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OPEN Deep oscillatory neural network
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We propose the Deep Oscillatory Neural Network (DONN), a brain-inspired network architecture

that incorporates oscillatory dynamics into learning. Unlike conventional neural networks with static
internal states, DONN neurons exhibit brain-like oscillatory activity through neural Hopf oscillators
operating in the complex domain. The network combines neural oscillators with traditional sigmoid
and ReLU neurons, all employing complex-valued weights and activations. Input signals can be
presented to oscillators in three modes: resonator, amplitude modulation, and frequency modulation.
Training uses complex backpropagation to minimize the output error. We extend this approach to
convolutional architectures, creating Oscillatory Convolutional Neural Networks (OCNNs). Evaluation
on benchmark signal and image processing tasks demonstrates comparable or improved performance
over baseline methods. Interestingly, the network exhibits emergent phenomena such as feature and
temporal binding during image classification, a key characteristic of biological visual processing, and
exhibit STDP (Spike Timing Dependent Plasticity) kernel when trained using Hebbain learning. These
phenomena with explicit oscillatory dynamics enhance the interpretability of internal representations.

Keywords Complex-valued oscillators, Complex-valued weights, Brain-inspired networks, Sequential
problems

A fundamental dichotomy persists in current large-scale models of brain function. In recent years, deep learning
models, which have not been hitherto taken seriously in terms of biological plausibility, have demonstrated
remarkable success in capturing sensory functions in the visual and auditory domains'~. Despite their predictive
power, these models do not represent the rich internal dynamics of the brain that underlie sensory processing. In
contrast, non-linear oscillator networks have proven effective in accurately modeling brain dynamics observed
in functional neuroimaging studies’™, yet they lack the capacity to learn complex input-output behavioral
mappings characteristic of deep learning systems. This highlights the need for novel models that can resolve
this dichotomy, and bridge the gap between the learning abilities of deep networks and the dynamic fidelity
of oscillator-based approaches. In the following, we examine this dichotomy in detail and explore a potential
pathway toward its resolution.

Brain oscillations represent a fundamental neurophysiological mechanism underlying cognitive functions
and brain states. Research has established that oscillatory neural activity serves as the foundation for perception,
memory, and higher-order cognitive processes through synchronized oscillatory networks distributed across
the brain!®!!. These neural oscillations encompass an extensive frequency spectrum, ranging from 0.05 Hz to
500 Hz'2. This broad frequency range is organized into approximately twelve distinct frequency bands that exhibit
a systematic logarithmic progression. The hierarchical organization of these frequency bands reflects both their
evolutionary development and their functional specialization, with neighboring bands often associated with
related cognitive and physiological states. Delta waves (0.5-4 Hz) dominate during deep sleep and recovery
processes, theta oscillations (4-8 Hz) facilitate memory encoding and spatial navigation, alpha rhythms (8-
12 Hz) characterize relaxed wakefulness and attention regulation, beta frequencies (13-30 Hz) support active
cognition and motor control, and gamma oscillations (30-100 Hz) coordinate high-level cognitive processing
and conscious awareness. This frequency-function relationship extends beyond normal physiological states, as
disruptions in oscillatory patterns are consistently observed in pathological conditions including epilepsy, where
abnormal synchronization patterns generate seizure activity'’, anesthesia, where altered oscillatory dynamics
accompany loss of consciousness'®, and sleep disorders, where pathological oscillations impair restorative
processes.

Conversely, Recurrent Neural Networks (RNNs) are traditionally used to solve sequential tasks in a variety of
domains ranging from Natural Language Processing (NLP)'>!6, time-series forecasting!”'¥, music generation',
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video analysis®, etc. Popular variants of vanilla RNNs like Long Short-Term Memory units (LSTMs)?!, Gated
Recurrent Unit (GRUs)?, flip-flop** neural networks are widely used for different kinds of sequential problems
and achieve state-of-the-art performance. These sequential networks can operate in different modes namely,
many-to-one (eg. sentiment analysis)?!, one-to-many (eg. handwriting generation)?® and, many-to-many (eg.
machine translation)?. Recurrent units with convolutional operations on the gating variables are used to capture
spatio-temporal features in video processing tasks?”’. Some recent studies have constructed complex network-
based embeddings and neural manifolds to classify EEG data and improve interpretability?®%. In recent years,
deep neural networks (DNN) have been shown to match human performance in pattern recognition in visual
and auditory domains!2. Studies that demonstrated a similarity in human performance with that of DNNG,
have further shown that even human error pattern with respect shape variation®’, viewpoint variation®* and
object class™® also matched with DNN error patterns. However, this broad match in error patterns did not
carry over into errors committed on classification of individual images®!. Similarly in the auditory domain,
studies based on DNNs have shown a close performance match in music and speech recognition®->4. Despite
these remarkable successes in achieving human-like behavioral performance, the aforementioned deep learning
models are unable to capture the oscillatory activity of brain dynamics.

