescribed majorant at their true sizes. An intrinsic old coefficient uses its own certifying
carrier Ni, whereas the comparison for a new generation uses Nm−1. The proof does not absorb an
arbitrarily old factor at the newest carrier. Purely spatial young factors are paid by (11.18). At
positive time order the gap (10.39) applies to the total differentiation order of the marked factors
in each monomial. The finite polynomial count in the generation proof is retained before this
absorption; a geometric sum alone would not count those monomials.

The moment split in (10.42) uses the head, the first future term, and the exponential tail.
Conditions (11.21)–(11.22) supply each part, with its literal first compression and its floor. The
raised-moment identity (10.43) retains the extra amplitude mass; it does not silently remove the
own term of the augmented list. These are precisely the ordinary, augmented and rotation moments
consumed by (10.38). Consequently the four higher-order estimate forms and their fixed-order
constants apply to the same complete fields just continued above.

Return of the material and force inputs. On the young support the own spatial tests and the time
gap give the relative amplitude derivatives through r∗, including mixed pointwise coefficient variation
separately from

∫
m. The central weighted bound is the one already proved, not a newly assumed

propagator. The map estimates supply M±1, D, Ẏ , the central covector and the rigid nonlinear
remainder through rF , as required by (4.5). The first zero-time remainder has its integrable density;
positive time derivatives have their produced clock bounds. The full inverse, its curvature, and the
metric and older-scalar products then supply (4.11) through rX , with the sharper Piola identity
(4.12). In particular ∇ab retains αDab

rot. The primitive supplies are rF + 1 for circulation and
rF + 3 for streamfunction. The initial B2` datum calculation is separate from the subsequent young
support estimates. Fixed smooth-profile derivatives and the fixed-order factor are included before
defining C∗.

The pointwise weight remains Y∗ρ(t) = |R(0, t)| in all these differentiated equations. On activation,
the scalar logarithmic growth and ratio bounds integrate over its length (Γgr

m)−1, giving exactly
(11.17); the fibre comparison supplies the fixed relative factor used by the activation profiles. This
is the short-ramp growth calculation, not replacement of the instantaneous weight by its lifetime
maximum inside derivatives.

Every quotient in (6.3) now concerns produced quantities. In particular its fast circulation-square
row is Tmσm−1$∗z0Y∗/δm ≤ 1, with no inverse-frequency gain. Proposition 6.1 therefore applies at
all retained levels. Pairs stop at Jm, elliptic composites continue through Jm + 2, and raw terminal
sources through 2Jm + 4. The largest source order at force order k is k + 2(2Jm + 4) = r∗ − 1,
leaving the stated extra derivative for activation and the mean primitive. The two means are exactly
(6.7); the reciprocal-symbol derivative and circulation-square terms of the vorticity mean remain.
The mean primitive is estimated through k + 1, its divergence through k, and complete gradient
and Hessian evaluation through k + 2.

Finally physical differentiation uses the complete material drift HXt. Its oscillatory and mean
rates are respectively Λph and Λslow; no phase frequency is charged to a mean. The compact inverse
is applied to activation plus terminal remainder together and to each compatible mean separately.
This proves (11.24) by the actual proof of Proposition 6.2. The fixed chart and the unit-ring scaling
give the asserted physical interpretation.

For the final, separate infinite-history assertion fix a derivative order. Eventual admission and
the exponential clock tail give the required rotation derivative on every sufficiently late window.
The finitely many earlier windows are a smooth finite beginning. The resulting fixed-order rotation
bound, followed by induction on the fixed layer, gives its flow derivatives, inverse derivatives,
coefficient derivatives and the finite correction hierarchy over its whole finite preterminal lifetime.
On its outer annulus use its fixed smooth cutoff with a constant depending on that layer and order,
as in the last part of Section 10. This proves fixed-layer finiteness and nothing outside the stated
quantifiers. �
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12. One sequence and the smooth physical force

We choose the parameters in Proposition 11.1 once. The choice will work at every finite stage, and
its admitted derivative orders will tend to infinity. Throughout this section all estimates preceding
the final physical change of variables are in the magnified unit-ring coordinates of Lemma 2.3.

12.1. Fixed data and the initial frequency. Fix the compact recovery operator, the smooth
cutoff and pulse profiles, and a compact containing region on which the base has the form

Γb = Γ0 −A0eb(t) · y, Ψb = α(t)|y|2/2, Γ0 = (2εgeom)−1.

Here y denotes the two-dimensional magnified coordinate. The actual base fields are their prescribed
compact extensions. Fix A0 > 0, σ0 =

√
A0, and the first pulse compression Λret,1 so that (11.14)

holds with strict margins. First choose the pulse amplitude interval and its positive coefficient
endpoints; increasing the fixed compression makes the second inequality in that test strict. Then
choose s1 > 0 sufficiently small to meet the two first-angle conditions following (11.6). Set
Γgr

1 = σ0 sin s1 > 0. This compression is not the first logarithmic gain.
Choose the remaining fixed windows, G±, cσ, Cσ, the cone margin, and the tolerances by (11.7)–

(11.8). Choose the containing and recovery radii first, and then one positive εgeom sufficiently small

for Lemma 2.3 and for the fixed metric margins. In particular the product 2WΓb, not separate large
bounds for its two factors, is used in these choices. The finitely many strict margins remain positive
after these choices. The central four-part history calculation (9.46)–(9.48) now fixes CR; the first
hold contributes its fixed, possibly nonzero, upper-row integral. It is not required to tend to zero.
Also fix the base carrier N0 > 0 from (2.7), and the base linear-phase half-width 0 < s0 ≤ sc and
first-collar constant C` > 0 of Section 9. These first-layer data are fixed before Kho.

Here is a convenient non-extremal choice of exponents:

(12.1) β =
1

8
, β̄ = h =

7

8
, a = 4, p = 8, q = 10, r = 40, d = 16, e = 8.

The auxiliary q is only the upper exponent for the gauge. Choose fixed integers cQ ≥ 218, q0 ≥ 220,
enlarging them in the finite inequalities below, and put

Qi = q0 + i, u = q/cQ, v = q/(q0 + 1), h∗ = h− dv.

We require

(12.2) dv <
1

16
, 8u + 100v <

1

16
,

9

cQ
+

51

q0 + 1
< 1.

Any finite constants in the power comparisons below are fixed before the last enlargement of q0. In
particular, if Co is the largest fixed exponent of an earlier carrier in those comparisons, also require
Co/(q0 + 1) < 1/64. These are finite choices: none involves a derivative order or a realized field.
The five numbers in (11.4) are then positive; in particular

h∗ >
13

16
, a− 2β =

15

4
, c = a + h− 1− 3

2
β =

59

16
.

Let c > 0 have exactly the value specified after (11.17), namely one sixteenth of the minimum of
those five numbers and β̄. Fix Cs by the older-gradient calculation below, and then the profile-order
function Kho of (10.25) with these data, including the fixed clock-moment constants. It is fixed
before y and every depth.

For y = logN1, define

(12.3)

N1 = ey, Ni = NQi
i−1 (i ≥ 2),

Π1 = Np
0 y

r, Πi = Np
i−1(logNi)

r (i ≥ 2),

`1 =
s0

C`N0y2
, `i = N−ai−1 (i ≥ 2), δi = Πd

iN
−h
i .
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The calculation below enlarges the threshold in y to meet the first-collar tests (8.23); N0, s0, C`
remain fixed. There is no recurrence defining N1 from N0. Set, before constructing any trajectory,

(12.4)
ki = max{k ∈ N0 : k ≤ Qi/cQ, Kho(k) ≤ logNi}, Ji = 2ki + 8,

T seed
i = −N−ki−ei , Λi = (ki + e− β̄) logNi.

For i ≥ 2, the insertion angle and growth rate are chosen causally from the already selected clocks:

si = Λiσi−2/σi−1, Γgr
i = σi−1 sin si.

Every estimate involving a future clock uses its two prescribed endpoints cσN
β
i and CσN

β
i .