Considering the fundamental importance of oscillations in brain function, any comprehensive large-scale
model of neural dynamics must necessarily accommodate oscillatory brain activity and reflect the empirically
established significance of various frequency bands. Neural mass models®* have emerged as a computational
framework for describing brain dynamics at mesoscopic and macroscopic levels. In contrast to detailed
biophysical models that simulate individual neurons, neural mass models represent the collective behavior
of neural populations as their fundamental computational unit. Popular low dimensional models have been
utilized to describe the oscillatory dynamics. The Hopf oscillator, which generates stable limit-cycle oscillations
via supercritical bifurcations and can entrain to inputs; the Wilson-Cowan model*®, which describes excitatory-
inhibitory interactions and produces gamma-band rhythms; the FitzHugh-Nagumo oscillator”’, a reduced
excitability model that reproduces spike-generation and synchronization; and the Kuramoto model®®*, which
characterizes phase synchronization across large oscillator networks. Theoretical analysis of networks of
excitatory and inhibitory neurons have revealed rich resonance due to various phenomena, particularly stochastic
resonance’®!. These oscillatory network models have demonstrated remarkable success in reproducing brain
dynamics as measured through functional neuroimaging techniques including functional magnetic resonance
imaging (fMRI), magnetoencephalography (MEG), and high-density electroencephalography (EEG)*-%.
However, a critical limitation emerges when the functional capabilities of these oscillatory networks are
examined. Although they excel at capturing the dynamic signatures of brain activity, they fundamentally lack the
input-output learning capacity that characterizes biological neural systems. This represents a profound constraint
on their applicability as general models of brain function. Current implementations of oscillatory networks,
when applied to behavioral modeling, remain predominantly restricted to intrinsically rhythmic or periodic
behaviors. Examples include central pattern generator models for locomotor movements in quadrupedal gaits*®,
oscillatory control of rhythmic hand movements during repetitive tasks*®, and coordination of swimming
motions in aquatic locomotion®’.

Research has highlighted that these observed oscillatory responses in cortical systems are not only a reflection
of the fixed network property, but a task-dependent phenomenon, emerging dynamically through a causal chain,
from the interaction between network connectivity and external drive. This observation has important modeling
implications; to capture such emergent coordination faithfully, computational frameworks cannot completely
rely on static coupling schemes alone. Instead, oscillatory network models must, in addition, be endowed with
the capacity to exhibit input-contingent oscillatory phenomena, allowing their collective dynamics to flexibly
adapt to task demands. Incorporating this principle is essential, as oscillations serve not only as products of
intrinsic neuronal and network dynamics but also as mechanisms for context-dependent, transient binding or
segregation of neuronal populations and represent a fundamental and salient condition for modeling the full
spectrum of brain function.

From the above considerations, there is a clear need to develop deep neural networks in which the hidden
layers are constituted of oscillatory neuron models. The networks must be capable of learning input/output
behaviour like any deep neural network. In this paper we address this challenge and present a general class
of trainable deep oscillatory neural networks. The outline of the paper is as follows. In Sect. 2, we apply this
network to a class of benchmark problems that involve sequential processing. We describe the results obtained
and compare them with results from other non-oscillatory deep neural networks. Section 3 describes the
development of the model and the equations that govern dynamics and learning. Section 4 discusses the results
and outlines how the present class of networks can be developed further to improve their biological plausibility.

Results

The DONN was implemented in Python 3.9.11 and TensorFlow 2.10.1, and run on an x86 CPU and NVIDIA
GPU under Windows 11. Further implementation details are provided in the Supplementary Information. We
demonstrate the capability of DONN in a variety of sequential processing tasks (some additional tasks have been
included in the Supplementary Information).

Temporal sequence processing and classification

We describe the ability of DONN to extract Fourier-type features to be able to perform time series classification.
We construct a synthetic dataset for temporal classification in which each datapoint consists of five independent
signals.
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Initial frequency range of oscillators | [0.1-20 Hz]

Architecture Linear (20),Hopf (20), tanh (20), output (2)
Input type to oscillators 1(t)

Frequency of oscillators Not trained

Table 1. Network architecture for Classification.
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Figure 1. (a) Training Samples from the dataset are shown on the left with the corresponding labels on the
right. (b) Some sample model predictions are shown on the left and are compared with the corresponding
labels to indicate correct classification. (c) A comparison of the internal dynamics of Hopf oscillator activations
in response to two samples from separate datasets. Stimulating the network with a signal from class-1, the
amplitudes of the oscillators with intrinsic frequency in the range 0.1-10 Hz show differential amplitudes when
compared to the oscillators with higher intrinsic frequency, whereas Class-2 inputs activate oscillators in the
10-20 Hz band.

5
I(t) = ZAi sin(27 fit + ¢4) (1)

=1

The amplitudes A; are sampled uniformly from [-3, 3], and the phases are drawn uniformly from [0, 27]. The
dataset is divided into two classes based on the frequency content of the signals. In Class 1, the frequencies of all
five signals lie within the low-frequency band, f € [0, 10] Hz, whereas in Class 2, the frequencies are sampled
from the higher band, f € [10, 20] Hz. This controlled setup enables clear discrimination based on frequency
features, while preserving diversity through randomization in amplitude and phase across data points.

The details of the network architecture are described in Table 1 which achieves an accuracy of 99% on this
binary classification task. We analyze the hidden layer’s oscillatory activity to understand how the network
encodes and differentiates input signals. By stimulating the network with signals from the dataset, we examine
the resulting amplitudes of the oscillators in the hidden (oscillatory) layer to infer class-specific internal
representations. Upon presentation of dataset signals, the amplitude responses of oscillators reveal class-specific
tuning: signals from Class-1 lead to heightened activity in the 0.1-10 Hz frequency band, while signals from
Class-2 primarily engage the 10-20 Hz oscillators, see Fig. 1.

Amplitude demodulation

In order to transmit a signal over a distance without being affected by external interference or noise and without
experiencing degradation, it must undergo a modulation process. The inverse process of retrieving the message
is demodulation. We show that our network is able to perform this operation. The mathematical expression for
amplitude modulation is given as follows,

M(t) = (1 + m(t)) sin(wct) (2)

where m(t) is the message signal, w. is the carrier wave frequency and M(t) is the modulated signal. For this
task the message signal, m(¢) = 25 sin(2w f;t), fi € U(1,5) Hz. Carrier frequency, w. = 8 Hz is kept fixed.

i=1
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(a) (b)
Figure 2. (a) (Left) The message signals composed of up to five frequency components i.e.,
m(t) =Y., sin(2xfit), fi € U(1,5) Hz. (Right) the corresponding modulated signals described by Eq. (2).

(b) The performance of our model in demodulating the signal. The desired demodulated signals are in orange
and the model predictions are in blue.

Input frequency range Carrier: 8 Hz, message signal: [1-5 Hz]

Initial frequency range of oscillators | [0.1-12 Hz]

Architecture ReLU (40),Hopf (40), ReLU (40),Hopf (40), tanh (40), output (1)

Input type to oscillators 1(t)

Frequency of oscillators Not trained

Table 2. Network architecture for Amplitude Demodulation.

Some sample message signals and the corresponding modulated signals are given in Fig. 2a. The size details of
the network architecture are described in Table 2. The oscillators are initialised with frequency in the range 0.1
Hz to 12 Hz. The input to the oscillator is given as I(f). The network is able to demodulate the message signal
accurately (Fig. 2b). The validation MSE loss is 0.02 (p < 0.05, n = 10).

Learning mathematical operators

In this task the network is trained to perform indefinite integration and differentiation on synthetically generated
sinusoidal signals : Data, the data is composed of signals with multiple frequency components and arbitrary
initial phase offset and amplitude. If I() = . a; sin(wit 4 ¢;) is the input signal, the output signal, then for
the integration task, O(¢) is given by,

o(t) = Z —% cos(wit + @) (3)

and for the differentiation is given by,

o) = Z a;w; cos(w;t + ¢;) (4)

i

where a;, ¢;, w; are the amplitude, phase offsets and the angular frequencies sampled from N(0,1), A/(0, )
and U(1, 5) respectively.

The size details of the network architecture for the task is described in Table 3. The network successfully
performs the integration operation and the differentiation operation on the dataset, see Fig. 3. For integration,
Data-1 the validation MSE loss is 0.08 (p < 0.05,n = 10), and the MSE loss for Differentiation is 0.1, (p < 0.05,
n = 10).

Sentiment analysis

Movie review sentiment analysis typically involves a two-class classification problem (positive/negative).
The IMDB large movie review dataset’! serves as a common benchmark for sentiment analysis tasks, with a
predefined maximum review length of 500 words. The training data is split into training and validation ina 7 :
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Data 1
[0.1-5 Hz]

Input frequency range

Initial frequency range of oscillators | [1-10 Hz]

ReLU (20),Hopf (20), ReLU (20), Hopf (20), tanh (20), output (1)

Architecture

Input type to oscillators I(t)

Frequency of oscillators Not trained

Table 3. Network architecture for Learning Mathematical Operations.
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Figure 3. (a) The network is able to learn the Integration operation, some sample figures are shown where the
model predictions shown in orange are compared with desired signals in blue. (b) The network is able to learn
the Differentiation operation, some sample figures are shown, where the desired outputs (orange) and model
predicted outputs (blue) are shown.

Model Validation accuracy | Architecture

Bidirectional LSTM 2> | 85.19% Embedding layer (100), 2 x Bidirectional flip-flops (100), tanh (20),output (2)

Bidirectional flipflop | 85.07% Embedding layer (100), 2 x Bidirectional flip-flops (100), tanh (20),output (2)
Embedding layer (100), Hopf (100),ReLU (100), Hopf (100),ReLU (100),

DONN 852 % tanh (20), output (2) Initial frequency range of oscillators: [1-15 Hz], Input

type to oscillators: I(t), Frequency of oscillators: trained

Table 4. Sentiment analysis.

3 ratio. The selection of this task aims to demonstrate the proficiency of the Deep Oscillator Neural Network in
sequence classification.

The words are encoded and passed to the embedding layer followed by the DONN. The embedding dimension
is 100 with a vocabulary length of 35,000. The input to the oscillator layer is presented as I(¢). The total trainable
parameters is 26,798. The optimiser used is the ADAM optimiser with learning rate = 0.001, and the objective
function used is mean squared error. The model achieves a performance of 85.2% (p < 0.05, n = 10) accuracy
on testing data. The network architecture and comparison with other models are described in Table 4

Spatiotemporal sequence processing and classification

Action recognition : UCF 11

To showcase the sequence processing capacity of OCNN network in spatiotemporal domain, we validate the
network using UCF11 YouTube Action dataset™. UCF11 is a standard 3-channel RGB video classification
dataset with different viewpoints, backgrounds and camera motions. The dataset consists of 11 action classes,
and number of frames for all the videos is set to 50, with each frame resized to 48 x 48 from the original 224 x224,
on account of limited computational capability. Dataset is divided into training and validation with 1290 and
305 samples respectively. The network used for the task consists of two pairs of convolutional-oscillators layers,
followed by flattening and dense layers. The architecture details of the network used for the task is mentioned
in Table 5. Time step of the oscillators is set to 0.02 seconds with the number of time steps equal to the number
of frames in a video sample. Adam (learning rate: 0.0001) and MSE are used as optimizer and loss function
respectively for training.
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mean squared error