Lemma 12.1 (Uniform elementary comparisons). There is one finite y0, depending only on the
fixed choices, such that, for y ≥ y0, the sets in (12.4) are nonempty and nested, ki →∞, and

(12.5)

xi := logNi = y
i∏

j=2

Qj , xi ≥ (q0 + 1)i−1y, Qi ≤ xi−1 (i ≥ 2),

Πi ≤ Nq/Qi
i ≤ N v

i , δi ≤ N−h∗i ≤ 1

2
.

Every fixed finite family CxAe−bx, b > 0, is uniformly small at x = xi, and its sum over i is small,
on one such ray. The same assertion holds with a fixed power of Qi or i. It also holds for the
generation factors in the two comparisons (10.29), with exactly their stated bases.

Proof. Nonemptiness follows from y ≥ Kho(0). Both upper limits in (12.4) increase to infinity; thus
every fixed integer eventually belongs to the set. The frequency identity gives the first line of (12.5).
Choose y so large that

40 log(Q2y) ≤ 2y,
q

Q1
y − 40 log y ≥ p logN0.

The first inequality propagates, because x/ log x increases for x > e and

Qx

log(Qx)
≥ Q

2

x

log x
(Q ≤ x).

It proves the gauge estimate for i ≥ 2; the second is exactly its exceptional first instance. The
assertions for δi follow. For any A ≥ 0, b > 0, the function xAe−bx/2 is bounded and eventually
decreasing. Hence ∑

i≥1

CxAi e
−bxi ≤ CA,b

∑
i≥1

e−b(q0+1)i−1y/2 ≤ CA,b
e−by/2

1− e−by/2
.

Fixed powers of Qi and i are absorbed by a fixed power of xi, after increasing y.
For the remaining assertion use the full, already proved generation bound (10.28), not a bound

polynomial in the generation:

(12.6)
logG(m, km)

logNm−1
≤ C3(m+ q0)124−(m−2) 1 + log y

y
(m ≥ 2).

The supremum of the coefficient in m is finite, since it is at most its convergent sum. Thus this ratio
is smaller than any fixed positive number on one ray. The extra logarithm of (Qmxm−1)2 divided by
xm−1 tends to zero uniformly, by the same elementary comparison. This proves the first test (10.29).
Apply (12.6) with m = i+ 1: its denominator is then logNi. Together with a∆,i ≤ G(i+ 1, ki+1),
this proves the second test there, including i = 1, whose intrinsic low constant is fixed. No estimate
of an old constant has been transferred to a newer base. �
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12.2. Verification of the scalar hypotheses. All constants below are computed upper bounds
for the positive scalar expressions in Section 11. A symbol C is permitted to increase only as a
function of the fixed profiles, windows, geometry and the fixed integers. It is not a constant chosen
anew at a layer.

Scalar times, angles and histories. Write bgain
i = ki + e− β̄. Then

7 < bgain
i ≤ Qi/cQ + 8, Qi ≤ Λi/Λi−1 ≤ Q2

i (i ≥ 2).

For the upper bound use monotonicity of ki, b
gain
i−1 > 7, and bgain

i /bgain
i−1 ≤ Qi. The lower bound

exceeds 100. All Λ−1
i are small once Λ1 is large. The bounds σi � N

β/2
i used here mean their

prescribed scalar intervals, not an assumption about the current solution. For i ≥ 3,

σi−2

σi−1
≤ C exp{−β

2 (1−Q−1
i−1)xi−1},

and the instance i = 2 has the fixed numerator σ0. Consequently every product of a fixed power of
Λi, Qi with this ratio tends uniformly to zero. For example,

Λ4
i

σ2
i−2

σi−1
≤ C(Qixi)

4 exp{−β(1/2−Q−1
i−1)xi−1}.

The first instance is the same expression with σ2
0 fixed. These bounds prove the small-angle rows,

the cubic clock separation and the first clock comparisons in (11.6).
They also give, uniformly,

Λisi ≤ εssi−1 (i ≥ 3),
∑
j>i

sj ≤ εssi.

Indeed the ratio of consecutive terms is a fixed polynomial in Qi, xi times a negative exponential in
xi−1; make this ratio at most εs/4 and sum the geometric majorant. The exceptional ratio s2/s1 is
one separate ray. The remaining sums follow by writing their summands in these same ratios:

σisi+1 = Λi+1σi−1, σ2
i si+1 = Λi+1σiσi−1.

Their increasing sums are bounded by twice the last term. The sum with s2
i+1 is decreasing and is

bounded by twice its first term, which is smaller than εsΛ
−2
2 on the first ray. Furthermore

hjΛj
Γgr
j

≤ 2sj−1 (j ≥ 3), h2 = 0.

The sums of σi and σ2
i follow from their successive ratios; the base term is included in the first

comparison. The two comparisons involving A0, and the domination of the old principal sum by the
new principal amplitude, are the same negative-power comparisons.

At the first index, `−1
1 = C`N0y

2/s0 and Λ1 ≤ (Q1/cQ + 8)y. Hence Π1 = N8
0 y

40 dominates

`−1
1 , the first duration, the fixed rates and their reciprocals, and X2 ≤ CQ4

2y
2σ0. For every index,

(logNi)
30 ≤ Πi, with no exceptional failure at i = 1. For i ≥ 2, p > a, β gives all the gauge-size

rows. The first rate is X1 = Λret,1Γgr
1 ; it is never replaced by Λ1Γgr

1 .
The growing-line comparison has uniformly bounded eigenvalue ratios. Its logarithmic drift

integral is O(εs); the transition and the two pulse integrals have fixed bounds. The selected hold
has zero lower row, its first upper-row integral has a fixed bound, and the later-window integral is a
convergent clock sum. Substitution in (9.48) therefore gives the fixed CR chosen above. The strict
cone inequality in (11.12) holds by decreasing the fixed tolerance. On the first growth interval the
explicit calculation in Section 8 gives

c∗,1 + cdat,1 ≤ C`1(1 + Λ1) ≤ C/y.
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Its later contributions are bounded by C`1 times the fixed hold and tail integrals. Thus the full
first variation and datum test follow on one ray. This is the integral calculation; it does not use a
nonexistent parent carrier for layer one.
Spatial variations and complete corrections. We record the small powers in the actual scalar arrays.
This also identifies the carrier used in each comparison. In the next display x = logNj−1 for an
insertion at j ≥ 2; for a correction of layer i, x = logNi. Here “fixed factors” means a fixed product
of powers of x,Qj and of earlier carriers, with the latter rewritten in the displayed carrier. Its
logarithm is at most Cox/(q0 + 1) + Co log(2 + x). It never includes a generation constant.

The positive product rules of the preceding sections give the following bounds before the final
comparison with the prescribed tolerance:

(12.7)

quantity, in its stated output unit carrier decay exponent
ηj , ηj maxr≤9 Fj,r Nj−1 a− 2β

Kjηj , c∗,j + cdat,j , nj Nj−1 c
`jKjµ<j , `jλΓ,j Nj−1 a− 3β/2

`jλmet,j Nj−1 a− β/2
xi/σi, gi/(ζ+σi−1σi) Ni 2h∗ − β/2

mi Ni β̄ + h∗ − β/2
g′i Ni β̄ + h∗

d0,bd
i /λ∗i+1 Ni min(2− 3β/2, β̄ + h∗ − β/2)

first-rate transverse error Ni 2h∗ − v
individual circulation and center-drift increment Ni β̄

phase and label displacement Ni min(β̄, β̄ + h∗, 2− 3β/2).

The first four rows may carry the appropriate factors G(j, kj), and the second row may carry its
square, from the coefficient and propagator calculation. The remaining differentiated correction
rows carry D+

i = G(i+ 1, ki+1)a∆,i, not the constant of the arbitrarily late observing window.
Here are the calculations behind the rows and their use. In (9.26), contract with the parent’s

covector before taking norms. The fast principal velocity has zero contraction. The remaining
pure-phase second derivative is the level-one correction; with `j = N−aj−1, its integrated size is

C `jN
2
j−1N

−β̄
j−1δj−1σ

−1
j−2|Ij | ≤ C N

−(a−2β)
j−1 (fixed factors).

This is the first row. A coefficient variation or relative growing datum adds at most the factor σj−1

and a logarithmic growth length, giving the exponent a− 5β/2 = c in the second. The exact Piola
identity (10.18) retains a map-curvature factor. The older scalar gradient and the metric derivative
therefore give respectively the third and fourth rows after multiplication by `j . The derivative of the
growing eigenvector is obtained by the reciprocal and square-root rules from these same two positive
off-diagonal entries. No independent norm of a second frame is used. The fixed low partition sum is
a finite positive combination of the first row; its maximal order is nine.

For the center rows, substitute Y∗,i = CΘN
−β̄
i and δi = Πd

iN
−h
i in (9.38) and (10.19). The aligned

correction has size

CΠ2d
i N

β−2h
i /σi−1;

division by the positive scale σi gives the bound for xi/σi. For the aligned-gradient test,

gi
ζ+σi−1σi

≤ C

ζ+σi−1
Π2d
i N

β/2−2h
i ≤ C

ζ+σi−1
N
−(2h∗−β/2)
i .

The first σ0 is fixed and positive. The slow mixed Hessian has the displayed label and clock factors.
The misaligned gradient obeys

g′i = C ′GCΘKi`
−1
i Πd

iN
−(β̄+h)
i ≤ C ′GCΘKi`

−1
i N

−(β̄+h∗)
i .
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These formulas apply directly to the two consumers D+
i gi and D+

i

√
2 g′i in (10.33). Their exponents

remain positive after the earlier-carrier and range factors are bounded. In the unmatched angular
contraction (9.40), the two mixed tensors containing ζi vanish. The retained slow Hessian and
inverse-curvature terms, divided by λ∗i+1 = Λi+1si+1, give the angular row. For differences of two
centers, write the segment integral first. It retains the separation factor multiplying that same slow
contraction. The factored aligned sum and the local-direction differences retain their sine factors.
Their relative exponents are at least β̄ + h∗ − β/2. This proves the three center tests in (11.20),
rather than substituting a full-matrix smallness estimate for them.

Differentiate the signed next-index transverse expression once. Its leading correction is the aligned
gradient error multiplied by the adjacent sine; division by σ2

i si+1, followed by its own first-rate
factor Πi, leaves Πiδ

2
i , giving the first-rate row. The remaining terms are the just estimated slow

and segment terms. This proves (11.16) and its rate consumer. The central factors are calculated
from

2WΓ<j = c−2
g [1 + 2εgeom(Γ<j − Γ0)],

κi
|ζi|2

= 1 + (c−1
g − 1)

ζ2
i,1

|ζi|2
.

The variable increments in these expressions give the circulation and center-drift row. Their
accumulated defect is their summable sum plus the fixed geometric defect, which is made small when
the chart is fixed; it is not required to decay at the newest frequency. In particular the reciprocal
|ζi|2/κi stays in the principal shear; it is not part of a decaying additive error.

Finally (9.32) is integrated in phase first and in the full label second. The own fast velocity
contributes zero to the first equation. The remaining velocities have the last row’s powers, with their
original inherited endpoints. On an interval starting at insertion the un-divided integral inequality
is used. This preserves flat activation and makes no division by a zero seed. Summing the tails uses∑

q>i |Wq|bd ≤ 2CT /σi−1, already proved from the duration ratios. For a fixed layer the integrals
always start at its original insertion, including on later windows.

All exponents in (12.7) exceed a fixed positive number. Lemma 12.1, with a smaller exponent
if necessary, absorbs their fixed factors and their generation factors. For example, the second row
with two copies of G is bounded by choosing the uniform ratio in (12.6) smaller than c/8, leaving a
positive exponent after both factors. The own young tests (11.18) therefore hold simultaneously at
their actual admitted orders. This bounds purely spatial coefficients using their marked curvature
or first-label factor.

For completeness, the complete-level comparisons are not truncated at levels one and two. Their
intrinsic upper coefficients are bounded by the fixed finite constants included in Kho(ki) ≤ xi. At
a certifying reading range include D+

i ≤ N c
i ; the full-depth formula of Lemma 10.1, with its 4n

shift and its amplitude, is exactly the bound included in that range. Each additional level has the
additional factor δi ≤ N−h∗i . Thus, after retaining the first one or two levels as required by (9.24),
the remaining positive sum is bounded by the corresponding geometric series with ratio at most

xiN
c−h∗
i ≤ 1

2 .

The same argument applies separately to each first-rate and output-normalized route in (9.25); the
output ratios of the leading terms are the correction rows of (12.7). This proves both full relative
tails and all four comparisons (10.21). No old higher-order smallness is imposed at every future
reading order.
Containing regions, rates and return margins. There are two different small spatial comparisons.
The rigid tube of layer j, read in an older label i, has label radius bounded by the central matrix
ratio times `j ; its phase radius has the additional factor Ni. At the largest old index their powers,
apart from the fixed factors defined above, are

N
−a+β/2
j−1 /ρcore

j−1, N
1−a+β/2
j−1 .
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The first denominator is `j−1/2, except at the fixed first core. It costs an earlier-carrier power; that
first core costs only a fixed factor times y2. Both comparisons therefore tend uniformly to zero. The
other contribution is the inherited center offset. Integrating its phase equation gives

Si ≤ CphΠ2
iN
−β̄
i , Si/δi ≤ CphΠ2−d

i .

The label displacement satisfies the last row of (12.7). These estimates, including the original
insertion-to-present integrals, put every endpoint strictly in half of its old label and phase core. For
a segment consumer, apply the same inverse-map derivative array to the segment integral: its extra
enclosure radius is the segment length times that array. Its powers are the same two displayed
powers and the offset powers. They fit the remaining half margins. This proves (11.10) without
assuming the image of a core convex. Earlier labels form a geometric sum, so the bounds are uniform
in the number of intervening windows.

The physical center drift and all tube radii have a summable bound CyCoN−β̄1 +C`1. They lie in
the fixed containing region after one increase of y. The complete circulation values differ from the

base there by at most C
∑

i xiN
−β̄
i . Their first-label variations were estimated above. Consequently

the two circulation intervals and their radius tests in (11.9) hold with a fixed positive margin. The
fixed compact inverse then has its original support margin. This proves support for the actual
compact residuals, not just for a principal oscillatory profile.

For the drift test, the exact decomposition in (10.16) has a central linear part, a nonlinear
remainder, and the difference of the two observation velocities. The linear part divided by `i is the
corresponding old clock. The remainder is bounded by ηjdj times the just estimated normalized
spatial factors, with dj ≤ Rj ; it is thus bounded by its rate, whether that rate is large or small.

The last part is the full-flow offset estimate above. The phase bound retains 4ζ+N
1−a
j−1 ≤ 1. This

gives (11.19) at both positive and zero elapsed time. No pointwise smallness of the rate is asserted.
The older-gradient rate is obtained by differentiating the factored angular sum as prescribed

before (11.11). Its adjacent term is bounded by Cσq−2, and the remaining terms form the same
geometric angular and amplitude sums used above. Since Γgr

q /Λq = σq−2(sin sq/sq), this proves that
test with a fixed Cs. At q = 2 its separate first-parent term is CinΓgr

1 ≤ Cσ0; at q = 1 the older
coefficient is constant and the rate is zero. Fix Cs to dominate these two constants before the final
carrier threshold.

Each of the thirteen generic return factors is a product or quotient of positive central intervals,
angular ratios and the two center values already estimated. The identity

∏
aν − 1 =

∑
ν(aν −

1)
∏
µ<ν aµ and the positive reciprocal bound convert these estimates into its required difference

from one. The terms are the center rows above, the fixed geometric defect, and CΛ−1
m . Their sum is

smaller than the previously fixed εfac. The two return-error sums retain their factored shear and
segment terms and have the same bounds. Growth and transition give entry errors bounded by this
sum plus Cεs/Λm, proving (11.13). The first return instead obeys the fixed first-box calculation,
not a large-compression limit. The endpoint logarithmic gain consequently lies strictly between the
fixed margins surrounding 1 + I0 (or 1 + log 2 at index one) and the corresponding upper endpoint.

The old sum is O(σ2
m−1), hence is smaller than εsN

β
m. These are precisely the three tests in (11.15).