Model Validation accuracy | Architecture

Convolutional LSTM 2 95.42% 2 x ConvLSTM (3x3,40), Conv3D (3x3x3, 1), flatten, softmax (2)

Convolutional flip-flops® | 99.75% 2 x ConvLSTM (3x3,40), Conv3D (3x3x3, 1), flatten, softmax (2)
2 x OCNN (3x3,40), flatten, output (2) Initial frequency range:

OCNN 98.64% Erl;ilniglz], Input type to oscillator: I(t), Frequency of oscillators:

Table 5. Action recognition.
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Figure 4. (a) Accuracy and loss plots on validation data for UCF11 dataset. (b) Sample frames of the input and
their corresponding classes mentioned above, and the desired and the model predicted ramp output. Only one
class ramps up linearly whereas all other classes remain zero throughout.

Figure 4a shows the accuracy and loss curves on validation data, Fig. 4b and the desired output and output
from the model. The validation MSE loss and accuracy of the model is 0.0564 and 99.75% (p < 0.05, n = 10)
respectively.

Case study 1: temporal binding analysis with respect to color and orientation selection in ConvOsc network
Several works in the literature draw parallels between artificial convolutional neural networks (CNNs) and the
visual pathways of the brain"®%3. Although CNNs are well known for compressing spatial features, the visual
system of the brain processes both spatial and temporal features simultaneously. Different visual properties of the
input stimulus (color, form, direction of motion etc) are processed in different visual cortical areas. This presents
an interesting problem. If a subject is looking at a yellow disc moving up, and a red circle moving right, if the the
color (‘yellow” and ‘red’), form (‘square’ and ‘circle’) and motion (‘up’ and ‘right), how does the brain associate or
bind different properties to different objects? An elegant solution offered to this problem is known as temporal
binding. Accordingly, neurons whose firing activity represents different properties of the same object fire in
synchrony. Thus it has been suggested that brain is using the temporal dimension to solve the binding problem.
There is also neurobiological evidence to temporal binding from mammalian visual systems®*. Temporal binding
has also been demonstrated in spiking neural network models*. In this case study, we demonstrate that networks
incorporating ConvOsc layers not only generalize effectively for classification tasks but also exhibit hidden-layer
activations that capture temporal feature-binding characteristics.

The task is to perform classification of videos from four classes: green horizontal moving bar, green vertical
moving bar, red horizontal moving bar and red vertical moving bar. Parameters such as speed, width, and initial
position of the bar are varied in generating input videos. The predicted winning class is chosen by the ramp
approach. The model architecture and the hidden layer dimensions are mentioned in the Fig. 5. For this study,
oscillators only from the second ConvOsc layer of the model is used. The following are the steps taken for
temporal binding analysis.

1. Selection of color and orientation selective oscillators.
2. Group oscillators by union of color and orientation for the particular input class.
3. Calculate synchrony within the oscillators of the group and the remaining oscillators.

We now describe the algorithm that we used for the analysis of temporal binding:
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Input video ConvOsc ConvOsc ConvOsc Dense Dense
100x32x32x 3 16 @ 3x3 16 @ 3x3 16 @ 3x3 ReLU (64) )

Figure 5. Model architecture and its hidden layer dimensions for temporal binding analysis study. All
oscillators in the network are initialized in the range, 1-10 Hz.

1. Letinput video be of class (A, X) with color A and orientation X (where set colors (red, green): {A, B}, orien-
tation (vertical, horizontal): {X, Y}, respectively).

2. Calculate the amplitude of the oscillators’ responses |2;].

3. Let AX be the set of oscillators whose amplitude | z; | exceeds a defined threshold for an input video belonging
to class (A, X). Similarly, compute the sets AY, BX, and BY as the oscillators whose amplitude |z;| exceeds the
threshold for input videos belonging to classes (4, Y), (B, X), and (B, Y), respectively.

4. Define the sets of color- and orientation-selective oscillators as follows:

« Color-selective oscillators:

A=(AXUAY)— (BX UBY)
B=(BXUBY) - (AX UAY)

« Orientation-selective oscillators:
X = (AX UBX) — (AY UBY)
Y = (AY UBY) — (AX U BX)

U and — denote set union and difference operations respectively. These sets ensure that oscillators are uniquely
selective to either a specific color or orientation, excluding those that respond to both.

5. The group oscillators corresponding to each input class are given by:

AX = Group oscillators obtained from AU X
AY = Group oscillators obtained from AU Y
BX = Group oscillators obtained from B U X
BY = Group oscillators obtained from BUY

6. To quantify the synchrony among oscillators, we compute synchrony S for the following sets:

o Group oscillators: AX, Al:/,AB)A( ,BY".

o Residuary oscillators: U-AX, U —/117, U-BX , U-BY (U is the set of all oscillators in the second Con-
vOsc layer).

The synchrony S within a set of N oscillators over a time period T is computed using the formula:

(5)

The above steps are repeated n = 20 times, and the synchrony plot for the group and residuary oscillators in
the second ConvOsc layer for different input classes is shown in Fig. 6. The number of oscillators in the sets A,
X, B, and Y are summarized in Table 6. The results indicate that higher synchrony is achieved in the group
oscillators compared to residuary oscillators across all 20 trials. Thus, the DONN network can show temporal
binding characteristics.