Finally the short-ramp estimate is used in its actual form

(12.8) Yact,i ≤ N−ki−ei

√
1 + (u+

i )2 exp(g+
i /Γ

gr
i ) ≤ CrpN

−ki−e
i .

The bounded ratio and exponent here concern only the activation window. Since Λi > 7xi, activation
ends before the target is reached. Its complete-gradient contribution is at most a fixed order constant
times N1−ki−e

i and is smaller than the fixed base gradient. The complete-gradient error and next
transverse error were separately estimated above; together with the cone margin they give the
holding and reinsertion tests. No estimate over the whole growth interval replaces (12.8).
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Clock moments and the young time comparison. Put D1 = Λret,1 and Dl = Λl for l ≥ 2. The exact
identity behind every generic tail comparison is

(12.9) λ∗lX
n
l =

(
sin sl
sl

)n
Λ2n+2
l

σn+1
l−2

σl−1
(l ≥ 2).

The first term remains λ∗1X
n
1 . The bounds on kl, Ql give Dm+2 ≤ Q3

m+2xm, including m = 1.
For 1 ≤ n ≤ Qm, split the sum at m + 1. Its head is at most Πn

m

∑
l λ
∗
l . At the next term,

σn+1
m /σm+1 ≤ Cn+1, since Qm+1 = Qm + 1. Its remaining polynomial is bounded by Cn+1x10n

m ,
after using Qm+2 ≤ (q0 + 3)m and m2 ≤ xm.

For the rest, write x = xl−2, Q = Ql−1. Here n ≤ Q − 2. Increase the one initial threshold so
that x/ log x ≥ CQ, where the fixed C absorbs Λl ≤ x4 and the clock endpoints. This comparison
propagates, because log(Qx) ≤ 2 log x and Q/2 ≥ (Q+ 1)/Q. Taking logarithms in (12.9) then gives

(12.10) λ∗lX
n
l ≤ Cn+1 exp(−βxl−2/4).

The series of exponentials is at most one half on one ray. For a fixed n outside a present admitted
range, start this estimate at the finite index where Ql−1 ≥ n + 3. The omitted head is finite.
Thus the same single sequence has finite clock moments at every fixed order, without a new initial
threshold.

The ordinary and augmented lists reduce to this computation by υi,l ≤ Cλλ∗l for l ≥ i+ 2. The
terms at i and i + 1 are kept separately. Their masses and rates are bounded by the displayed
2 + σi

∑
l≥i+2 σ

−1
l−1 ≤ 3 and Xi+1 ≤ Πi. The base list starts with 1@X1, and its remaining masses

are bounded by the index-one list. The rotation list has the one-higher-order moment dictated by its
differentiated angle equation; apply the same identity with that order. Literal floors are retained by

max(Ri, Xl)
n ≤ Rn

i +Xn
l , Ri ≤ Πi.

At the maximal requested order the allocation has B = 9km + 48, so B + 3 = 9km + 51 ≤ Qm by
(12.2). This also covers the raised moments and the extra primitive orders; their rates have not
been identified with unraised ones.

For m ≥ 2 the head rates obey

Ri, Xl ≤ Π̂m = Q4
m+1x

2
m

√
CσN

β/2
m−1 (i ≤ m, l ≤ m+ 1).

The exponential factor dominates x10
m , and x30

m ≤ Πm. Hence the first-future polynomial and the
finite initial sum give the smaller-clock estimates at these indices. There is no such logarithmic-head
assertion at m = 1. There the preceding argument uses the native Π1 = N8

0 y
40: it contains Cy10n,

the separate X1, the augmented own term and the base term. In particular the legitimate first tests
are

λ∗1X
r
1 + λ∗2X

r
2 ≤ 1

2Πr
1 (r = 1, 2), R1 ≤ Q4

2y
2
√
CσN

β/2
0 .

The first rates are fixed or at most quadratic in y, so these hold on the same ray. This proves the
first ordinary, augmented, base, rotation and floor moments in their own clock.

We also need the two-index, not merely the own-index, conclusion. For i < m and 2 ≤ n ≤ Qm,
factor n− 1 head rates out at Πm, leaving the already bounded first moment CΠi. The first-future
and remaining tails are at most Cn+1x10n

m + Cn+1, which is bounded by Cn+1Πn−1
m , since m ≥ 2

and 10n ≤ 30(n− 1). This gives∑
l≥i

υ+
i,l max(Ri, Xl)

n ≤ Cn+1ΠiΠ
n−1
m .

For rotation at order b+ 1, retain its first two moments: the head is at most CΠ2
1Πb−1

m for b ≥ 1.
For b ≥ 2 the tail uses 10(b + 1) ≤ 30(b − 1); at b = 1 use the native second moment. Thus it is
bounded by Cb+2Π2

iΠ
b−1
m for i ≤ m. The separate floor has exactly the same bound, using Ri ≤ Πi.
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The order-one ordinary and order-zero rotation cases are their native moments. This is (10.42)
together with the raised versions; it retains the actual first-rate factor, not just Πn

m.
Lastly, at m ≥ 2,

(12.11)
Π̂m

Πm
≤ CQ4

m+1x
−38
m N

β/2−p
m−1 .

Combining this with the uniform, correct-base generation estimate (12.6) proves (10.39), with room
to spare. All purely spatial young factors were already bounded in (11.18); only a term with a time
derivative uses this clock ratio. There is no inherited generation at index one.
The coefficient quotients for the force. We verify the complete table (6.3) before coarsening the
force. The low arrays and the bounded young constants give the following upper sizes, with fixed
constants suppressed:

(12.12)

χ, c0, $∗, z0, σ
−1 ≤ C, K, h0, C0, σ, λ,ΛK ≤ CΠ,

G0 ≤ CΠ2, B0, L0 ≤ CΠ3, VX ≤ CΠ2, T = max(|I|bd,Π−1) ≤ CΠ, T −1 ≤ Π,

z∗1 ≤ CΠ3/N, z∗2 ≤ CΠ4/N2.

For example C = HA(X)HT costs two central matrix factors, and K2 ≤ Cσ2
m−1 ≤ CΠm; l adds one

inverse-map derivative; the older scalar gradient costs one clock squared; and its vorticity-gradient
bound adds one rate. These are precisely the coefficient entries of (4.11), with the small curvature
and radius products already retained. The physical drift VX is not the phase evaluation rate. The
time bound uses the full remaining lifetime, including the distinct first hold.

In their printed order, the quotients are bounded by fixed constants times the following expressions:

(12.13)

term upper comparison

Z[ first; second Π3−dNh−1; Π4−2dN2h−2

{U, q} Π4−dNh−1

∂tZ
[ first; second Π5−dNh−1; Π6−2dN2h−2

b gradient, fast; slow Π4−dNh−1; Π5−2dN2h−2

ch · ∇aV Π4−dNh−1

2$V h · ∇aq Π5−dNh−1

fast; slow transport Π2−d; Π3−2dNh−1

fast; slow circulation square Π2−d; Π4−2dNh−1.

Here h = β̄. To check the last row directly, the fast term is T σ$∗z0Y∗/δ; its N -powers cancel and
its remaining power is Π2−d. The slow term contains its actual additional h0λ/N and δ−1. The
other rows follow by direct substitution of (12.12), so neither a radial weight nor a lower-elliptic
piece has been dropped. Since d = 16, all these bounds are at most one on one initial ray. Their
constants are fixed size constants, not derivative-order constants.

Lemma 12.2 (One scalar threshold). With the fixed choices above there is a finite y∗, independent
of the number of layers and of the requested order, such that every y ≥ y∗ realizes all scalar
hypotheses of Proposition 11.1 for every finite initial sequence. The smaller-clock logarithmic-head
and inherited-generation comparisons are used for m ≥ 2; the native first-clock comparisons are
used at m = 1. The admission sets are nested, nonempty and exhaustive.