Case study 2: emergence of STDP (spike timing-dependent plasticity) kernel when a pair of coupled Hopf
oscillators are trained using Hebb’s rule

The nature of oscillatory dynamics allows for more robust temporal relationships that are less sensitive to noise
and timing jitter compared to the precise spike timing requirements of STDP-based systems. Interestingly,
the emergence of potentiation and the spike-time-dependent plasticity (STDP) kernel can be captured in a
conjugately coupled pair of Hopf oscillators with complex weight W. The oscillators are driven by pulsed inputs,
with one receiving the pulse after a delay of 7 relative to the other. As a result of this interaction, the weights
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Synchrony measures within oscillators in the group and residuary
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Figure 6. Synchrony values for group and residuary oscillators in the second ConvOsc layer

for different input classes. Group oscillators (A.X, AY,BX,BY)and residuary oscillators
(U—AX,U—-AY,U — BX,U — BY) are obtamed from the corresponding input classes (Red-Vertical,
Green- Vertlcal Red- Horlzontal Green-Horizontal). Higher synchrony measures within the oscillators of
Group than those of Residuary indicates temporal binding characteristics.

Set | Number of Oscillators
A |545

X |435

B |38

Y |48

Table 6. Number of oscillators in the color-selective sets: A, B, and orientation-selective sets: X, Y.

evolve such that the real component captures potentiation, while the imaginary component encodes the STDP
kernel. The dynamical equations are given by

4= (p+iwi)z — |21°21 + Waa + p(t), (6)
Zo = (/,L+ i(UQ)ZQ — |22|222 +W21 +p(t +7’), (7)
W:—W—Fnzlz. (8)

The weight updates are plotted as a function of the delay +, see Fig. 7. However, this method is not employed in
our analysis for solving any of the tasks.

Hardware benchmarking

In this section, the computational efficiency of DONN is compared with LSTM in terms of number of trainable
parameters and execution time (GPU and CPU). Execution time is time elapsed in forward propagation of input
data through the network. Two networks comprising of single layer of LSTM and DONN (no. of units=50)
seperately are used for comparison. Figure 8 shows the comparison results for both networks. It can be inferred
that DONN is more computationally efficient than LSTM, except for the execution time in GPU where
Tensorflow’s LSTM module is CUDA compiled and leveraged CuDNN kernels for faster execution. The better
performance of DONN in hardware benchmarking when compared to LSTM can be due to the usage of LSTM’s
three gates (trainable parameter sets) and two outputs (cell and hidden) for sequence processing, whereas
in DONN only complex-valued parameters are to trained. Despite having a significantly smaller number of
trainable parameters and execution time, DONN can outperform LSTM in many of the sequence processing
tasks. Please refer to the Supplementary Information for further results.

Methods

The oscillatory neuron model we use in our networks is the Hopf oscillator. It is a harmonic oscillator with
a stable limit cycle. The canonical Hopf oscillator is described by the following complex valued differential
equation,

Scientific Reports |

(2025) 15:40968 | https://doi.org/10.1038/s41598-025-24837-4 nature portfolio


http://www.nature.com/scientificreports

www.nature.com/scientificreports/

0.05 . : ; .
0.04 | .
003+ .
N
=
S—
O
< 0.02 .
0.01 f i
-10 -5 0 5 10
T
0.03 | ]
0.02 | ]
. 001} i
—
= 0.00 1
~
o~
N~ —0.01 :
-0.02 - i
-0.03 | ]
-10 -5 0 5 10
T

Figure 7. The weights kernels for one period of oscillations is shown. We see that the Re(W) encoded the
potentiation whereas the Im(W) encodes the STDP kernel.

Comparison between DONN and LSTM in terms of computational efficiency
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Figure 8. Comparison between DONN and LSTM with respect to number of trainable model parameters and
execution time (GPU & CPU).
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where w is the natural angular frequency of the Hopf oscillator, ;+ governs Hopf bifurcation, and I(¢) is the
external input to the oscillator. If z = x + ¢y, then the polar coordinate form is received by introducing the
variables,

y

0 = arctan =, r = (2% +¢°)"2
x

(10)

The polar coordinate representation is more explicate for our analysis and is given as follows,
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where r(t) is the instantaneous amplitude of oscillation and ¢ (t) is its instantaneous angular position. The external
input is given by, I(t) = A(t)e’*® where A(f) is the instantaneous amplitude and ¢(t) the instantaneous
phase angle. Further, we have introduced the transformation, ©) = 6 — ¢(¢),and 2 = w — % is the difference
between the angular frequencies of the oscillator and the external input. In the absence of an external input, the
oscillator exhibits four distinct dynamical behaviors characterized by the parameters (p, 81, 52) — critical Hopf
regime (1 = 0, 81 < 0, B2 = 0), supercritical Hopf regime (> 0, 81 < 0, 82 = 0), double limit cycle regime
(r < 0,81 > 0,82 < 0). We restrict our attention to the critical or supercritical regime (52 = 0); for a more
detailed analysis on the others see®. The equations Eq. (9) then transform to,

i=z(u+w+Bl2?) +1(t). (12)
7= pr + Br + A(t) cos
. 13
P =0Q— M sin ¥ (13)