Proof. Lemma 12.1 gives nonemptiness, nesting and exhaustion of the admission sets.
For clarity, there is one threshold, not an implicit list of order-dependent thresholds. Form the

following finite collection: the first-radius, first-history, first-pulse and first-clock tests; the positive
scalar endpoint, denominator and geometric margins; the fixed power comparisons (12.7) and
(12.13); and the fixed constants in the generation ray and clock-tail estimates. For a negative carrier
power appearing in this collection, first retain half its exponent. The logarithm of its earlier-carrier
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factors is at most Cox/(q0 + 1), already smaller than the reserved exponent. The remaining fixed
polynomial is dominated on a common ray by Lemma 12.1. Infinite geometric sums are bounded
there by their first term times a fixed constant. The generation factor uses the finite supremum in
(12.6), including two copies where prescribed. The moment comparisons use the single propagating
x/ log x inequality proved above. The separate first tests are fixed polynomial or negative-power
comparisons in y. Their finite maximum supplies y∗.

No fixed profile norm of arbitrarily high order enters this finite maximum: it enters Kho before
admission instead. The allocation r∗ = k + 4Jm + 9, the extra rX , rF , the primitive orders
rF + 1, rF + 3, and the backwards old-core rectangles are exactly those in (11.1). The estimates
above include all their four routes. Terminal sources run through 2Jm + 4 and composites through
Jm + 2. Thus the finite collection enumerated here covers the referenced scalar formulas as well as
the additional formulas of Section 11. On all-trial older histories their prescribed upper integrals
dominate truncations; on the youngest history they use only its selected completion. The threshold
uses no unselected field or unknown future clock. �

12.3. Physical force estimates for this sequence. The distinction between small scalar quotients
and large fixed derivative constants is useful here. The latter are the numbers in Kho(km); after its
defining substitutions every one is at most xm. This includes the actual profile norms before any
coarsening, the finite level recursion, its terminal sums and the constants multiplying both means.
It also includes fixed coordinate and compact-recovery costs. Products occurring in the following
bounds have a fixed number of such factors, independently of m, k. The number of terms is at most
a fixed power of Jm + 1. It follows, for example, that their combined bound is

Cx16
mC

k+1.

For the lower-elliptic vorticity mean the expanded product is CevH
2
r∗auav, followed by the fixed

recovery factor. One of the two Hr∗ factors is inside the lower-elliptic composite. These six scalar
factors and at most two finite index sums are bounded by the displayed sixteenth power. Every
terminal or activation term uses fewer factors. Since k ≤ km ≤ Qm/cQ and Qm/xm → 0 uniformly
as y →∞, increasing the same threshold gives

(12.14) Cx16
mC

k+1 ≤ N1/4
m (k ≤ km).

This step does not modify the fixed order function or the sequence.
The rates from (12.12) satisfy

Λph ≤ CNΠ2, Λslow ≤ CΠ3.

They are different because a mean has no phase derivative. Retain the amplitude sum Y∗
∑
anδ

n,

the terminal sum
∑2J+4

g=J+1 sgδ
g, and the lower-elliptic sum in both mean formulas (10.44). Their

finite constants have just been included in (12.14). The spatial size bracket in (10.46) is bounded
by CΠ3, since

Nχ

σ2
(z∗1 + z∗2)(1 + λ/N) ≤ CΠ3,

χΛK
σ2

+$∗h0 ≤ CΠ.

Here Π4/N ≤ Π3; the first circulation mean is bounded by C(1 + λ/N). In particular neither the
reciprocal-symbol derivative nor the circulation-square mean has been set to zero. After its outer
divergence factor λ, a comfortable bound for the entire slow part is

Cx16
mC

k+1Π3k+6
m N−2β̄

m .

The exponent six is larger than the four obtained directly above.
Using the actual activation estimate (12.8), the physical factor 1 +N/σ ≤ CN , and T −1 ≤ Π,

the remaining two terms are bounded by

Cx16
mC

k+1
[
Nk+1−km−e
m Π2k+1

m +Nk+1−β̄−h(Jm+1)
m Π2k+1+d(Jm+1)

m

]
.
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This uses T = max(|Im|bd,Π−1
m ), not the duration alone. Zero duration and the beginning of

activation therefore cause no division by zero.
Put vm = q/Qm, a dimensionless exponent for these estimates. Thus Πm ≤ N vm

m , vm ≤ v, and
vmkm ≤ u. The respective three exponents of Nm, before the harmless factor in (12.14), are at most

(12.15)

activation : 1− e + 2u + v,

terminal : − (2h∗ − 1)km + β − 9h∗ + 2u + v,

means : − 2β̄ + 3u + 6v.

With (12.2), the first two are less than −6, and the last is less than −3/2. The additional 1/4 from
(12.14) leaves more than enough room for

(12.16) Fm,k ≤ N−1/2
m (0 ≤ k ≤ km)

after a last fixed increase of y∗. This estimate applies to the full physical force, not to a phase-
projected residual. Compatibility uses activation plus terminal remainder together and each complete
mean separately, as in Proposition 6.2.

12.4. The infinite selected history and the extension.

Proposition 12.3 (Simultaneous choice and smooth force). Fix the data and the one geometric
magnification as above. For any y ≥ y∗, the sequence (12.3)–(12.4) has an infinite causal selected
continuation. Its successive insertion times tinm increase to a finite T∗ > 0. One fixed compact set
away from the axis contains the base force and every physical increment throughout [0, T∗). The
orders km tend to infinity, and

(12.17) ‖fm‖Ckx,t([0,T∗)) ≤ Ckεm, εm = N−1/2
m , k ≤ km,

∑
m

εm <∞.

Every fixed increment and the base force have bounded mixed derivatives of every order on this
interval. Their sum extends smoothly through T∗ with the same support. The growth-duration and
complete-gradient bounds of the finite construction hold on this same history.

Proof. Begin with the fixed smooth base preparation. Lemma 12.2 and Proposition 11.1 construct
the first insertion and its selected return. Suppose the selected past has been fixed through m−1. It
has its prescribed principal clock window. The same scalar threshold verifies the next finite problem,
uniformly over the full current trial interval for its older fields. The nonempty compact return-zero
set has its least member in (0, cp); choose that member and extend the selected history. This uses
causality, not differentiability of the selector. All constructions agree on the already selected time
interval. The flat endpoint profiles supply the joining derivatives. Induction therefore defines one
smooth finite history on each finite collection of windows, with the scalar data already fixed.

Use the complete insertion window Wm and the growth interval Gm = Igr
m of (9.8). For m ≥ 2

the finite bounds give

(12.18) cT
Λm
Γgr
m
≤ |Igr

m | ≤ |Wm| ≤ C ′T
Λm
Γgr
m
≤

C ′′T
σm−2

.

The first window has the finite separate bound printed in (11.6). Every window has positive growth
length. The geometric clock increase makes the sum of their lengths finite, so the strictly increasing
insertion times have a finite positive limit. The geometric and segment estimates above give the
same containing region at every finite stage. Compact recovery then gives the same off-axis support
for every fm, including the base, on the union of these intervals.
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The selected complete gradient is not the principal clock. Denote the complete circulation at the
current finite window by Γcur. The cone and complete correction estimate give separately

(12.19) |∇Γcur(Z(t), t)| ≥ (ν − εG)

A0 +
∑
i≤m

Ai(t)

 ≥ cGσ2
m

on the selected hold and the subsequent growth before the next return, with the small ramp included

as in the finite theorem. At the selected endpoint cσN
β
m ≤ σ2

m ≤ CσN
β
m. These inequalities and

(12.18) retain the later gradient and duration inputs; no conclusion about the limiting velocity,
pressure or time integral is needed here.

At any finite horizon the input arrays yield (12.16). Their lifetime upper integrals include the
entire future scalar tail, so the estimate is independent of that horizon. Taking its supremum proves

the asserted lifetime bound. The series of N
−1/2
m converges by xm ≥ (q0 + 1)m−1y. A fixed physical

rescaling merely multiplies this bound by the fixed order constant Ck; it does not change the choice
at any derivative order.

We verify separately that every early summand has all-order bounded derivatives. Fix a layer i
and a mixed order k. Its insertion and any finite number of subsequent windows form a finite smooth
beginning, so their norms are finite. For its tail, the clock moments of order required by k, including
the finite raised and rotation shifts, are finite by (12.10). Every such order is eventually admitted.
The fixed-layer conclusion of Proposition 10.2, applied with these actual moments, gives bounded
derivatives on the full material support of this fixed layer. This is its full-support fixed-order
conclusion, not an old-annulus estimate at all young orders. Its finite depth Ji requires only finitely
many higher coefficient and profile orders to evaluate its complete residual and compact recovery.
The exact residual formulas and the fixed inverse therefore give the asserted bounded Ckx,t norm of
this fixed fi. There is no required small bound for this finite beginning.