In the absence of an external signal, the system undergoes Hopf bifurcation at ;1 = 0. For fixed 3, if ;1 > 0, the
system has an unstable fixed point at 7* = 0 and a stable fixed point as r* = f , and such that the system

exhibits self-sustained oscillations with amplitude \/% . When p < 0, 7* = 0 is the only stable fixed point of

the system; in which case there is no oscillations. The proposed oscillator neural network model consists of
successive layers of static, dense or convolutional layers with nonlinear activation and dynamic Hopf oscillator
layers. A general oscillator neural network is depicted in Fig. 9. There are three modes in which an input,
zin (t), can be presented to the oscillator layer for forward propagation; either as external input I(t), referred to
as resonator mode, or as input to the amplitude /(t), commonly referred as amplitude modulation mode, or as
input to the frequency w(t), referred to as frequency modulation mode, Fig. 10). The method of forward pass for
the three modes of input to a single oscillator unit is described below,

1. Resonator mode (Input presented as I(¢)): In the presence of an external complex periodic driving of angu-
lar frequency wo, zin (t) = I(t) = Ipe"“°", Eq. (13) for the case of supercritical Hopf bifurcation transforms
to,
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Figure 11. Driven behaviour of a supercritical Hopf oscillator under strong forcing. Steady-state amplitude
and relative phase as a function of frequency difference describe the resonance characteristics. The parameters
used are (u = 1,81 = —100,82 = 0,1, = 0.2).
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Figure 12. The bandwidth of the resonant curve increases with increasing 3. The curves are normalized to 1 to
accentuate the effect on the bandwidth.

7= pr 4 Br + krly cos P
. T (14)
¢:Q—/€170 sin ¥

where 1) = 6 — wot is the relative phase and 2 = w — wyo is the difference between the angular frequencies
of the oscillator and the external input, respectively. The steady state solution of the system can be analyzed
by fixed point analysis. The fixed points of the system is obtained by solving 7,1 = 0 simultaneously. In the
presence of strong forcing (1o ~ 10™"), the behavior of a supercritical Hopf oscillator is given in Fig. 11. The
oscillator shows resonance in a small range of frequencies around its natural frequency. The oscillator activa-
tion is then in a frequency locked state with the input signal i.e., the frequency of the oscillator activation is
equal to the frequency of the input signal. Furthermore, within the smaller range of frequency, the oscillator
activation is in a phase locked state to the input signal, see Fig. 11. Beyond this regime, the system undergoes
phase slip. As 3 increases, the bandwidth of the resonant curve increases, see Fig. 12.
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We note that the resonance described in Fig. 11 is only valid for when the input is of the particular form,
I(t) = Ipe**°". In the case I(t) is composed of n—complex sinusoids, I(t) = Y " | Iie*“", the resonant
tuning curves depend on I; and w;. The dynamical equations are transformed to

N
= pr+ Br + k1 Z I; cos(0 — wit)

i=1

(15)
N
; KRr .
0=w " E_l sin(0 — w;t)

where w; is the angular frequency of the input signal is kept constant, and w is the intrinsic frequency of the
oscillator is allowed to vary. For w closer to wy, we introduce the variables ¢ = § — w;,t and average the equa-
tion for them, we get Eq. (14). Therefore within a small neighborhood of wy,, we get a similar resonant curve
as in Fig. 11. This aligns with numerical simulations as described in Figs. 13 and 14.

2. Amplitude Modulation (Input presented as /:(t)): In this case, with z;,, (t) as input to the r equation of the
oscillator, the dynamical equations are given by,

u(t) = (po + £uR(zin(t))) (16)
S ) 3
7".2 = M(t)n + Br; (17)
01' = W;

where, } denotes the real part of the complex number. Since the amplitude of the oscillator is a positive quantity,
one must ensure that, £, min(R(zin)) + o > 0 where min(R(z;y,)) is the minimum value of R(z;x (t)).

3. Frequency Modulation (Input presented as w(t)): In this case, z;n (¢) is given as input to the 6 equation of
the oscillator. In this case, the input modulates the effective oscillator frequency as follows:

7y = pri + Bry

. (18)

197; = W; —|— I{w%(zi (t))
In the latter two modes of the input, the Hopf oscillation activation gets modulated by the input oscillations,
hence the name. In this paper, we only use the first two modes of input presentation to the neural oscillator.
The above differential equations are solved from ¢ = 0...T using Forward Euler method with fixed time step
relevant to the dataset. Suppose the solution to either of the above systems is given {r, 8}, then the output is
given by,

34(t) = (rcosf + trsinf) (19)

As depicted in Fig. 9, the complex activation, Eq. (19), of the oscillator layer feeds into a static layer. The complex
nonlinear activation, is then applied as follows,

3s(t) = f(R(3a(t))) + F(S(3a(t))) (20)
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Figure 13. We show the resonant tuning curve for n = 2 with equal (Left) and unequal (Right) strength of
forcing with I /I> = 0.5. The other parameters are u = 1, 8 = 20.
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Figure 14. Starting from top-left and moving clockwise, the resonant tuning curves are presented for
incremental (5.
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Figure 15. Convolutional Oscillatory block: feature maps obtained after convolutional operation on input
image at time ¢ is given as input I(f) in one-to-one fashion to oscillatory block of dimension equal to that of
feature maps to obtain spatio-temporal feature maps.

point wise in time. Where R, & denote the real part and imaginary part of the complex numbers. The complex
nonlinear activation can be ReLU, tanh, or sigmoid function.

All the functions mentioned above are piecewise continuously differentiable. We use automatic differentiating
feature (autograd) of TensorFlow library to calculate the gradients for backpropogation to update network
weights.

Oscillatory convolutional neural network (OCNN)

In our proposed OCNN model, due to the presence of oscillatory elements, neurons of higher layers possess
spatio-temporal responses. Arrangement of oscillators are identical to the input feature maps to maintain the
spatial information. The intrinsic frequencies of the oscillators are sampled from a uniform random distribution
of appropriate range. The frequency distribution is passed through a Gaussian blur of kernel size 3x3 across the
2D arrangements of oscillators in each channel. Hierarchical arrangements of such pairs of convolution and
oscillators enable learning and detection of features at different levels of complexities in spatiotemporal scale,
see Fig. 15.
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Classification using oscillatory neural network

Due to the dynamic nature of the DONN model, the output of the network is always a time series. If the network
is tasked with a classification problem, the labels have to be defined differently. In order to have an equivalent
classification score for oscillator activation, we use the ramp approach to decide the predicted class. Ramp-like
classifications are often used in biological models as they closely replicate the race-based threshold criterion to
select the winner neurons®®. For each time step, all classes’ (corresponding neurons in the last layer) desired
predictions are zero, except for the desired class where the desired value rises linearly. The predicted class is
decided by selecting the neuron which has the maximum average across time steps.

Discussions and concluding remarks

We present a broad class of trainable deep oscillatory neural networks that can be trained on a variety of
classification problems. We also presented an oscillatory analog of CNNs called as OCNNSs that can be used to
classify videos. We argue that the proposed class of DONNS are able to overcome some longstanding limitations
of the existing oscillatory network models in computational neuroscience and in artificial neural networks.

In computational neuroscience modelling, oscillatory neural networks have been used in several subdomains
of neuroscience. For instance, rhythmic movements underlying locomotion are thought to be driven by special
neural circuits known as Central Pattern Generators (CPGs), capable of generating oscillatory dynamics®~.
Thus oscillatory networks have been used to model the rhythmic movements of locomotion in bipeds or
quadrupeds*®°!, or swimming movements’, and rhythmic movements of a robotic hand*. Some early models
of locomotion used fixed connections, with bio-inspired architecture, but later models like those from Ijspeert
and colleagues®? are trainable models. However, this latter class of models are purely generative models i.e. they
are not I/O models and generate an output without any input.

Additionally, although our modeling strategy relies on the hypothesis that information is encoded in the
ensemble activity of neurons, Spiking Neural Networks (SNNs) have long been regarded as the prototypical
framework for brain-inspired computing, owing to their biologically plausible learning mechanisms.
Unsupervised approaches like spike-time-dependent plasticity (STDP) depend on the specification of an
integration window to infer correlated versus uncorrelated activity, with synaptic weights subsequently updated
according to Hebbian learning. The time window integration definition is nebulous which can result in inaccurate
inferences. The DONN approach offers several mechanistic advantages over discrete spike-timing methods.
The complex-valued representation in DONN enables the encoding of both amplitude and phase information
simultaneously, providing a richer representational space than binary spike events. The continuous phase/
amplitude variables of Hopf oscillators admit direct, low-dimensional measures (phase synchrony, amplitude
envelopes, spectral content) that are straightforward to visualize and interpret, improving transparency relative
to spike-raster statistics, and permits widely applicable analytic approximations (statistical mechanics tools —
phase reduction through an order parameter) that can help explain why particular frequency and coupling
choices yield binding.

Recent years have witnessed rapid advances in spiking neural networks (SNNs), motivated by their event-
driven computation, energy efficiency, and biological plausibility. For instance, Stanojevic et al.** demonstrated
high-performance deep SNNs with ultra-low activity budgets, achieving competitive accuracy with only ~0.3
spikes per neuron. Shen et al.* proposed an efficient continual learning framework based on sparse selective
activation, enabling SNNs to balance stability and plasticity in dynamic environments. Structural innovations
have also been introduced: Shi et al.®> developed the SpikingResformer, which bridges ResNet and Vision
Transformer architectures in the spiking domain, while Xu et al.*®® integrated a spiking convolutional block
attention module to enhance recurrent architectures for adaptive history reserving. More recently, Shen et al.®”
introduced temporal attention-guided adaptive fusion to address imbalanced multi-modal learning in SNN.

The proposed Deep Oscillatory Neural Network framework complements these efforts (brain-inspired
computing) by adopting this fundamentally different representational paradigm. Rather than encoding
information through discrete spike events, DONN leverages the continuous dynamics and the nonlinear
interactions among Hopf oscillators. Further, we have shown that the STDP kernel emerges in a pair of coupled
Hopf oscillators whose weights are trained using the Hebb’s rule.

When it comes to applications of oscillatory networks in sensory processing, an important class of models is
dedicated to feature binding. The problem of feature binding addresses the question of how the brain binds the
different sensory characteristics like color, form, texture to construct the presentation of a single object. It has
been proposed that such binding can be achieved temporally by synchronizing the oscillations underlying various
sensory characteristics, a mechanism known as temporal feature binding®. A number of oscillatory neural
networks have been proposed to describe temporal feature binding in perception®, multisensory integration”’,
working memory’!. Oscillatory neural networks are naturally suited to modelling auditory processing of music,
thanks to the intrinsic rhythmicity of the signal, and have therefore been applied to music perception®*>>. The
aforementioned class of oscillatory neural networks either have fixed connections or are trained by unsupervised
learning in cases where learning occurs. Whereas, in the current work, the proposed network is trainable using
supervised-backpropagation and can be generalized to multiple paradigms.