The base requires the rotation primitive as well as the ordinary base clock. Its first terms were
retained above, and its higher moments are bounded by the same finite-initial-sum argument. Thus
the rotation angle and all of its derivatives have finite norms. The base direction and angular
velocity are smooth functions of this angle and its first derivative. Its compact profiles are fixed.
Leibniz and the chain rule show that all derivatives of Γb,Ψb, and hence of vb and ξb = LΨb, are
bounded. In particular their actual residuals

FΓ
b = ∂tΓ

b + vb · ∇Γb, Eξb = ∂tξ
b + vb · ∇ξb −W∂1(Γb)2

have bounded mixed derivatives of every order and their original compact support. The compact
recovery and the fixed off-axis coordinate factors give the same conclusion for f b. The finite initial
preparation has bounded derivatives and its flat join preserves these bounds.

Set f = f b +
∑

i fi on R3 × [0, T∗). For each fixed mixed order k, there are only finitely many
indices with ki < k + 1. The preceding fixed-layer and base estimates bound their derivatives
through order k + 1; for the remaining indices, (12.17) gives a summable derivative bound through
that order. All summands have the common fixed off-axis support proved above. These verify
the hypotheses of Lemma 13.2, proved in Section 13, which makes f smooth on R3 × [0, T∗] with
the same support. The smooth off-axis coordinate factors preserve the bounds for the cylindrical
components and their axisymmetric lift. Only the force is extended. �

13. Construction of the solution and the smooth force

We use the single sequence and selected history of Proposition 12.3. No parameter is chosen again
below. The construction is first expressed in the magnified unit-ring coordinates of Lemma 2.3. In
estimates for the profiles we suppress the primes and write the spatial variable as y, as in (9.1). We
restore the physical volume coordinate y = (z, r2/2) before recovering velocity and pressure.
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Let τm be the insertion times and T∗ = limm τm ∈ (0,∞). On every interval [0, τ ], τ < T∗, only
finitely many insertions have occurred. The selected continuations agree on the preceding intervals,
and the new profiles vanish to every order at activation. Thus the formulas

(13.1) Γ = Γb +
∑
m

γm, Ψ = Ψb +
∑
m

ψm, f = f b +
∑
m

fm

are finite smooth sums on every compact preterminal interval. In this display fm denotes the
physical three-dimensional force; the corresponding Γ,Ψ sums are transported between the two
charts by (2.10). In particular their derivatives and products there are the derivatives and products
of the actual finite construction. The force increments are the full residual differences recovered by
the same fixed linear compact inverse; they are not residuals of isolated waves.

13.1. Sizes of the complete increments. We estimate on the entire transported support, including
its cutoff region. Write Ainv

m = X−1
m for the inverse map, reserving Am = −NmTm(0, t)|ζm(0, t)| for

the positive central amplitude. The constants in the following bounds depend on the fixed profiles,
geometry and comparison intervals, not on the insertion number or the last time to which the
selected history has been continued.

Lemma 13.1 (Summable circulation and velocity sizes). For the chosen sequence the complete
increments satisfy

(13.2) sup
t<T∗

(
‖γm(t)‖∞ + ‖J∇yψm(t)‖∞

)
≤ CN−1/2

m .

Consequently the circulation and the meridional velocity in (13.1) are uniformly bounded before T∗.

Proof. The principal streamfunction is the one in (3.3). Differentiation before estimation gives the
exact identity

(13.3) vm,0 = wm
[
NmBmFgmJζm + PJHT

m(gm∇aBm +Bm∇agm)
]\
, Bm =

Ω̂m

Nmσm−1κm
.

In particular the differentiated symbol is retained:

∇aBm =
∇aΩ̂m

Nmσm−1κm
−Bm∇a log κm.

The first-label amplitude and symbol estimates, the fixed profile bounds, and (12.12) give

‖vm,0‖∞ ≤ C
Y∗,m
σm−1

(
1 +

Π2
m

Nm

)
, ‖γm,0‖∞ ≤ CY∗,m, Y∗,m = CΘN

−7/8
m .

Here one may replace C by the corresponding calculated first-order profile constant. Such constants
are included in the finite sum below. Indeed κ−1

m and ζm are bounded, while ‖Hm‖, `−1
m , and the

normalized first-label rates are bounded by fixed multiples of Πm. This estimates the formula on its
whole support, without extending a core linear-velocity formula to the cutoff region.

For every correction level, the chain rule is

(13.4) ∇yQ
\ =

[
Nmζm∂sQ+HT

m∇aQ
]\
.

Apply (6.5) with r = 1 to every 1 ≤ n ≤ Jm. Its allocation permits this, since 1 + 2Jm ≤ r∗. Write
am,n for its scalar constant an at this insertion and H∗,m for its constant Hr∗ , distinct from the
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inverse Jacobian Hm. As 0 < ρm ≤ 1, the definition of the weighted norm gives

‖γm‖∞ ≤ Y∗,m
Jm∑
n=0

am,nδ
n
m,

Jm∑
n=1

‖J∇ψm,n‖∞ ≤ C
Y∗,m
σm−1

(
1 +

Π2
m

Nm

)
H∗,m

Jm∑
n=1

am,nδ
n
m.

All levels are present in these sums. Their constants, the first-order principal constants above,
and the number of summands are among the finite products and sums estimated in (12.14). More
explicitly, taking δnm ≤ 1, their sum is bounded by the product of Jm + 1, the maximum of the
retained am,n, 1 +H∗,m, and the fixed evaluation and profile factors. This uses fewer factors and

index sums than the bound C(logNm)16Ck+1 proved there. At order zero the same fixed choice

therefore bounds this entire constant by CN
1/4
m .

The scalar schedule gives σm−1 ≥ σ0 > 0 and Πm ≤ N v
m, where v = 10/(q0 + 1) and 2v < 1. It

follows that the preceding sums are at most CN
−5/8
m , hence satisfy (13.2). The first layer uses its

native Π1 and its fixed σ0; it is also covered by the same parameter estimate. Alternatively its finite
fixed constant can be included in C. Since logNm ≥ (q0 + 1)m−1 logN1, the series of the right-hand
sides in (13.2) converges.

The base circulation has the bound

‖Γb‖∞ ≤ Γ′0‖χ1‖∞ +
A0

N0
‖F‖∞‖χ0‖∞, Γ′0 = (2εgeom)−1.

Its meridional velocity is αJ∇H. The fixed-order base estimate in Proposition 12.3 bounds
supt<T∗ |α(t)|, and H is one fixed compact smooth function. The base is therefore bounded too.
Summing proves the assertion in magnified coordinates. The fixed changes Γ = εgeomΓ′ and
v = εgeomv

′, followed by uz = v1, ur = v2/r, preserve these bounds. �

13.2. Physical equations, pressure and endpoint force. The fixed containing region of
Proposition 12.3 contains the base, all complete increments and all recovered force supports.
Lemma 2.3 places its physical image strictly inside TR, with 0 < R ≤ 1/4, for the unit ring. Put
r− = 1−R > 0 and r+ = 1 +R. We now use the physical volume coordinate y = (z, r2/2) and the
unmagnified coefficients L,A,W in (2.2).

Define u by (2.3). It is smooth, axisymmetric and divergence-free on each compact preterminal
interval, and vanishes in a fixed neighborhood of the axis. Differentiation does not enlarge support,
so Γ, ω = rLΨ and u have support in TR. For the complete fields put

FΓ = ∂tΓ + v · ∇yΓ, Eξ = ∂tLΨ + v · ∇yLΨ−W∂y1(Γ2).

All these expressions are finite smooth sums on the interval under consideration. In particular the
full square and all cross interactions are included. Its compatibility integral is

(13.5)

∫
Eξ dy = 0, dy = r dz dr.