In the temporal binding analysis case study, we have showed that how color-selective and orientation-
selective oscillators are synchronized temporally to encode the features from the input video. Emergence of
synchrony between desired oscillatory groups to learn the task shows the proposed class of models can be used
to explain feature binding mechanisms. The current work only showed the feature binding between oscillatory
groups from the same layer and it can extended to show the emergence of hierarchical features representations at
different layers. Such a network will be a good model of the entire visual system pathway and can capture complex
phenomena such as how neurons in different levels synchronize to solve aperture problem’?. Although stimulus-
induced synchronization is often associated with increased firing rates of responding neurons, our modeling
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approach is primarily based on reflecting the mesoscopic view of brains activity, where ensemble synchrony can
also occur in the absence of firing-rate changes at the single-neuron level. In such cases, conventional single-
unit methods are insufficient, as spikes from a single neuron do not reveal the cooperative performance of the
network. By contrast, the oscillatory framework of DONN explicitly encodes ensemble synchrony in continuous
phase relationships, making such cooperative dynamics directly observable and quantifiable. Moreover,
viewing the activity of the non oscillatory layers as rate codes, the mean field activity of the neural Hopf layers
representing the spatial-temporal statistical properties can serve as a useful reference to which activity of single
static neurons can be related.

Then there is a rich body of modelling literature that applies oscillatory neural networks to model brain
dynamics at large scale. These models are calibrated by various types of functional readouts of the brain like eg
fMRI*>73, Electroencephalogram (EEG)*674-7%, or Magnetoencephalogram (MEG)”’. In addition to describing
the normal brain, this class of models have been applied to model brain dynamics in conditions of brain disorders
including Alzheimers’8, Stroke”® , Parkinson’s disease® etc. In this class of models, typically, the network
connections are not a result of learning but are obtained from the empirical structural connectivity of the brain.
However, a recent modelled study had proposed use of complex-valued connections in which the magnitudes
are obtained from structural connectivity while the phase is learnt by a modified form of Hebbian learning?’.

Apart from the aforementioned biologically oriented examples, there have been a range of artificial
engineering applications of oscillatory neural networks. An important class refers to associative memory
models. Earliest associative memory models are based on fixed point dynamics®#2, which have low biological
plausibility and are artificial since memories in the brain are necessarily composed of neural oscillations®>34.
This motivation had inspired a range of oscillatory associative memories®>*. In the earliest models of oscillatory
associative memories all the oscillators had the same intrinsic frequency. Deficiencies in storage capacity shown
by oscillatory associative memories that operate at a single frequency are overcome by generalizations that
involve an addition of harmonics to the dynamics, apart from the fundamental frequency®’-%. Note that in this
entire class of oscillatory neural networks are trained by unsupervised learning, more specifically a variation
of Hebbian learning. Other artificial applications of oscillatory neural networks include image segmentation,
auditory scene segmentation and object detection. Note that the class of oscillatory networks described in this
para involve an unsupervised learning rules like Hebbian learning or its variations and therefore cannot learn
1/O behavior.

Recent years saw a surge of interest in the area of hardware implementations of oscillatory neural networks*.
In the 1950s, von Neumann had proposed that oscillators can be used as logic gates and digital information can
be stored in the form of phase differences’2. Current oscillatory neural hardware implementations encompass
associative memories®®, image and audio segmentation®*®> and memristor models of locomotor rhythms®!.
Thus, the hardware implementations of the above oscillatory networks also cannot learn I/O behavior. These
implementations of neural networks, often called neuromorphic systems, often use spiking neuron networks®.
Interestingly, the boundary between oscillator-based compute (OBC) circuits and spiking neural networks
(SNNs) is somewhat diffuse: OBC circuit designs share many functional and architectural features with
spiking neurons. Although spiking neural networks often rely on oscillatory mechanisms to generate temporal
signals, they generally do not exploit the nonlinear interactions between oscillators that can give rise to rich
dynamical phenomena such as resonance, entrainment, and synchronization®’. In contrast, the proposed Deep
Oscillatory Neural Network (DONN) explicitly harnesses these nonlinear interactions, using phase, amplitude,
and frequency dynamics as computational primitives to achieve biologically grounded and interpretable
representations, at low power. Further, there are possible implementation of oscillators where energy is recycled
among oscillators instead of being discharged, which could be a suitable candidate for OBC. There is a possibility
of both these fields to merge for computationally and power efficient hardware implementations.

The current implementation of DONN is restricted to input-driven feedforward connections, however the
activities of cortical neuronal ensembles at the mesoscopic scale is both stimuli-driven and self-organized. Such
neuronal organization will be more biologically-plausible and better representatives. We have restricted our
current implementation to a supervised learning framework. However, many interesting biological phenomena
are observed in Reinforcement learning framework; such high vs low gamma in spatial learning observed
in striatum®, self organized oscillations emerging during memory consolidation in sleep®®, and prominent
synchronized beta frequency in Subthalamic Nucleus of the Basal ganglia observed in Bradykinesia®. Biological
systems excel at solving the binding problem, the segmenting cluttered scenes and the analysis of complex
time series (e.g., spoken language). As future work, we aim to extend our networks to describe such complex
neurological phenomena.

The broad class of DONNs described in this paper, which to our knowledge is perhaps the first demonstration
of a deep oscillatory neural network with multiple frequencies, trainable in an I/O fashion, is expected to be a
valuable addition to oscillatory neural network literature.
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Data is provided within the manuscript or supplementary information files.
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