To see this, LΨ = divy(A∇yΨ) has zero integral, v · ∇yLΨ is a divergence, and W depends only on
y2, so its product with ∂y1Γ2 integrates to zero. Compact support justifies all three integrations.

The exact residual-difference formulas telescope. Since the compact inverse Ry is fixed and linear,
the very force in (13.1) obeys

(13.6) fϕ = FΓ/r, (fz, f r/r) = RyEξ, ∂zf
r − ∂rfz = rEξ.

Both phase means and the full terminal remainder were included before this recovery. The alternative
pair in (z, r) would have input rEξ, whose integral in dz dr is zero by (13.5).
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For completeness, the pressure can be recovered globally, without an integrability condition on it.
Set h = f − ∂tu− (u · ∇)u. The circulation equation gives hϕ = 0. The reduced-vorticity equation
and (13.6) give ∂zh

r − ∂rhz = 0. Hence all three components of curlh vanish off the axis. They
also vanish near the axis, where the fields are zero. Thus h is a smooth curl-free field on R3, and

(13.7) p(x, t) =

∫ 1

0
h(sx, t) · x ds

is a smooth pressure, with p(0, t) = 0. Indeed, symmetry of Dxh gives

∂xip =

∫ 1

0

[
sxj∂xjhi(sx, t) + hi(sx, t)

]
ds = hi(x, t).

This calculation includes points on the axis and all finite activation joins. It proves the momentum
equation with the required sign.

Lemma 13.2 (Extension of the force). Suppose the base force and every fixed increment have
bounded mixed derivatives of all orders and one common fixed off-axis compact support. If km →∞
and ‖fm‖Ckx,t ≤ CkN

−1/2
m for k ≤ km, then the force in (13.1) is smooth on R3 × [0, T∗], with the

same support.

Proof. For each fixed k, separate the finitely many indices with km < k + 1. Their derivatives
are bounded, and the remaining derivative series converges uniformly through order k + 1. Every
derivative of order at most k is therefore uniformly Cauchy as t ↑ T∗, by its bounded time derivative.
The spatial and temporal fundamental theorems of calculus identify the limits as the derivatives of
the extended force. This argument for every k proves smoothness on the closed interval. Uniform
limits preserve the fixed support. Equivalently, these are exactly the hypotheses of [1, Lemma 8.3]
for each cylindrical component; the off-axis lift preserves the conclusion. Only this force series is
evaluated at T∗. �

Proposition 13.3 (The preterminal solution). The selected history defines a smooth axisymmetric
Euler solution (u, p) on R3 × [0, T∗), with force as in Lemma 13.2 and the initial datum (2.7). It
satisfies (1.2) and, for every τ < T∗,

u ∈ L∞([0, τ ];L2(R3)), ∇u ∈ L∞(R3 × [0, τ ]).

The datum is divergence-free, smooth and compactly supported in TR, with nonzero swirl and zero
meridional velocity.

Proof. The finite smooth sums and (13.7) prove the equations and preterminal smoothness. The
boundedness and summability estimates of Proposition 12.3 supply every hypothesis of Lemma 13.2,
so its conclusion applies to the actual force.

Lemma 13.1 proves the three uniform bounds in (1.2); the support was checked above. Since
r ≥ r− on the support, ‖uϕ‖∞ ≤ r−1

− ‖Γ‖∞. The velocity is bounded on a fixed compact set and
zero elsewhere, so it has the asserted uniform energy bound. For a fixed τ < T∗ it is a finite smooth
sum on that same compact set, giving the uniform spatial-gradient bound. All increments are flat
at their insertion times, so at zero the velocity is exactly the base datum. The initial angular rate is
zero, and the initial circulation at the unit ring is 1/2. The datum therefore has zero meridional
velocity and nonzero swirl, and its support is strictly inside the prescribed containing torus. �

14. Blowup and preterminal uniqueness

The circulation gradient gives two components of the full vorticity. We first prove that its lower
bound covers all late times, including transition and return. We then use a growth interval of
positive length to prove the separate time-integral assertion.
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14.1. The complete gradient on consecutive windows. We return to the magnified notation
for the profile estimates and restore the physical variables in (14.5) below. Let tam denote the growth

hit, characterized by −Tm(0, tam) = N−β̄m , and let tbm be the selected return endpoint. The m-th
insertion window runs from τm through growth, transition and return. Its selected hold starts at
tbm = τm+1 and continues through the next growth. The time tam is not an insertion time.

At the full-flow point Z(t), every active material profile is evaluated at its actual inverse label.

For example, if Vm =
∑Jm

n=0 Vm,n and aZm = Ainv
m (Z(t), t), then

(14.1) ∇yγm(Z, t) = Hm(aZm, t)
T
(
Nmpm∂sVm +∇aVm

)
(Nmpm · aZm, aZm, t).

The gradient estimate (9.49), with its inherited phase and label offsets, and the ramp estimate
(9.50) give

∇yΓ(Z, t) = −A0eb(t)−
∑
i

wi(t)Ai(t)ei(t) + g(t),

|g(t)| ≤ εG

(
A0 +

∑
i

wi(t)Ai(t)

)
,

−e(t) · ∇yΓ(Z, t) ≥ (ν − εG)

(
A0 +

∑
i

wi(t)Ai(t)

)
.

(14.2)

Here ei = ζi(0, t)/|ζi(0, t)|, and the common unit direction e(t) has projection at least ν > εG onto
every direction in this sum. All sums are finite at a preterminal time. The estimate contains the
complete correction series, the slow principal derivatives and the offsets of Z; it does not set them to
zero at the central label. In particular an uncompleted activation does not multiply every correction
by wi. The separate ramp bound is what permits the displayed aggregate error estimate.

Lemma 14.1 (Lower bounds on the full time windows). There are constants c1, c2 > 0, independent
of m ≥ 2, such that

(14.3)
|∇yΓ(Z(t), t)| ≥ c1N

β
m−1 (τm ≤ t ≤ tam),

|∇yΓ(Z(t), t)| ≥ c2N
β
m (tam ≤ t ≤ tbm).

Proof. For the first interval, (12.19) at layer m− 1 applies on its selected hold and the next growth,
including activation. Together with (11.3) it gives the first line, with c1 = cGcσ.

For the second interval use the middle part of the central pair history. The scalar intervals in
(9.46) and (9.47), realized by the chosen sequence, give a uniform finite number S∗ such that∫ tbm

tam

‖Bm(0, t)‖ dt ≤ Shist
m ≤ S∗.

Both return pulses occur in this integral. The component-ratio estimate used in deriving (9.49),
restricted to this middle interval, gives a fixed Cmid <∞ with

Tm(0, t) < 0, |Rm(0, t)| ≤ Cmid(−Tm(0, t)).

To specify this constant, let Ugr be the uniform hit-ratio upper bound from Lemma 9.2. On transition

the two coefficients are nonnegative, so for u = Ω̂m/Tm its equation gives u′ = b̂m − âmu2 ≤ b̂m.
The positive invariant interval and bounded quotient exclude a zero of Tm; hence one may take
Utr = Ugr + S∗. On return the generic specialization in Proposition 7.7 sets c0 = z−1

e in (7.13), and

(11.13) gives ze ≤ 1 + δret. Thus |Ω̂m/Tm| = ze|υ| ≤ (1 + δret)B, where B is the fixed number in
Lemma 7.5. One may take

Cmid =
√

1 + max{Utr, (1 + δret)B}2.
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These are scalar coefficient and quotient intervals, not later derivative constants. Likewise (9.48), with
the fixed CR supplied by the parameter proof, permits S∗ = (logCR)/2. The separate first return is
unnecessary here, since m ≥ 2. The covector bound on the same interval is |ζm(0, t)| ≥ ζ− > 0.

The pair equation, integrated backwards from any point of this interval to tam, gives

|Rm(0, t)| ≥ e−S∗ |Rm(0, tam)| ≥ e−S∗N−β̄m .

Consequently Am(t) ≥ ζ−C
−1
mide

−S∗Nβ
m. Activation has finished by the hit, so wm = 1 on this

interval. Insert this positive summand into (14.2); all other principal summands have nonnegative
projection. This gives the second line with c2 = (ν − εG)ζ−C

−1
mide

−S∗ . Endpoint continuity covers
the joins. �

Proposition 14.2 (The two limits and the vorticity integral). The solution of Proposition 13.3
satisfies (1.3) and (1.4).

Proof. The two intervals in (14.3) cover each complete insertion window. Since Nm increases, they
imply, for a fixed c∗ > 0,

(14.4) |∇yΓ(Z(t), t)| ≥ c∗Nβ
n (τn+1 ≤ t < T∗, n ≥ 1).

For a time after τn+1, choose its current insertion window m ≥ n+ 1 and use the corresponding line
of (14.3). Thus this conclusion concerns every such time, not only the selected endpoints.

The magnification preserves the gradient exactly: ∇yΓ = ∇yΓ′. At the physical point correspond-
ing to Z(t),

(14.5)
(∂zΓ, ∂rΓ) = (∂y1Γ, r∂y2Γ),

ωr = −r−1∂y1Γ, ωz = ∂y2Γ, ω = ωrer + ωeϕ + ωzez.

Therefore, with constants depending only on r±,

‖∇Γ(t)‖∞ ≥ min(1, r−)c∗N
β
n , ‖ω(t)‖∞ ≥ min(1, r−1

+ )c∗N
β
n (t ≥ τn+1).

Given any finite bound, choose n so that these lower bounds exceed it. Since τn+1 < T∗, both full
limits follow.

For the time integral retain the whole growth interval Igr
n+1, for n ≥ 2. The first line of (14.3)

gives a vorticity lower bound cNβ
n on this interval. Its duration satisfies

|Igr
n+1| ≥ cT

Λn+1

Γgr
n+1

=
cT
σn−1

sn+1

sin sn+1
≥ cT
σn−1

,∫
Igrn+1

‖ω(t)‖∞ dt ≥ ccTC−1/2
σ N

β(Qn−1/2)
n−1 −→∞.

(14.6)

Here sn+1 = Λn+1σn−1/σn, Γgr
n+1 = σn sin sn+1, and σn−1 ≤ C1/2

σ N
β/2
n−1. All these indices are generic

indices at least two, and Nn = NQn
n−1 is used only in its defined range. The nonnegative integral

over [0, T∗) dominates each of the displayed integrals, proving (1.4) separately from the two norm

limits. The same interval gives the remaining-time form of this estimate: with Gn = c∗N
β
n ,

Gn(T∗ − τn+1) ≥ Gn|Igr
n+1|

≥ c∗cTC−1/2
σ N

β(Qn−1/2)
n−1 −→∞ (n ≥ 2).

(14.7)

�
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14.2. Uniqueness in the full three-dimensional class.

Proposition 14.3 (Preterminal uniqueness). The solution in Proposition 13.3 is unique in the
class stated in Theorem 1.1. No symmetry of a competing solution or integrability of its pressure is
required.

Proof. Fix τ < T∗ and let U be a competing solution on R3× [0, τ ]. It is locally space-time Lipschitz,
has datum U(·, 0) = u0, and obeys the asserted uniform L2 and spatial-gradient bounds. Local
continuity and Fatou’s lemma extend the essential L2 bound to every time section. The spatial
Lipschitz bound extends to every section by approximation with times for which that bound holds.
Testing divergence with compact spatial functions and using continuity in time gives divU(t) = 0
for every t ∈ [0, τ ].

For a spatially Lipschitz h ∈ L2(R3), with Lipschitz constant L > 0, its value of modulus M at a
point gives |h| ≥M/2 on the ball of radius M/(2L). Hence

‖h‖∞ ≤ (24/π)1/5‖h‖2/52 L3/5.

If L = 0, the finite-energy constant field is zero. Applying this at each time shows that U is
uniformly bounded. The constructed solution u has these properties by Proposition 13.3.

Put w = U − u and Y = (U · ∇)w + (w · ∇)u. The same force cancels, and for a distribution π,

(14.8) ∂tw + Y = −∇π in distributions.

Here Y ∈ L∞(0, τ ;L2(R3)), since

‖Y (t)‖2 ≤ ‖U(t)‖2‖∇w(t)‖∞ + ‖w(t)‖2‖∇u(t)‖∞.

Write MY for a finite upper bound of this expression. For every 0 ≤ s ≤ t ≤ τ define the L2 field

(14.9) Gs,t = w(t)− w(s) +

∫ t

s
Y (r) dr.

The integral is a Bochner integral in the separable space L2. Taking the curl of (14.8) and pairing
with a fixed compact smooth spatial test gives a scalar distributional time derivative with an
integrable right-hand side. Its left-hand pairing is continuous up to both endpoints by local
continuity of w. The scalar fundamental theorem of calculus therefore proves curlGs,t = 0 for every
s, t, including s = 0.

A curl-free L2 field is orthogonal to every divergence-free L2 field: their Fourier transforms at
almost every nonzero frequency are parallel and perpendicular to that frequency, respectively, and
Plancherel’s identity gives the assertion. The frequency zero has no L2 mass. Pairing (14.9) with
the divergence-free field w(t)− w(s) gives

‖w(t)− w(s)‖22 = −
〈∫ t

s
Y (r) dr, w(t)− w(s)

〉
, ‖w(t)− w(s)‖2 ≤MY |t− s|.

Thus w is Lipschitz as an L2-valued function, and in particular its strong initial trace is the given
zero field. This trace has been derived from the stated class, not added as a hypothesis.

Pairing instead with w(t) + w(s), then summing over a partition of [s, t], yields

(14.10) ‖w(t)‖22 − ‖w(s)‖22 = −2

∫ t

s
〈Y (r), w(r)〉 dr.

Indeed the replacement of the two endpoint values by 2w(r) on a subinterval of length at most h
costs at most 2M2

Y h times that length; this tends to zero after summation. This proves the energy
identity without pairing a distributional pressure with w.

The transport term in it is zero. Choose a smooth cutoff equal to one on BR, zero outside B2R, with
derivative at most C/R. Integration by parts, using divU = 0, bounds the cutoff transport integral
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by CR−1‖U‖∞‖w‖22. The uncut integrand is integrable, since
∫
|U ||∇w||w| ≤ ‖∇w‖∞‖U‖2‖w‖2.

Letting R→∞ proves 〈(U · ∇)w,w〉 = 0. Consequently (14.10) implies, almost everywhere,

1

2

d

dt
‖w(t)‖22 = −〈(w · ∇)u,w〉 ≤ ‖∇u‖L∞(R3×[0,τ ])‖w(t)‖22.

Gronwall’s inequality and w(0) = 0 give w = 0 on [0, τ ]. Local continuity upgrades equality almost
everywhere to equality at every point. Since τ < T∗ was arbitrary, uniqueness holds on the full
preterminal interval. �

Proof of Theorem 1.1. For the unit ring, Proposition 12.3 supplies one selected history and a fixed
containing region. Apply Lemma 2.3 with the already fixed εgeom > 0 to place its physical fields
and force strictly inside a torus of radius R < 1/2. Proposition 13.3 supplies the datum, solution,
pressure, support and size assertions, and Lemma 13.2 supplies smoothness of the force through T∗.
Proposition 14.2 proves both full limits and the separate divergent time integral. Proposition 14.3
proves uniqueness in the stated class.

For any prescribed r0 > 0, z0 ∈ R, use x̂ = (x − z0ez)/r0 and u = r0û, p = r2
0p̂, f = r0f̂ .

Lemma 2.2 and (2.9) verify the equations, compact torus, initial datum, force smoothness and
solution class under this exact time-preserving change. In particular the full vorticity and its time
integral are unchanged, while the circulation gradient is multiplied by the fixed positive factor
r0. The inverse change takes every competitor in the claimed class to a unit-ring competitor, so
uniqueness also transfers. This proves every assertion of the theorem. �
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[5] D. Córdoba, A. Láın-Sanclemente and L. Mart́ınez-Zoroa, Finite-time singularity via multi-layer degenerate

pendula for the 2D Boussinesq equation with uniform C1,
√

4/3−1−ε ∩ L2 force, Adv. Math. 480, Part A (2025),
article 110480. https://doi.org/10.1016/j.aim.2025.110480.
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